Scuola Normale Superiore Classe di Scienze Corso di Perfezionamento in Matematica

Tesi di Perfezionamento

Deforming Triangulations of Hyperbolic Manifolds with Geodesic Boundary

Candidato Relatore Dott. Roberto Frigerio Prof. Carlo Petronio

Contents

Introduction 5

1 Deforming hyperbolic 3-manifolds 11 1.1 (X, G)-structures and holonomy . . . . . . . . . . . . . . . . . . . . . 11 1.2 Hyperbolic cone structures and Dehn filling singularities . . . . . . . 14 1.3 Thurston’s hyperbolic Dehn filling Theorem . . . . . . . . . . . . . . 19 1.4 The case of non-empty geodesic boundary . . . . . . . . . . . . . . . 25

2 Geometric triangulations of hyperbolic 3-manifolds

with geodesic boundary 35 2.1 Topological and geometric triangulations . . . . . . . . . . . . . . . . 36 2.2 Moduli and equations for partially truncated tetrahedra . . . . . . . 39 2.3 Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 2.4 Smoothness at the complete structure . . . . . . . . . . . . . . . . . 48 2.5 Dehn filling equations . . . . . . . . . . . . . . . . . . . . . . . . . . 57 2.6 The Kojima decomposition . . . . . . . . . . . . . . . . . . . . . . . 61 2.7 Recognizing the canonical decomposition . . . . . . . . . . . . . . . . 65

3 Similar fillings and isolation of cusps 71 3.1 Definition of M_{g,k}, triangulations and hyperbolicity . . . . . . . . . 72 3.2 Further topological properties . . . . . . . . . . . . . . . . . . . . . . 75 3.3 Dehn filling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.4 Isolation of cusps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 3.5 Non-isolation of the boundary . . . . . . . . . . . . . . . . . . . . . . 88 3.6 Symmetries of Ω_{g,k} and return paths . . . . . . . . . . . . . . . . . . 97 3.7 Similar fillings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

A Cohomology theory of representations 119

Bibliography 123

Introduction

Since Thurston’s seminal work in the late seventies [Thu79], hyperbolic geometry has become one of the main research areas in 3-dimensional topology and geometry. Several new ideas have been developed in order to better understand how to decide whether a manifold can support a geometric structure, and to describe such a structure, when it exists. In this context, many efforts have been devoted to investigating the shape of the deformation space of hyperbolic structures on a given 3-manifold M. Among the old and new techniques employed to this end, the analysis of the space of representations of the fundamental group of M into the group of isometries of hyperbolic 3-space, and the description of the geodesic triangulations of M itself, have proved particularly powerful.

In this thesis we develop the triangulation approach to the study of deformations for hyperbolic manifolds having geodesic boundary, and we briefly outline the representation approach.

Deformation of hyperbolic structures The space of complete infinite-volume hyperbolic structures supported by a fixed 3-manifold, when non-empty, is quite big, and its description has provided, among other things, a key ingredient of the proof of Thurston’s hyperbolization Theorem for Haken manifolds [Thu82, Ota96, Ota98, Kap01]. On the contrary, Mostow-Prasad’s rigidity Theorem implies that the space (of homotopy classes) of complete finite-volume structures supported by a fixed 3-manifold reduces either to the empty set or to a single point. This means that in the finite-volume case non-trivial deformations of the complete structure can give rise only to incomplete metrics. It turns out that such deformations are closely related to the geometry of manifolds which can be obtained from the original one by means of natural topological constructions, as we are now going to explain.

Dehn filling Let M be a complete orientable finite-volume non-compact hyperbolic 3-manifold without boundary (in what follows we will summarize all this information just by saying that M is cusped). Then M admits a natural compactification M obtained by adding to M some boundary tori. We can choose some of these tori and glue a solid torus to each of them, thus obtaining a 3-manifold N. This operation is called Dehn filling, and we say that N is obtained by Dehn filling M (or simply that N is a Dehn filling of M). We point out that the manifold M can be filled in infinitely many different ways, according to the infinitely many possibilities for the choice of the isotopy class of the gluing homeomorphism between the chosen toric components of ∂M and the boundary of the added solid tori.

