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0. Introduction

We consider here the problem of existence of periodic solutions to second
order abstract linear equations in Hilbert spaces of the form

A(t)u(t) + [Bt)u'(t)] + C(t)u'(t) = f(1). (0.1)

Here A(t) is the “elliptic part” of the equation, (B(t)u’(¢))’ is a generalization
of the second time derivative of the unknown u, and C(¢)u’(t) is a dissipative
term.

This problem has been considered and studied by several authors. To
our knowledge, however, there are no papers where this subject appears in
the general form we propose here, namely the case in which all operators are
time dependent: see [5], [7], [8], [9]. An extended and rational bibliography
on periodic problems, until 1982, can be found in [12].

Concerning the structure of the operators, the simple Example 0.1, at
the end of this Section, shows that the presence of the dissipative term
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C(t)u'(t) is essential in (0.1), in order to guarantee the uniqueness of the
solution. Moreover, we also assume on the “elliptic part” A(t) more general
hypotheses, which allow in concrete cases to add terms containing lower order
“space” derivatives.

We must enphasise that our results are important in many applications:
as an example we quote [4].

We describe our problem in Section 1: we list our assumptions, we spec-
ify what kind of solutions we are looking for, and we state our main theorem
(Theorem 1.3).

Section2 is dedicated to auxiliary results: an equivalent notion of so-
lution, two easy “a priori” regularity results for our solutions, and two well
known theorems due to C. Baiocchi [1] and J.-L. Lions [10], which are essen-
tial ingredients of our proof.

In Section 3, we prove that the solution of our problem is unique and
depends continuously on the datuum f(¢). Here Baiocchi’s result, which is a
sort of “energy relation”, plays a central role.

The last two Sections concern the existence of solutions. In Section 4,
we give a first result, under more restrictive assumptions on the operators,
using Lions’ result, which is a generalization of Lax-Milgram theorem. This
is however the starting point for the proof of the general case: in the final
Section 5, using the continuity method and the theory of “near operators”
due to Campanato (see [3]) , we are able to give a general existence result.

We conclude this introductory Section by showing the counterexample
announced above:

Example 0.1. Consider the one-dimensional wave equation in [0, 7] x R with
periodicity conditions:

Uga (X, 1) — ue(x,t) =0, O<z<m teR,
u(0,t) = u(m,t) =0, teR,
u(z,t + 2m) = u(zx, t), O<z<m tekR

We have A = %, B = —T and C = 0 here. It is clear that v(z,t) = sinx sint
and w(z,t) = 0 both solve the equation, so that uniqueness does not hold.

1. Assumptions and main result

If X is a generic Banach space, and T' > 0, we denote by L2(X), HL(X), and
so on, the set of T-periodic functions belonging to L (R, X), HL (R, X),
and so on.

We assume that V, H are complex, separable Hilbert spaces, such that V' C
H C V* with dense and continuous inclusions. For fixed T" > 0, we consider
the abstract T-periodic problem

{A(t)U(t) +[BOU )] +COW () = f(t), teR,

wlt+T)=u(t), teR, (L.1)



where the unknown u satisfies
we LA(V)N HR(H); (1.2)

in order to be a solution of our problem, the function w must satisify the
equation in (1.1) pointwise in the space V*.
Since the inclusions V' C H C V* are continuous, there is 8 > 0 such that

lzlle < Bllelly veeV,  zllv- <Blzlla Vze H. (1.3)

Our assumptions are divided in two groups: the first one concerns the hy-
potheses which will assure our main result; the second one consists of stronger
hypotheses, which lead to an auxiliary general existence result. Finally, by
a density argument we will obtain our main theorem going back to the first
group of assumptions.

Hypothesis 1.1. We assume:
. f € Lz( )i
A(t) = Q1(t) + Q2(t) + R(t) for every t € R, and
Q1 € Hp™(L(V,V")), Q€ Hy™(L(H)), ReLF(L(V,H)); (14)
in addition
<Q1 (t)u ’U>V* v = <Q1(t)’l),u>v*’v VU,U S V, Vt € R,
(Q2()u,v)g = (Q2(t)v,u)y Vu,v € H, VtER,
<Q1(t) u, >V* v > I/Q1||U||V Yu € V Vit € ]R
(Qa(t)u,u)r >0 VYue€ H, VteR, (1.5)
Q1) eqvvey < Mg, in R, [Q()llevve) < Mg, ae inR,
)

(-
1Q2()leevry < Mgy, 1Q20)lleqv,my < Mgy ace. inR,
IR zv,my £ MR a.e. in R,

where vg, > 0;
o Bc Hy™(L(H)), C € L (L(H)); in addition

(B(t)z,y)u = (B(t)y,x)n Va,y € H, VtER,
(B(t)x,z)y > vp||z||}, Vze H, VteR,
(B'()z,x)gr > vpr|lz||} Yo € H, forae t€R,
(Ct)x,z)y > vollz||3; Vo€ H, forae teR,
||B()||L y < Mp in R, ||B'(')H£(H) < Mp/,a.e inR,
1C(: )”L(H) < Mc¢ ae inR,

where vg ,vg ,ve > 0.

We note that a necessary condition in order that a function w satisfies
problem (1.1)—(1.2) is that B(-)u/(-) € HX(V*), since all other terms in the
equation belong to this space.

We also observe that A € L¥ (L(V,V*)): indeed, for u,v € V we may write

(AB)u, v)v= v = (Q1(t)u, v) v+ v + (Qa(t)u, v) i + (R(t)u, v)m ;



4 Acquistapace and Tarsia

now we have
[(Q2(t)u,v) | < [|Q2(t)ull mllv]| &
<NQ2®)llccenlullzllvll e < B2NQ2(E) |l e lullv llv]lv

and similarly

[(R()u, v)m| < |R@)ull#|v]a
< IROlcov.mlluliviivle < BIRONcev.mllullvvlv,

so that our claim follows by (1.4).

Hypothesis 1.2. We assume Hypothesis 1.1 and, in addition,

o fe H%’(H)’
o A(-) € L(D(A), L% (H)), where

D(A) ={ue LT(V) : A()u() € LT(H)}; (L.7)

o Q1€ HY™(L(V,V*)), Q2 € HF™(L(H)), R € H™(L(V, H));
o Bc HZ™(L(H)), C € H®(L(V,H)).

We conclude this section by stating our main result:

Theorem 1.3. Under Hypothesis 1.1, problem (1.1)—(1.2) has a unique T-
periodic solution u, satisfying

T T T
2 / 2 2
/0 lu(®)|? dt + / [ ()% dt < K / 17 ()13 dt.

The constant K depends only on the constants associated to A, B, C; in
particular it is independent of T

The proof is exposed in the last three sections.

2. Auxiliary results

First of all, we introduce an equivalent notion of solution.

Proposition 2.1. Assume Hypothesis 1.1. If u: R — V is a T-periodic func-
tion, then u satisfies (1.1)~(1.2) if and only if u € LZ(V) N HL(H) and

T
/0 (AWt o))y — B0, o ()i

for every ¢ € L2.(V) N HX(H).



Proof. Assume that u satisfies (1.1)—(1.2), and fix ¢ € LZ(V) N HL(H).
There exists a sequence of functions {p,} C HL(V), such that ¢, — ¢ in
L?(0,T;V) N HY(0,T; H). We observe that

/ (B O b))y dt = — / (Bt (1), oy () v dt
0 0
T

_ / (B! (1), ¢ (6)) 1 d;

hence, multiplying by ¢, (t) the equation in (1.1) and integrating in [0, 77,
we deduce

T
0= / (A(yu(t) + (B @) + CE0 (1), on(®)) v- ] dt
- / (F(E). on(D) vy dt
T
- / AW, on () — (B (), 2y (0) 1+ (CO (). on(t)) 1] dit

T
- / (F(), o ()1 .

As n — oo we immediately obtain (2.1).

Assume conversely that v € L2(V) N HL(H) and that (2.1) holds for all
o€ L3(V)NHL(H). Let us choose in (2.1) ¢(t) = v-4(t), where v € V and
1 € HL(R). Then

T
/0 [(A)u(t), v)v-v + (COu'(t), v)r — (F(1), v) ] (1) dt

:/0 (B(t)u'(t),v) g ' (t)dt,

which can be rewritten as
T
|t + cone) = .oy vte) a

_ /0 (B (), v)y-v ¥ (£) dt.

As a consequence, we have (B(-)u'(),v)v+-v € H'(0,T) and

SBOW 0, 0)v- v = ~(AWu(E) + OOV ~ (@), 0)v-v, e 0T]

Since v € V is arbitrary, we deduce that B(-)u'(-) € H*(0,T;V*) and
[B(t)u' ()] = —At)u(t) — C)W'(t) + (),  t€0,T].
By periodicity, this relation extends to R, so that u satisfies (1.1)—(1.2). O

We need now a regularity result for solutions of equation (1.1).
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Proposition 2.2. Under Hypothesis 1.1, let u be a solution of problem (1.1)-
(1.2). Then u € CXH(V)NCL(H).

Proof. Let u be a solution of (1.1)—(1.2). We consider a cut-off function ¥ €
C°°(R) such that 0 < 9(t) <1 for every ¢t € R, and

; 1if t>T,
(= {0 if ¢<0.
We multiply equation (1.1) by ¢: writing
(Bu')'9 = (Bu'9) — Bu'¥' = (B(u9)") — (Buwd’) — Bu'+
= (B(w?)") — B'ud’ — 2Bu'Y' — Buv”
and
Cu'd = C(wd)" — Cud’,

we easily deduce that Yu solves the Cauchy problem
A)P()ut)] + [BE)W()u®)]] + CH P (E)u))

= 9(t) f(t) + 29" () B(t)u'(t) + 9" () B(t)u(t)

te0,2T]. (2.2)
+ ' (t)B' (t)u(t) + C ()9 (t)u(t),

(Wu)(0) =0, (Yu)(0)=0.
Now, note that
fY+2Bu' Y + Bud”’ + B'ud + Cuv € L*(0,2T; H);

thus, using Proposition 2.1 and writing problem (2.2) in the form (2.1), it
follows by [1, Teorema 4.4] that the unique solution Ju is in C°([0,277],V) N
C1([0,2T7], H). Hence, in particular, u € C°([T,2T],V)NC([T,2T], H), and
the result follows by T-periodicity. O

We also need a further regularity result for the solutions of problem
(1.1)-(1.2): it was proved by Herrmann [7] in the case of constant coefficients.
We prove it here in a more general form.

Theorem 2.3. Assume Hypothesis 1.2. If u is a solution of problem (1.1)-
(1.2), then u € D(A)NCL(V)N C2(H).

Proof. Let us analyze the Cauchy problem (2.2): we see that the right member
F has the form

F(t) = 9(6)1(t) + 20/ () Bty (1
+ 9" (t)B(t)u(t) + 0'(t) B’ (t)u(t) + C(t)0' (t)u(t).

It follows from our assumptions that F € H*([0,27], H). Writing again (2.2)
in the form (2.1), we may apply [1, Teorema 5.1] in the case h = 1 with
fi = f and fo = 0, obtaining Yu € C1([0,27T],V) N C?([0,2T], H). Finally,
since ¥ = 1 in [T, 2T, we deduce that u € C1([T,2T],V) N C*([T,2T), H);
using the equation and T-periodicity, it follows that u € D(A). O



We recall now a well known result due to C. Baiocchi, which will be
used in Section 3.

Theorem 2.4 ([1, Teorema 4.5]). Assume Hypothesis 1.1, with the exception
of T-periodicity, and replacing [0,T] by [a,b], f by g, R by Q2+ R. If g €
L?(a,b; H), and w € C°([a,b], V) N C([a,b], H) is such that

b
/ [(AR)w(t), e(t))v-v — (Bt)w'(t), ¢' (1)) + (C(O)W'(t), (1)) m] dt

b
— / o(t), (1)) dt

for every ¢ € L?(a,b;V) N H'(a,b; H), then for every to,t € [a,b] we have
the “energy relation”

(@1 (Ow(t), wt))ve v X + (Q(t)w(t), w(t))m + (B(t)w'(t),w'(t)) u

+ [ B 0w )00~ (@) w)vey
— (@b w(r),w(r)u | dr

t (2.3)
+2Re [ [(ROYW0). 0 () + (€Y (), /(1)) ] dr

to

= (Q1(to)w(to), w(to))v=v + (Q2(to)w(to), w(to)) i

+ (B(to)w'(to), w'(to)) rr — 2Re / (g(r),w'(r)) g dr.

to
We end this section with an important result due to J.-L. Lions: it will
be used in Section 4.

Theorem 2.5 ([10, Chap. III, Sect. 3.1]). Let F be a complex Hilbert space

and let ® be a subspace of F, endowed with its own Hilbert norm |- ||o, such
that
lellr <dlelle Vo€ (2.4)
Let E: F x ® — C a sesquilinear form, satisfying
v = E(v, ) is continuous on F' Yo € @, (2.5)
and
>0 [Elp,e)>vleli Veed. (2.6)

If L: ® — C is a continuous functional, then there is v € F' such that
E(v,) = Ly Yy € O.