6 Introduction

A crucial fact is that the metric completions of many small deformations of the complete metric of M actually define complete hyperbolic structures on manifolds obtained by Dehn filling M. This phenomenon is at the heart of the proof of Thurston’s hyperbolic Dehn filling Theorem [Thu79], which states that “almost all” the Dehn fillings of a cusped 3-manifold also support a complete finite-volume hyperbolic metric. Thurston himself described in his notes two different strategies for proving this result: the first one makes use of representations (see [Hod86] or [BP01] for detailed accounts on this approach), the second one is based on the technology of geodesic ideal triangulations [NZ85, BP92, PP00].

As mentioned before, in this thesis we describe how the deformation theory for cusped 3-manifolds extends to cusped 3-manifolds with boundary (i.e. to complete finite-volume non-compact hyperbolic 3-manifolds with compact geodesic boundary), mainly focusing our attention on the approach via geometric triangulations. In the case of non-empty geodesic boundary, one has to consider partially truncated tetrahedra instead of ideal ones, computations get more complicated, but basically the whole theory extends. In particular, we decribe here how partially truncated triangulations can be employed in order to construct examples of cusped 3-manifolds with boundary and to study their Dehn fillings.

The approach via triangulations There are at least two facts which support the idea that geometric triangulations are effective instruments for studying complete hyperbolic 3-manifolds and their deformations. First of all the triangulation approach to deformations of a hyperbolic manifold often allows an explicit description of many geometric invariants of the manifold itself and of its Dehn fillings. In Chapter 3 we provide explicit examples of how this principle applies in practice. Moreover in the empty (resp. non-empty) boundary case, geodesic triangulations have proved very useful for constructing and studying large classes of cusped (resp. bounded) hyperbolic manifolds. The idea of constructing hyperbolic structures on manifolds by suitably gluing to each other geodesic polyhedra has been systematically exploited in the cusped case by the software SnapPea [Sna], and has lead to a census of the simplest (in a suitable sense) 6075 cusped 3-manifolds [CHW99]. In the bounded case, the same strategy has been implemented by a software developed by Bruno Martelli, Carlo Petronio and myself, and has provided a census of the simplest 5192 complete finite-volume hyperbolic 3-manifolds with compact geodesic boundary [FMP03b].

Partially flat triangulations Before going into a more detailed description of the results proved in this thesis, it is maybe worth mentioning at least one drawback of the triangulation approach to deformations. The fact is that when constructing the general theory of deformations of cusped (or cusped and bounded) 3-manifolds via triangulations, some troubles arise due to the still unsettled question whether these manifolds always admit genuine geodesic triangulations. Epstein and Penner [EP88] and Kojima [Koj90, Koj92] have shown that decompositions into convex geodesic polyhedra always exist, but in general, if one subdivides polyhedra into tetrahedra, some flat tetrahedra may be required to reconcile the subdivisions of adjacent polyhedra. Therefore cusped and bounded manifolds admit degenerate geodesic triangulations, in which some of the tetrahedra are flattened out into (ideal or truncated) quadrilaterals. However, this seems to be more a technical difficulty than a substantial obstruction: partially flat triangulations of cusped manifolds are studied in [PW00], and their deformations can be dealt with yielding a suitably modified version of the proof of Thurston’s hyperbolic Dehn filling Theorem (see [PP00]). Moreover, we expect the strategy described in [PP00] to easily translate into the context of degenerated partially truncated triangulations of cusped manifolds with boundary. This would straighten the idea that geodesic triangulations can be successfully employed to analyze small deformations of complete finite-volume hyperbolic 3-manifolds in full generality.

Below is a brief description of the contents of each chapter.