3. Bound and uniqueness of the solution

This section is devoted to the proof of an “a priori” estimate for solutions of
(1.2), (1.1): an obvious consequence of this estimate is uniqueness for such
solutions.
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Theorem 3.1. Under Hypothesis 1.1, there is a constant K > 0, depending on
the quantities vq, ,vp,Mq, ,Mq, ,, Mr,Mc ,B, Mg, Mp but independent
of T, such that for every T-periodic function wu, satisfying (1.2) and (1.1),
the estimate

T T
/ ()3 + llu' (7)]17] dr < K/ 1f ()l dr
0 0
holds.

Proof. Assume that u is a T-periodic function satisfying (1.2) and (1.1). We
multiply the equation in (1.1) by e, for a fixed A €]0, 1]:

Aty u(t)eM + [B(t)u' (1)) e + C(t)u' (t)eM = f(t)eM. (3.1)

Define
w(t) =u(t)e,  te[0,27T]. (3.2)

In order to replace u by w in (3.1), the following remarks are useful: first of
all,

w'(t) = [/ (t) + Mu(t)]er = o' ()M + dwo(t), te0,2T); (3.3)

next, using (3.3),

B () = L (B0 (1) ~ AB(E) (1)
= L (B (0) ~ M (0)]) ~ ABOR ()~ M),
so that
BOW O = (B ) — ABOwb) o
— AB(t)w'(t) + N B(t)w(t)
Hence (3.1) becomes, using (3.2) and (3.4),
Ayu(t) + B () + (1) s

= f()eM + XC(H)w(t) + NB@)w(t)] + ABt)w' (t) — N2 B(t)w(t).
We now apply Theorem 2.4, choosing [a,b] = [0,2T], tc =T, t € [0,T] and

g(t) = f(t)eM + AC(H)w(t) + AB' (t)w(t)
+ 2AB(t)w'(t) — M2 B(t)w(t) :



we get
(Qu (0w (t), w(®)v- v + (Qa(tyw(t), w(t)) s + (B (£), (1))
" /T (B (r ! (), w (1))  dr — /T (@, (r)w(r), w(r) ve.v dr

t

—/ (Q5(r)w(r), w(r)) g dt + ZRe/ (R(r)w(r),w'(r)) g dr
T

T
+ Q/T(C(r)w'(r),w’(r))H dr
= (Q1(T)w(T),w(T))v-v + (Q2(T)w(T), w(T))n

t

+ (B(T)w/(T),w/(T)) i + 2Re /T (Fr), 0 () € dr

(3.6)

+2)\Re/T(C(r)w(r),w’(r))Hdr—l—)\Re/T(B'(r)w(r),w'(r))H dr

t

+ 2)\/T (B(r)w'(r),w'(r)) g dr — 2)2 Re/T (B(r)w(r),w (r))y dr.

Similarly, by Theorem 2.4, with [a,b] = [0,2T], tc = T, t replaced by t + T
and g as before:

(Qi)w(t+T),w(t+T))v-v + (Qa(t)w(t +T),w(t +T))u
t+T

+(B®)w'(t+T),w (t+T))y —&—/T (B'(r)w'(r),w' (r)) g dr
T

t+T
- / (@ (Y (r),w(r))y-y dr — / (Qh(ryw(r), w(r)) dr
T T

t+T

t+T
+2Re /T (R w(r), ' () dr + 2 /T (Cr ' (r), w' (1)) g dr

= (Qu(T)w(T), w(T))v+v + (Q2(T)w(T),w(T))n
t+T

+ (B(T)w'(T),w' (T)) g —|—2Re/T (f(r),w' () g e dr
4T

+2)Re /T (C(r)w(r), w (1) dr

t+T

t+T
—l—)\Re/T (B'(r)w(r),w'(r)) g dr—i—?/T (B(r)w'(r),w'(r)) g dr

t+T
92 Re /t (B(r)w(r), w' () dr.

We now subtract (3.6) from (3.7), noticing that from (3.2) it follows that

w'(t+T) =w'(t)e . (3.8)
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We get

(Q1(t)w(t), w(t))v-v + (Q(t)w(t), w(t))n
+ (B(t)w'(t),w' () ] (2T = 1)

t+T t+T
+ [ O - [ Q. w)y-y dr
tt—i—T ' t+T
- / (Q45(r)w(r),w(r)) g dr + 2Re / (R(r)w(r),w'(r)) g dr
¢ r t
+ Q/t (C(r)w' (r),w'(r)) g dr
t+T
= 2Re/ (f(r),w' () g e dr (3.9)
' T
+2)\Re/ (C(r)w(r),w (r)) g dr
tt+T
+ )\Re/ (B'(r)w(r),w'(r)) g dr
o
o) / (B(ryw! (r), w! (r)) 1 dr
' t+T
—2)\%2Re /t (B(r)w(r),w (r)) g dr.

We rewrite (3.9) as

(€T — 1) [(Q1(t)w(t), w(t))y-,v
+(Qa(t)w(t), w(t)) i + (B(w'(£),w' (1)) ]

t+T
+[ (IB'(r) + 2000/ (), 0/ () g dir
t+T
_ 2Re/t (F () () € dr
t+T
+1 (@, (Pw(r), w(r))y- v dr
t+T t+T (3.10)
+ /t (O (P)w(r), w(r))u dr — 2Re /t (R )w(r), w (1)) dr
t+T
+ )\Re/t [Q(C(r)w(r), w'(r)) g + (B'(r)w(r), w’(r))H] dr

t+T
Lo /t (B(r)w! (r), ! () dr
t+T

8
—2)\2 Re/t (B(r)w(r),w' (r)) g dr =: ZTj.
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We now easily estimate each term Tj:

t+T t+T
T, < / LFOI € dr + / e ()2 d,
! t+T ' t+T
T+ o< Moy [ lwlr)f dr+Mog [ o)l i

t+T t+T
Ty < Mg [ / lew(r) 3 dr + / ||w’<r>%1dr],
t t
t+T t+T
Ty < M / lew(r) |3 dr + A2 / o (r) % dr |
t t
1 t+T t+T
To< oM | [ )l dr+ [ o) ar]
t t
t+T
T SQAMB/ ' ()| dr,
t

t+T t+T
Ty < Mg [ / () |13 dr + A* / ' ()2, dr] .
t t

Recalling (1.3), by (3.9) and the above estimates we deduce, using (1.5) and
(1.6),

(€ = 1) (v, Avp) [lw®F + llw'@©)IF]

t+T t+T
+ (v + 20c) / ! ()% dr < / 1£(r) 3 € dr
t t

(3.11)
t+T t+T
va| [ i [ el dr
t t
where, taking into account that A €]0, 1], we have set
C(1 = Inax {]—a MQ’l aMQ’z B27MR aMC 523 MC )
) . (3.12)
3 Mp 5%, 5 Mp,2Mp , Mp3° }
We now set, for simplicity,
W (r) = [lw(r)ly + w' (")l € [0,2T];
t+T (3.13)
Ut) = W(r)dr, te|0,T],
t
and also
1
Cy=——, (C3=0C0Cy,
v, \VB
(3.14)

t+T
F(t) = Cy / ()% ¥ dr, te[0,T).
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By the definition (3.2) of w, for the function U defined by (3.13) we have,
recalling (3.8),

U'(t) = llw(t + D)} + w'(t + DI = @) — ' (011
= [lu(t + )5 XD 4 |/ (¢ + T) + ult + T) |3 2
= Ju@®)lI e = llu'(2) + u(®) ]| 7 e
= (@I + ' () + u(®) 5] e (" =1),  te0,T],

where in the last equality we used T-periodicity. Thus, using again (3.8), we
conclude that

U'(t) = (e = 1) [[lw®} + lw' ®)I7] te[0,T]. (3.15)
By (3.15) and (3.14), from (3.11) we deduce
t+T
U'(t) + Co vy + QVC)/ [/ (D)% dr < F(t) + CsU (1), € [0,T].

Hence, for every h > 0 we also have, for 0 <t < T,

t+T
U'(t)e ™ — hU(t)e ™ + Cy(vp + 21/C)e_ht/ (|’ (7)|%; dr
t
< F(t)e ™™ + (C3 — h)U(t)e ™,
which means, for every ¢ € [0,T],

d

t+T
& 00 + Catom+ 0™ [ |0y ar

< F(t)e ™™ 4 (C5 — h)U(t)e M.

We integrate both members in [0, T):
T t+T
U(T)e " —U(0) + Ca(vp + 2uc)/ e_ht/ [w' (r)||3; drdt
0 t
T T
< / F(t)e " dt + (C3 — h)/ U(t)e " dt.
0 0
Recalling (3.13) and (3.14), we deduce

2T T
e T W (r)dr — / W (r)dr
T 0
T t+T
+Calvr -+ 200) [ e [ )3 dra
0 t
T t+T
< C’g/ e*ht/ Hf(r)||§{ AT dr dt
0 t

T 4T
+(C3 — h)/ e_ht/ W (r)drdt.
0 t

(3.16)
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Let us analyze the terms appearing in (3.16): first, we observe that, by (3.13),
(3.8) and T-periodicity,

W(r)dr =/ [ ()% + [’ (r)115] dr
T T

2T
= [T e =T + ' = Tl ar (3.17)
:JHATWMM%+1#@%hk=¥”/TW@Mr

Moreover, by (3.14), Fubini-Tonelli’s Theorem and T-periodicity,

t+T
/ 7ht/ Hf 2 2)\7' dr dt
T
/’wume [ [Tt [ et aa
0 r—=T

(3.18)
2 o l—e ™
= ||f(7“||H e ————dr
O h
T efhs o eth T
b [ e T S S s = [l T dr
0 0
where )
I(r) = m [1 — e p 2T (ehr e_hT)] ; (3.19)
finally, by Fubini-Tonelli’s Theorem and (3.17),
T t+T
/ e_ht/ W (r) dr dt
0 t
T r 2T T
= / W(r)/ e M dt dr + W(r)/ e~ Mdt dr
0 0 T r—T
T 1 _ e—hr T e—hs _ o—hT (3'20)
= / W(r) ———dr +/ W(s) e ————ds
0 h 0 h
T
:/ W(r)T(r)dr
0
with T'(r) given by (3.19). Note that, for 0 <r < T,
1
0<D(r) < +(1+ e (1 — e~hT). (3.21)

Consequently, neglecting the last term in the left member of (3.16), and using
(3.17), (3.18), and (3.20) we deduce

[e(2>\—h)T / W (r

<tcaj/ |F(rl12 2 () dr + (Cs — B j/ W () T(r) dr
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and hence, by (3.21)

1 — e—hT T
[6(2’\_h)T —14+(h- Cg)T (1+ eQAT)} / W(r)dr
0
P ° (3.22)
<Cot e (L AT [ )y dr
0

It is not hard to verify that the coefficient in the right member of (3.22) is
positive for large h: indeed, easy calculations lead to

1— e—hT

AT _ 1 4 (h—Cj3) (1 + 62’\T)

h
1 _ _ _
= = {h (62>\T —e hT) — (4 (1 4 @2AT _ o=hT _ (2 h)T):|
> L[ (T 1) Oy (14 7)]
CS<62AT+1)

and the last member is positive, provided h > —57——. More precisely, if
we choose

. _ 2Cs (e +1)

62’\T -1 )
then we get
1—e T
ePAMT _q 4 (b — Cg)T (1+e*7T)
1 2T 20T Cs / oar e -1
>E|:h(€ —1)—03(1+€ )]:7(6 +1):T

Hence by (3.22) we obtain

T —hT 2T T
1—e e +1
| war <acet—— S A [ ar
0 € 0

Thus, recalling the definition of h, we conclude that

T T
/ W(r) dr < Cye™T / £ ()2 dr,
0 0

where, by (3.14), Cy = C;*.
We finally go back to u: by (3.13),

T T
[ R+ 1w )] dr < o™ [0 1 ar
0 0

so that
T T
/ lu(r)| dr < / ()| 2 dr
0 0

T T
- / lw(r)|3 dr < Cy T / £ ()3 dr,
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and

T T
[ @ dr <2 [ )+ utr) s + )] dr <
0 0
T

T
<2 / e (r) + u(r) |3 € dr + 262 / ()| dr
0 0
T T
=2 [ )+ 28° [ ol dr
0 0

T
< 204(1 + )T / £ ()% dr.

We can then conclude that

T T
A e A R ey A IR CE)
0 0

where Ky = C71(3 +262).

Finally we select ~: if T < 1, we choose A\ = 1, so that the constant in
(3.23) becomes Koe?T and can be taken as Kye?; if instead 7 > 1, we choose
A =T71 <1 and the final constant becomes again Kye?. Thus, in any case,
setting K = Kye?, the constant in (3.23) does not depend on 7. Theorem
3.1 is proved. 0

Corollary 3.2. Under Hypotheses 1.1, problem (1.1)-(1.2) has at most one
T-periodic solution.

4. Existence in a special case
In this Section, by appealing to Theorem 2.5, we prove the following theorem.

Theorem 4.1. Under Hypothesis 1.1, if in addition the condition

I/%l (v +2vc)?
62(MB,+MC)2+VQ1MB+\/[B2(MB,+MC)2+VQ1 Mp2+2v3 M3 (4.1)

> (vpr + 2v0) (Mg + 8% My,) + 262 M7,

holds, then problem (1.1)-(1.2) has a unique T-periodic solution u, satisfying

T T T
/0 ()3 dt + / e (113 dt < / £ dt,

where the constant ¢ depends only on A, B, C.