In Chapter 1 we give a quick review of the deformation theory for cusped hyperbolic 3-manifolds, also sketching the proof of Thurston’s hyperbolic Dehn filling Theorem via representations. We introduce the technology of (X, G)-structures and holonomy representations, also recalling some basic results in deformation theory of (X, G)-structures on compact manifolds. In order to better understand the hyperbolic case, we describe in detail the character variety associated to the space of SL(2, C )-representations of the fundamental group of a hyperbolic 3-manifold. Most results are essentially taken from Thurston’s notes [Thu79], notes on notes of Thurston [CEG87] and Culler and Shalen’s paper [CS83], and should be considered classical by now. Our main effort here is aimed at giving a complete proof of the fact that the Teichmüller space T (M) of a hyperbolic 3-manifold M is parameterized by the conjugacy classes of holonomy representations, at least in a neighbourhood of the complete structure (see Sections 1.3, 1.4 for a precise definition of T (M)):

Theorem. Let M be a complete finite-volume hyperbolic 3-manifold with (possibly empty) geodesic boundary. Then the map which associates to any hyperbolic structure on M the conjugacy class of the corresponding holonomy representation induces a homeomorphism between an open neighbourhood of the complete structure on M and an open set of conjugacy classes of representations of the fundamental group of M into PSL(2, C ).

Chapter 2 is devoted to the description of the general theory of geometric triangulations of hyperbolic 3-manifolds with geodesic boundary. Our starting point is the idea of turning the construction of the hyperbolic structure on a manifold into an algebraic problem. In the setting of cusped manifolds one employs ideal tetrahedra, which are parameterized by complex numbers, and tries to solve hyperbolicity equations. We extend this scheme to the bounded case, with ideal tetrahedra replaced by truncated ones. The conditions under which a gluing of truncated tetrahedra defines a non-singular hyperbolic metric are encoded by the consistency equations,

8 Introduction

while completeness equations translate the conditions ensuring that such a metric is actually complete.

Properties of the deformation space The set of solutions of consistency equations naturally provides a nice deformation space for finite-volume hyperbolic structures with geodesic boundary on a fixed 3-manifold. Building on classical results in the cohomology theory of representations, we prove the following:

Theorem. Let M be a complete hyperbolic 3-manifold with compact geodesic boundary and k cusps, let T be a geometric triangulation of M and denote by Ω(T ) the set of solutions of the consistency equations for T . Then Ω(T ) ⊂ R^n is a smooth manifold of real dimension 2k near the point x_0 ∈ Ω(T ) representing the complete structure on M. Moreover, local coordinates for Ω(T ) near x_0 can be explicitly expressed in terms of the dihedral angles of the tetrahedra of T .

This theorem allows us to give a new proof of Thurston’s hyperbolic Dehn filling Theorem which applies to all the hyperbolic manifolds with geodesic boundary which admit a genuine geometric triangulation. We are quite confident that our proof of Thurston’s hyperbolic Dehn filling Theorem could be adapted along the strategy described in [PP00] in order to deal also with partially flat triangulations. This would give a complete and self-contained proof of Thurston’s Theorem via deformation theory of geometric triangulations. However, all the examples constructed in this thesis admit genuine geometric triangulations, so we do not develop the study of partially flat triangulations here.

The Kojima decomposition We have already mentioned that just as for cusped 3-manifolds with empty boundary, which admit the canonical Epstein-Penner decomposition, it turns out that also for bounded manifolds a canonical decomposition exists which is due to Kojima. In Sections 2.6 and 2.7 we describe the main properties of the Kojima decomposition, and we explain how the moduli of a given geometric triangulation can be used to determine if such a triangulation is Kojima’s canonical one.

In the last chapter we use the theory developed in Chapter 2 in order to describe certain classes M_{g,k} of hyperbolic 3-manifolds with geodesic boundary. Such classes were first introduced in [FMP03b], where the non-hyperbolic Dehn fillings of each M in M_{g,k} were completely classified in order to answer a question posed by Wu in [Wu98].

Similar surgeries In this thesis we deepen our analysis of the geometric properties of elements in M_{g,k} and of their Dehn fillings. Building on results from Chapter 2, we describe as explicitly as possible how small deformations of the complete hyperbolic structure defined on a manifold M ∈ M_{g,k} are induced by deformations of the shape of the geodesic partially truncated tetrahedra giving the Kojima decomposition of M. This approach allow us to compute (or to estimate) several invariants of the manifolds obtained by filling elements in M_{g,k} along “sufficiently complicated” curves. We deduce the following:

Theorem. There exists an infinite family of complete non-compact hyperbolic 3- manifolds with geodesic boundary which admit non-homeomorphic hyperbolic Dehn fillings sharing the same volume, homology, cusp volume, cusp shape, Heegaard genus, complex length of the shortest geodesic, length of the shortest return path and Turaev-Viro invariants.