Proof. First of all, by Proposition 2.1 we may consider, in place of (1.1), the
equivalent equation (2.1). Next, we introduce, for fixed v > 0, the spaces

F={wel} RV)NHL. (R H)): vit+T)=eTo(t) VtcR}, (4.2)

d={pec HE.(R,V): ot+T)=e"Tp(t) VtcR}. (4.3)
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We define on F' and @ the following inner products:

T T
(U,u)pz/o (W(r), u(r))v e~ '”dr—f—/o W (), o (P =27 dr,  (4.4)

T

T
(v ) =/ ((r), p(r))v e 7" dr—l—/ (@' (r), ¢ (r) e " dr. (4.5)
0 0
It is clear that F' is a complex Hilbert space and that

lellr = llelle Vo€ & (4.6)
on the contrary, the space ® is not complete with respect to the norm || - ||¢.
We introduce the sesqulinear form E : F x ® — C by setting, for v € F and
pe?,

T
Bwp) = [ (400 ) e = (BOV e a
0
— (B, ¢ e™ "+ (B(t)v, ") e (4.7)
— (B0, ¢ )i e+ (W, e
—(C(t)o, @) e dt.

We also introduce the linear functional L : ® — C as

T
L= / (9(t), & (6)) s e~ dt, (48)

where g € L2 (R, H) with g(t + T) = g(t)e?T for every t € R.

loc

We will prove that the equation
E(v,p) = Ly Yo e ® (4.9)

can be solved with the use of Theorem 2.5; to this purpose, we need some
preliminary facts. The first one concerns a different description of the space
® in (4.3).

Lemma 4.2. It is ¢ € © if and only if there exists a function 9y € H-(V') such
that

4T
o(t) = /t ¥(s) e’ ds vt € R. (4.10)

Proof. Let ¢ be given by (4.10), with 9 € H}(V'). Then we have on one hand
() = Dt + ) D —9()er = () (7 — 1) € Hbo(R, V);
on the other hand

427 t+T
pt+T) = / J(s)e? ds = / I+ T)e" D) dq
T t

t+T
= e'YT/ 9(q)e’dq = p(t)eT.
t
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Hence ¢ € .
Assume conversely that ¢ € ®. By (4.3) we have ¢/ (t+T) = ¢'(t) e?T. Define

It = e (DT — 171 € L, (R, V);
then, for every t € R,
I(t+T) = e "D+ T)" =17 = ¢/ (H)e " [" — 1] = 9(8),
so that p € H-(V). In addition

t+T t+T
/ I(s)e? ds = / ©'(s)ds[e?” —1]7!
t ¢

= [p(t+T) = )]l = 1]
= [p)e™ =)™ =171 = (t).
This proves the second inclusion. O

The second preliminary result gives the equivalence of equation (4.9)
with the weak form of our problem (1.1)—(1.2), i.e. equation (2.1).

Proposition 4.3. Let v € F. Then v solves (4.9) if and only if u(t) = v(t)e™ "
(which belongs to L3-(V) N HL(H)) satisfies (2.1), i.e.

T
/0 [CAW@()SO)v- v — (B (), 9 ()

. (4.11)

+ (C(tnd (1), 9(0) )t = / (F(0),0(t)) dt

0
for all 9 € HL(V'), where f(t) = g(t)e .

Proof. By Lemma 4.2, every ¢ € ® may be written in the form (4.10), with
¥ € H:(V). Then we know that

' (t) =9t +T)e" D) — (1) = () (7T - 1);
hence
T
B0.0) = (@ =1) [ (A0 0)v- v e = (Bl [0
— 1BV, e +y(B(t)o, [ ) e
—(Bt)v, g e "+ (CtW, ) g e —y(C(t)v,9) g e 7 |dt.
Now we observe that
=B, [0 )y = =(BOV, 9 )m e " + (B}, 9)me
=—(BM®pe ™9 ) g — (B, V) e +y(B(t),9)m e
next,
VB, 96 ) 1 e = 5(B()o, )i e + 2By, ) e,
and finally
(CW  Nge " —y(CHt)w,Nge " = (CHt)ve ", 9y .
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Thus we may rewrite E(v, ), after some cancellations, as
T
E(U, Lp) = (e’YT - 1) / RA(t)U, 19>V*,V e_’Yt - (B(t)[v e_vt}z ﬁ/)H
0
+ (Ct)[ve ", 9)g]dt

T
— (7 - 1) / [CA()u(t), 9(E)hv v — (B (), 9 (8) i
+ (O (1), 9() ).

(4.12)

Inserting now the function ¢, written in the form (4.10), into the functional
L, we obtain

T
Lo= (T - 1) / (9(t), 9(t)) e~ dt

T
— (@7 1) / (). 9(8)) .

So, if v solves (4.9), then u is a solution of (4.11). Conversely, assume that
u solves (4.11) for every ¥ € HAL(V): then, setting v(t) = u(t)e?, we can
go back and see that v solves (4.9) for every ¢ having the form (4.10). By
Lemma 4.2, we conclude that v solves (4.9) for every ¢ € ®. O

We now verify that the spaces I, ® defined in (4.2) and (4.3), as well
as the form (4.7) and the functional (4.8), satisfy the conditions required for
the use of Theorem 2.5. As already remarked, F is a complex Hilbert space
endowed with the inner product (4.4); moreover, ®, endowed with the inner
product (4.5), is a non-complete inner product space which is continuously
embedded into F, in view of (4.6). The bilinear form E(v, ¢) is also bounded
with respect to v for every fixed ¢: indeed, by (4.7), (1.3) and easy estimates,
we deduce

[E(v, o)l < Ko llvllp el YoeF, Vped,
where Ky is a constant depending on the quantities Mg, Mr, Mp, M¢ intro-
duced in Section 1, as well as on .
We now prove (2.6). First of all we observe that (2.6) will follow by the
stronger estimate

Re(E(p, ) > vlpld Vo€ . (4.13)

We rewrite (4.7) as

E(p.) = Ji (4.14)
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where, of course, Jy, Jo, ..., J; are the integral terms appearing on the
right-hand side of (4.7). Concerning J; we have by (1.4)

T
h= /o (A)p(t), ¢ (O)v-v e " dt
T
— [ Qw0 ¢ W)y e (419
oT .
+ / (Q2(D)e(t), @' () e dt + / (R(t)p(t), ¢ (1)) e~ dt.
0 0

On the other hand

T

! d
/ (@10 (), @' (0)v-v e di = / 7 (@uDe(0), o)y v e dt
0 0

T T

‘/o Qi (0), 1) vy e " dt — / Qi) (O, p(B) vy e dt
T

+29 /0 (@i(p(t), o))y e i,

and the first term on the right-hand side vanishes, since ¢ € ®. Moreover,
taking into account that

T
Re/ (Q1(t)p(t), &' (t))vev e > dt
0
T
B Re/ Q1)@ (1), o(t))v= v e 2" dt
0

by (1.5) we get

T T
Re [ Q0.6 Oy v e it = =3 [ Q1000 eO)v- v e

T
+7/0 (Q1(t)p(t), () v, e 2 dt.

Quite similarly we deduce

T
Re / (Qa(t)(t), & (1)) e dt
0

1

T
-5 | @t ene " a

Ty / (Qa(t)a(t), () g e .
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Hence, by (4.15),

T
el = % /0 (Q1()p(t), p(t))v= v e 27" dt
* %/O Qs (D)p(t), (1) e 7 dt
T
" V/O (Qu()p(t), o))y v e 21 dt
+ 7/() (Qa(t)p(t), (1)) g e 2 dt

T
+ Re / (R()(L), &' (1)) =27 dt.

0

(4.16)

Next, we consider Js + Js. Computing the derivative, we get

T
Jat gy = = [ (B0, 0 e ) di
T 0 T
—7/0 (Bt)p (), ' (1)) g e 2 dt = —/0 (Bt)e' (1), " (1)) g e dt

T T
’ 27/0 (B()¢' (), &' (t) e dt — 7/0 (B¢ (1), ¢ () e " dt.

which means

T
Tyt Ty = - / (B! (1), " (1)) s 2" di

0 (4.17)
oy / (B (), (£) g e dt.

On the other hand

‘/o (B (8), 9" (1) ™" dt = ‘/0 &[B! (1), () e

T T
+ [ B OO s [ B0 O e
0 0

2y / (B (1), & (1) e 2 dt,

and the first term on the right-hand side is zero, since ¢ € ®. Moreover,
since, by (1.6), B(t) is selfadjoint, we have

~Re / (B)e (1), 0" (1)) e dt

T
3 | BOSO O

(4.18)
T
—y / (Bt)e! (1), ¢ (1)) 2 dt.
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Hence, by (4.17),
Re (Jo + J) = Jo + Js = % / (B0 (), () e=2" dt. (4.19)
0
We now look at Jy + J5. It holds
T
Jot Js = / (BH)(t), " (1)) =21 dt
0
T T
- 72/ (Bt)pt), ¢’ () g e " dt = 7/ (B(t)p(t) e ", [’ (t)e ") ) dt
0 0
T T
. / (BW)p(t) e, (6)) s e~ dt — 2 / (B)(t), ¢ (6 e~ dt
so that

Jo+ Js = 7/0 (B(t)p(t) e ", [0 (t) e ")) g dt. (4.20)

On the other hand

/ (B#)o(t) e, [/ (t) e ) ) dt

T
/-y/
0

o / Ve 2t dt 1 2 / (BO)p(t), ' (£) s e dt.

T
e Q1) e g dt — / (B'(0)p(t). @' (1)) >t

Et\&

Thus, by (4.20),

T
Re (Ji + J5) = — 7Re / B/ (0)p(t), @' (1)) ¢ dt
. / (B#)g! (1), ¢/ () ¢~ dt (4.21)
0
T
* 7zRe/ (B(t)p(t), ¢ (£))m e dt.
0

Finally, we leave the terms Jg + J7 as they are:

T
Jo+ Jr = / (COF (). & (B e di
0 (4.22)

oy / (CE)p(t), & (B) e dt.
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Summing up, using (4.14) and (4.16), (4.19), (4.21), (4.22), we have
1T _
ReElp. o) =~ [ (Qi@0elt)plt)v-v e ™" de
0
T 1 /7T
R AR e o 3 M CAGEURE O
0 0

T T
+ / (Q2(t)p(t), () e dt + Re / (R(t)p(t), @' (8))rr e~ dt
0 0

T T
+3 /0 (B'(1)¢' (1), ¢/ () e dt — VRe/ B'(t)p(t), ¢'(t)) €™ 2" dt

2
T OT
= [ B 0. 0 e e+ Re [ (B0, 1) e

T T
i / (COL' (1), ¢ (1)) e™" dt — 7 Re / (C(t)o(t), ¢ (1) e dt.
0 0

(4.23)
Before estimating Re E(ip, ) from below, we need a useful lemma.
Lemma 4.4. The following estimate holds:
T T
? [l as [ eole e voes.
0 0
Proof. We have
T T
0< / () e )'|[; dt = / @' () e™ ™" =y (t) e |13 dt
0 0
T T
= / @' (617 €27 dt + 72/ ()7 e dt (4.24)
0 0

T
—2ke / (1), o(t)) 1 " d.

On the other hand, since ¢ € @,

Re /OT(sD’(t)vw(ﬂ)H e M dt = ;/OT {jttp(t)ll?q} ™" dt

1 ' d 2 —27t 4 2 —2~4t
=5 [ g le@li e Tdt+ | lle@®)F e " dt
0 0

T
—y / lo(0)|f3 e dt.
0

Thus, by (4.24),
T T
o< [ 1@ e a o [ el et
0 0

T
22 [ el at
0
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and the result follows. O

We now proceed with the estimate of Re E(y, ¢) from below. We write
1 T
ReElp.0) = —5 [ (Qi@0elt)plt)v-v e ™" de
0

1 [ (@0 el e i
T

-5 | @e. el i
T T

+7/O (Q2(t)p(t), p(t)) e dt+%/0 (B'(t)¢'(t), ¢ (1) e dt
T T

—7/0 (Bt)¢'(t),¢'(t)) ™" dt+/ (CH) (), &' (t)) e dt

T ¥ T
- / (RO)$(1), ¢ () e dt| =y / B/ (t)p(t), ¢ (1)) e dt
0 0

/O(B(t)w(t)w’(t))He‘“tdt

-

/0 (ClHYp(t). o (1)) 2 dt

As a consequence, using the assumptions of Section 1 and the inequality
pg < %p2 + %(f for every o > 0, we get for 9,0, > 0

T MQ/
ReB(p )2 [ )l e dt |y, — 252
0
T M~
- [ et e ar [y 2]
0

T
1
+ [0 e | (Guw +ve) - 0]
0
|:19MR yMp | y* Mg 'YM0:|
2

+ + +

T
-~ T2, e=27t gt
| iewie o+ 2+ L

T 2
_ Mg v86 Mp: v*eMp v Me
- )3 e dt | == + .
/0 o)l e [219 5 T 5 T

We use here Lemma 4.4 to estimate from below the third term in the last
line of the right member:

1 ’ _ 1 ’ _
37 Me [ el e Az ~JeMa [ Ol b
0 0
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Recalling (1.3), we obtain the final estimate:

T
&ﬂﬂ%w)z/nﬂw@W€e””ﬁ
0
Mg, p?