Hyperbolic manifolds which share all the invariants mentioned in the statement of the last theorem are called geometrically similar, and were first studied in [HMW92] (the definition of geometric similarity introduced there is actually a bit different from ours, and regards cusped manifolds without geodesic boundary). In contrast with the examples provided in [HMW92], our geometrically similar Dehn fillings are typically non-commensurable with each other (however, examples are also provided of elements of M_{g,k} admitting non-homeomorphic geometrically similar commensurable Dehn fillings).

Isolation of cusps Neumann and Reid introduced in [NR93] the notion of geometric isolation for cusps in a hyperbolic 3-manifold: roughly speaking, if N is a complete finite-volume hyperbolic manifold with (possibly empty) geodesic boundary and cusps C_1, . . . , C_h, C_{h+1}, . . . , C_k, then C_1, . . . , C_h are geometrically isolated from C_{h+1}, . . . , C_k if any small deformation of the hyperbolic structure on N induced by Dehn filling C_{h+1}, . . . , C_k while keeping C_1, . . . , C_h complete does not affect the Euclidean structure at C_1, . . . , C_h. Calegary described in [Cal01] several different ways of constructing manifolds with isolated cusps, also providing explanations for all the previously known examples of isolation phenomena. Here we prove the following:

Theorem. Any set of cusps of any manifold M ∈ M_{g,k} is geometrically isolated from its complementary set of cusps.

Apparently, isolation of cusps in our examples arises for different reasons from those described in [Cal01].

Non-isolation of the boundary The natural question if the geodesic boundary too of an element in M_{g,k} is isolated from the cusps is also answered. Examples of isolation of geodesic boundary from cusps in hyperbolic 3-manifolds were first provided in [NR93, Fuj93]. On the other hand, non-isolation phenomena were described in [Fuj92, FK97].

Theorem. Any element in M_{g,k} admits an infinite family of hyperbolic Dehn fillings inducing non-trivial deformations of the hyperbolic structure on the geodesic boundary.

10 Introduction

Acknowledgements I now wish to thank the people who have helped me during the writing of this thesis and the whole period of my Ph. D. studies. I would like to express my gratitude to Prof. Carlo Petronio, who has constantly encouraged my research activity and has spent a lot of time and energies in suggesting, discussing and supervising this work. I want to mention Francesco Bonsante and Bruno Martelli for the mutual help we have given to each other during many interesting conversations about mathematics and for the real friendship they have offered to me during our everyday life. I am grateful to Prof. Craig D. Hodgson for his interest in my work and for the friendful help he has given to me during my visit at the University of Melbourne. I am indebted to the Scuola Normale Superiore and to the Department of Mathematics of the University of Pisa for providing such a stimulating mathematical environment. Finally, special thanks go to my parents and to Alessandra, for the support and encouragment they have always given to me.

Chapter 1

Deforming hyperbolic 3-manifolds

In this chapter we give a quick review of the representation approach to the deformation theory of cusped hyperbolic 3-manifolds. We introduce in Section 1.1 the technology of (X, G)-structures and holonomy representations, also recalling some basic results about the local structure of the deformation space of (X, G)-structures on compact manifolds. In Sections 1.2 and 1.3 we concentrate our attention on the hyperbolic case, describing in detail the character variety associated to the space of SL(2, C )-representations of the fundamental group of a hyperbolic 3-manifold. Most of the results presented in these sections date back to the beginning of the revolution in 3-dimensional geometry and topology inspired by Thurston in the late seventies. The main results of this chapter are Theorems 1.3.5 and 1.4.11, where we give a formal description of the relation between deformation of finite-volume hyperbolic structures on non-compact 3-manifolds and deformation of the corresponding holonomy representations.

The last section is devoted to an extension of Thurston’s hyperbolic Dehn filling Theorem to the case of non-empty geodesic boundary. To this aim we introduce a suitably defined character variety which will be used also in the following chapters, and we describe how this variety parameterizes a small neighbourhood of the complete structure in the Teichmüller space of (incomplete) finite-volume hyperbolic structures with geodesic boundary supported by a fixed 3-manifold.