M
X[’WQI— 5 _2<MQ§+19R+75(MB’+MC>>]

T
+ [0l e ar x| (2 4 ve)
0 2

1 Mg + M, 2 01
—WMB—Q(ﬁMRJrv Bé C+7€B+5M3”.

(4.25)

In order to obtain a good estimate we need that the coefficients of the right
member of (4.25) are both positive for some v > 0. We rewrite the two
conditions as follows:

2 5 (Mour 4+ M Mg, f? Mg, 2
(VQl_ﬂ (M + C))v— o e BMe
(4.26)
— 1\2/1;3 72 _ (MB + MB/QJgMC)’Y"F (V}Q;/ +VC) _ 191\2/13 _ 81\243 > 0.
The first inequality in (4.26) is satisfied when
2
My + 82 My + B~ Mg
o 5 Mo+ 5+ Yo > 0, (4.27)

>
77 2ug, — 26 (Mp + M)

provided ¢ is sufficiently small.

The second inequality in (4.26) has the form ay? + by + ¢ > 0, with a < 0,
while ¢ > 0 provided ¥} and ¢ are sufficiently small. Hence for small ¥ and
¢ the discriminant A = b — 4ac satisfies A > b2 > 0. Thus in this case the
corresponding polynomial in the variable « has two real roots with different
signs:

b— VA b+ VA
= <0< =

TS TR <O T T

Thus, in order that the system (4.26) has a positive solution 7, we need that
Yo < 2. Noticing that
VA—1[b| 1 4lale 2¢

2ofal  2lal VA b VA+ |

V2 =

we must require that

v +2vc —9Mpr —eMp

2
MB’;MC+MB+\/[MB/§MC+MB + Mo yp, 4 200 — 9 Mg — £ Mp)

2
Mg, + 3 Mo, + 55

2vg, — 5,82(MB/ + Mc) ’
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a rather complicated condition. Let us choose now

v + 2vc v + 2vo
V= —— that Mg = ————=
My so tha R 2 ,
’ 2 / 2
521/32]—\273%, sothathB:VB—i_Tyc,
and
6= L, so that 2vg, — 5,82(MB/ —I—Mc) =vQ, -
ﬁQ(MB, + MC) 1 1
The above condition becomes
vp + 2v¢
2
52(M5/+Mc)2 1+ Mg + \/|:32(1V1§/+Mc)2 _‘_MB} —|—2M%
Q1 Q1 (428)
282 M2
N ]\4@/1 + ﬂQ MQ/2 + +UB/+2fC

)

Vo,
i.e., after some easy calculations,

vy, (var +2v0)?
ﬁQ(MB/ + MC)2 + VQIMB + \/[62(MB’ + MC)2 + vQ, MB]2 + 21/221 M%
> (vp 4 2v0) (]\4Q/1 + ﬂ2 MQ&) + 252 M12% ,

which is precisely (4.1). In conclusion, if Mg, Mg, and Mg are sufficiently
small, there is some positive v such that (4.26) holds true with the chosen
9,4, e, and consequently there is a positive constant v such that

|E(p, )| > v|ellz Ve €@,

i.e. (2.6) holds. Thus Theorem 2.5 is applicable and (4.9) has a solution v;
by Proposition 4.3 and Proposition 2.1, the function u(t) = v(t)e™ " solves
problem (1.1)—(1.2). The estimate follows by Theorem 3.1. Theorem 4.1 is
completely proved. O

5. A general existence result

The goal of this section is the proof of Theorem 1.3. The result of the more
restrictive Theorem 4.1 is the starting point of our argument, which consists
of four intermediate steps.

Step 1: under Hypothesis 1.1, transformation of the problem.
We consider here problem (1.1)—(1.2) with the operator
Au=A()u() + (BO)u' (1) + C()u' (), (5.1)

which satisfies Hypothesis 1.1. We will perform a change of variable which
transforms the operator A into another, say A%, and the problem (1.1)-(1.2)
into another, with a different period T°. It will turn out that A° will satisfy, in
addition, condition (4.1), relative to the new problem and the new operator:
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hence, by Theorem 4.1, the equation A% = g will be uniquely solvable for
all g€ L3, (H).
To start with, we fix @ €]0,1[ and change variable, setting t = as. If we
define for s € R,

v(s) = u(as), A(s) = A(as), Ba(s) = B(as),
Ca<8) = C(a5)7 g(S) = f(OéS),

we easily get

v'(s) = g(s), seR,

(Av)(s) = A(s)o(s) + [

v (s + g) =(s),

Setting 70 = L | B(s) = Bel®) "and C(s) = €2 we have

@ @
Av = A(s)v(s) + [B(s)v'(s)] 4+ C(s)v'(s), (5.2)
and the above problem is transformed into
(Av)(s) = g(s), s€ER,
{v (s+T1°) =v(s).
Obviously, a T-periodic function u(t) is a solution of (1.1)—(1.2) if and only

if the T9-periodic function v(s) solves (5.3). The constants appearing in (1.5)
and (1.6), relative to A = Q1+ Q2+ R, B, C, are

(5.3)

Vo vp
Vg =VR, Ve =S V= VG = Vs
M
Mgz = Mg, M@ZTC, Mg, = Mp, (5.4)
Mp
MQIIZOLMQII, MQQ/:aMQ/z” M~:7

We now verify whether or not the operator A satisfies condition (4.1). Ac-
cording to (5.4) we obtain

D(291 (VB’+2I;C)2
62 (Mpr+22) g, M%ﬂ/[ﬁ? (Mpr+22) g, %rﬂuél Y (5.5)

> (ve + 22) (@ Mgy + 5% a Mg,) +26°Mp,
which means
V%l (avgr+2vc)

B2(« MB/+MC)2+UQ1 onB+\/[ﬁ2(a MB/+MC)2+VQ1 aMB]2+2uél a? MJZB, (5 6)

2 262 M2
> MQ/l + ﬂ MQ’2 + auB/+21}30 :
This condition may or may not be true. So, we still modify, under Hypothesis

1.1, the operator A: we fix o > 0, replace C by oC, and set
(A%)(s) = A(s)v(s) + [B(s)v'(s)) + aC(s)V' (s). (5.7)
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Since v & = ovg and M~ = Mvg, condition (5.6) becomes
1/%1 (avgr+20vc)

B2(aMgi+o Mc)2+qu aMB+\/[52(a Mpgi+o Mc)2+VQ1 a]\/[B]2+2Vé1 a? Mg (5 8)

2 2a8% M3
> MQ& + B MQ/z + onB/+2o'§c .
This inequality is satisfied if a and o are sufficiently small: indeed, for a = 0
it reduces to )
VQ Vo 2
Fonz > Mot F Mo,
which is true for sufficiently small o; hence (5.8) is true for sufficiently small
a and o, as well. By Theorem 4.1, the problem
(A%)(s) = g(s), s€R, 59)
v(s+T°% =v(s), '
has a unique solution in Hl,(H) N L3, (V) for every g € LZ,(H), provided
a and o are positive and sufficiently small. So, ultimately, Step 1 is proved
with the period 7% = T'/a and the operator A°.

Step 2: under Hypothesis 1.2, R(A) is dense in L2, (H).

Let o > 0 and o > 0 be such that (5.8) is satisfied. Consider the operator A°
defined by (5.7), this time under Hypothesis 1.2; set, according to (1.7),

D(A) = {v € L%, (H): Ave LQTO(H)},

and consider A° as an operator from D(A) to L2,(H). We note that if g €
H}o(H), by Theorem 2.3 (with T" replaced by TV) the solution of (5.9) is in
D(A) N CLy (V)N C24(H); hence, the range R(A°) is dense in L2, (H), since
it contains Hr,(H).

Always under Hypothesis 1.2, consider also the operator A defined in (5.2),
as an operator from D(A) to LZ,(H); note that for A" and A the terms
containing A and B coincide. In order to verify that the range of A is dense,
too, we will use the continuity method and the results of the “near operators”
theory (see [11]). Namely, for 0 < 7 < 1 we define

A =17 A+(1-1)A% €01
Let us consider the set
I={r€0,1]: R(A,) is dense in L2, (H)} :

we will now verify that

(). 1+0;

(ii). I is open;

(iii). T is closed.
This will imply that I = [0,1], that is, R(A) is dense in L2, (H).

Indeed, (i) is true because 0 € I, since, as already observed, R(A°) is dense
in L2,(H).
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Le us prove (ii). Fix 79 € I and § > 0; for 7 € [0,1] and |7 — 79| < J, we have
for every v € Hyo(H) N L2, (V)

Ao — Ao =[14 (1 = 7)a] AV — [r0 + (1 — 79)0] A%’
=(r— To)[fiv — ./Iov] =(r— To)[év — aé’v] =(r—710)(1 - U)C’v’,
and hence we obtain the estimate

[A-v=Arvllz2, () < 5(A=0)Mc|V'll2, ar) < 0(1=0) Mo K[ ArvllLz, ),

where in the last step we have used Theorem 3.1 (with 70 in place of T': recall
that K is independent of T'). Let us choose § such that §(1 — o)Mc K < 1:
then the operator A, is near A, , according to [11, Definition 0.1]. Thus,
since R(A,) is dense in L2, (H), the same property holds for A, , thanks to
[11, Theorem 2.1]. Consequently 7 € I for |7 — 79| < J, i.e. I is open.
Let us prove (iii). Let {7,} C I be such that 7,, — 7: we must show that
7 € I. Indeed, quite similarly to (ii), for every v € Hy,(H)N L3, (V) we have
the estimate
[ = Aroll g2 iy < I = 711 = ) Me [V 2,
< | = 7l(1 = o) Mc K[| Ar, vl 2, a1y -

Hence, for sufficiently large n we deduce that the operator A, is near A, .
As R(A.,) is dense in L2, (H), we have R(A,) dense in L2,(H), too, i.e.
7 € I and I is closed.

As already observed, we conclude that I =]0,1] and, consequently, R(.A) is
dense in L2, (H).

Step 3: under Hypothesis 1.2, the operator A (see (5.1)), is surjective on
L3 (H).

Always under Hypothesis 1.2, we first show that the operator A defined in
(5.2), whose range is dense in L2,(H) by Step 2, is in fact surjective. Let
g € LZ,(H), take a sequence {g,} C Hij.,(H) such that g, — g in L2, (H)
and let v, be such that Av, = g,. Then, by Theorem 3.1, recalling that K
does not depend on T', we get

l[vn — Um||izT0(V) + vy, — %Hi;o(m < Kllgn — gm||izT0(H) :

[ Thus, {v,} is a Cauchy sequence in L2.,(V) N H1 ,(H), so that it converges
in this space to a function v € L2, (V)N H},(H). Passing to the limit in the
equation Av, = g, (written in the form (2.1), which is allowed by Proposi-
tion 2.1, with T replaced by T°) we immediately find Av = g. This shows
that R(A) = L2, (H).

Now we consider the operator A defined in (5.1). We set u(t) = v(t/a), i.e
v(s) = u(as): as remarked in Step 1, v(s) solves (5.3) if and only if wu(t)
is a solution of (1.1)—(1.2), or, equivalently, equation (2.1) (by Proposition
2.1). Thus we conclude that, under Hypothesis 1.2, problem (1.1)-(1.2) has
a unique solution for every f € L4 (H), i.e. A is surjective.
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Step 4: under Hypothesis 1.1, conclusion of the proof.

Finally, we want to prove the statement of Theorem 1.3, i.e. the existence
result for problem (1.1)-(1.2), under the only Hypothesis 1.1. To this end,
we select sequences of operators {Q1,(-)} C HZ™(L(V,V*)), {Qan(-)} C
HE™(L(H)), {Rn ()} € Hp™ (L(V, H)), {B,(-)} € HE™(L(H)), {Cn(-)} C
H%’OQ(E(V7 H)) such that the constants appearing in Hypothesis 1.1 rela-
tive to the operators Qi,, Q2n, Ry, Bn, C, are the same as those relative to
Q1,Q2, R, B,C, and in addition

Qun = Quin Hp™(L(V.V")),  Qan — Q2 in Hy™ (L(H)),

R, — Rin L¥(L(H)), B, — Bin Hp™(L(H)),

C, = Cin LT (L(H)).
For instance, we can approximate the above functions by the convolution
with a sequence of real mollifiers {,, }.
We set A, = Q1n+Q2n+ Ry, and Apu = A, (u(Bp()u') 4+ Cp () for every
uw € H-(H) N L3(V); evidently, each operator A, satisfies Hypothesis 1.2.
Thus, for fixed f € L% (H) let u, be the solution of A,u, = f, according to
Step 3. Then, by Theorem 3.1 we see that {u, } is bounded in H-(H)NL2 (V).
Passing to appropriate subsequences, we may suppose that u,, — uin HL(H)
and u, — w in LZ(V); it follows that u = w € HL(H) N L2(V). Then we
can write, using Proposition 2.1,

T
+/0 [(At)u(t), o)) vev — (B)u'(t),¢' () + (C(E)u'(t), (1)) ] dt.
As n — oo, we easily get
T T
/0 (f(r), o(r))m dr :/0 [(At)u(t), p(t))v-v — (B (1), ' (t) 1

+(C)' (), o(t))m]dt,

i.e. Au = f, as desired. Theorem 1.3 is completely proved.
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