1.1 (X, G)-structures and holonomy

We begin by recalling the well-known definition of (X, G)-structure on a differentiable manifold.

(X, G)-atlases Let X be a real analytic manifold and G be a Lie group acting on X faithfully and analytically. Let N be a smooth manifold (possibly with boundary) having the same dimension as X.

Definition 1.1.1. An (X, G)-atlas for N is a collection of charts {ϕ_λ : U_λ → X}_{λ∈Λ} satisfying the following conditions:

12 Deforming hyperbolic 3-manifolds

1. {U_λ}_{λ∈Λ} is an open covering of N;

2. Each ϕ_λ is a smooth embedding in X (so ϕ_λ is a local diffeomorphism if U_λ ∩ ∂N = ∅); 3. For each x ∈ U_λ ∩ U_μ, there are a neighbourhood W of x in U_λ ∩ U_μ and an element g ∈ G, such that ϕ_λ|_W = g ∘ ϕ_μ|_W .

It is easily seen that an (X, G)-atlas defines a unique maximal (X, G)-atlas. An (X, G)-structure on N is a maximal (X, G)-atlas on N. A smooth map f : M → N between (X, G)-manifolds is an (X, G)-map if for any x ∈ M the following holds:

• The maximal atlases {U_ν , ϕ_ν }_{ν∈Λ}, {U^′_μ, ϕ^′_μ}_{μ∈Λ}′ , defining respectively the structures on M and N contain charts ϕ_ν : U_ν → X and ϕ^′_μ : U^′_μ → X with x ∈ U_ν ⊂ M, f(U_ν ) = U^′_μ ⊂ N and ϕ^′_μ ∘ f|_{Uν} = g ∘ ϕ_ν for some g ∈ G.

When X is a complete Riemannian manifold and G is a group of isometries of X, we say that N has a Riemannian (X, G)-structure. Under these circumstances, N has an induced Riemannian metric, and an (X, G)-map is a local isometry.

Developing map and holonomy Let N be a manifold with a fixed (X, G)- structure, let π : ~N → N be a universal cover, and endow ~N with the unique (X, G)-structure which makes π an (X, G)-map. Let also ~x be a point in ~N and ~ϕ be a chart at ~x. Since ~N is simply connected, this chart analytically extends to a unique map D : ~N → X, which is called a developing map for the (X, G)-structure on N. Note that choosing a different germ of a chart at a possibly different point in ~N would only replace D with a new developing map g ∘ D for some g ∈ G.

Let now Deck( ~N ) denote the group of covering transformations of π : ~N → N, and recall that there exists an isomorphism π_1(N) ∼= Deck( ~N), which is canonical up to conjugacy. Let M be an (X, G)-structure on N and let D : ~N → X be a fixed developing map for M. If γ is an element of Deck( ~N), then D ∘ γ is also a developing map for M, so there exists a unique element H_D(γ) ∈ G such that D ∘ γ = H_D(γ) ∘ D. The map H_D : π_1(N) ∼= Deck( ~N) → G just defined is a group homomorphism, called the holonomy of M (with respect to the fixed identification π_1(N) ∼= Deck( ~N) and the developing map D). If D^′ is any other developing map for M, then there exists g ∈ G with D^′ = g ∘ D, so H_D′ (γ) = gH_D(γ)g^{−1} for any γ ∈ π_1(N). This implies that a conjugacy class H_M of homomorphisms of π_1(N) into G is defined which depends only on M. With a slight abuse, this class is also called the holonomy of M.

Definition 1.1.2. Let M be an (X, G)-structure on N. Then we say that M is complete (as an (X, G)-structure) if some (and then any) developing map D : ~N → X for M is a covering projection.

A proof of the following results about (X, G)-structures can be found in [Rat94].

Theorem 1.1.3 (Hopf-Rinow). If X is a complete Riemannian manifold, G is a group of isometries of X and ∂N = ∅, then an (X, G)-structure on N is complete if and only if it induces a complete metric on N.

1.1 (X, G)-structures and holonomy 13

Proposition 1.1.4. Suppose X is simply connected, let M be a complete (X, G)- structure on N, let D : ~N → X be a developing map for M and H_D : π_1(N) → G be the induced holonomy representation. Then D gives an (X, G)-equivalence between the universal covering of M and X, the holonomy representation H_D is injective and H_D(π_1(N)) acts freely and properly discontinuously on X. This gives in turn an (X, G)-equivalence between M and X/H_D(π_1(N)).

Definition 1.1.5. Let G^′ be a subgroup of G and M be an (X, G)-structure on N. We say that M reduces to an (X, G^′)-structure on N if it contains an (X, G^′)-atlas for N.

Proposition 1.1.6. An (X, G)-structure M on N reduces to an (X, G^′)-structure if and only if there exists a holonomy representation H : π_1(N) → G for M with H(π_1(N)) ⊂ G^′.

A topology on developing maps and holonomies We now define a topology on the space Ω(N) of all the (X, G)-structures on N. To this aim, first observe that a map D : ~N → X is a developing map for some (X, G)-structure on N if and only if D is a local diffeomorphism such that for any γ ∈ Deck( ~N ) there exists an element H(γ) ∈ G with D ∘ γ = H(γ) ∘ D. We endow the set of developing maps D(N) for N with the topology of C^∞-uniform convergence on compact subset of ~N, and observe that composition on the left defines an action of G on D(N) whose quotient is canonically identified with Ω(N). We eventually give Ω(N) the quotient topology defined by this identification. We also put on R(π_1(N), G) := Hom(π_1(N), G) the pointwise convergence topology.

Note that once an identification π_1(N) ∼= Deck( ~N ) is fixed, the holonomy defines a continuous map H : D(N) → R(π_1(N), G), where H(D) = H_D. We denote by H also the induced continuous map H : Ω(N) → R(π_1(N), G)/G from the space of (X, G)-structures on N to the space of conjugacy classes of homomorphisms of π_1(N) into G.

Thickenings Let N be a smooth connected n-manifold possibly with boundary, and let M be an element of Ω(N).

Definition 1.1.7. A thickening of M is an (X, G)-structure on a smooth connected n-manifold without boundary, containing N as a submanifold, which induces the given (X, G)-structure on N.

The following proposition [CEG87] proves that if N is compact then a thickening exists and is unique in a suitable sense. Let M and N be as above.

Proposition 1.1.8. Suppose N is compact. Then M has a thickening. Moreover, let M ⊂ M_1, M ⊂ M_2 be two thickenings. Then there exist U_1, U_2 with M ⊂ U_i ⊂ M_i, such that U_i is a thickening of M and there is a unique (X, G)-equivalence between U_1 and U_2 which extends the identity on N.

14 Deforming hyperbolic 3-manifolds

The deformation space The following theorem clarifies the local structure of Ω(N) near a fixed (X, G)-structure M on a compact N. Observe however that in what follows we will be mainly interested in geometric structures on non-compact hyperbolic manifolds. Let N_{th} be the union of N with a collar ∂N × [0, 1). Since π_1(N) ∼= π_1(N_{th}), the universal covering of N is a subset of the universal covering of N_{th}, and developing maps for N_{th} restrict to developing maps for N.

Let now M be an (X, G)-structure on N and M_{th} be an extension of M to N_{th} (such an extension exists by Proposition 1.1.8). The following result is proved in [CEG87, Gol88].

Theorem 1.1.9. Let D_{th} : ~N_{th} → X be a fixed developing map for M_{th}. Then a small neighbourhood W of D := D_{th}|_{~N} in the space of developing maps for N is homeomorphic to A × B, where A is a small neighbourhood of the obvious embedding N → N_{th} in the space of smooth embeddings, and B is a small neighbourhood of the holonomy H_D : π_1(N) → G in the space R(π_1(N), G). Moreover:

1. The projection of W onto B is given by the holonomy;

2. There exists a continuous section B → D(N_{th});

3. The action of G on W corresponds to conjugation in B;

4. Suppose D_1, D_2 ∈ W determine the same holonomy representation, let M_j be the element of Ω(N) corresponding to D_j and i_j : N → N_{th} be the projection of D_j into A, j = 1, 2. Then an (X, G)-structure M^′_{th} ∈ Ω(N_{th}) exists such that the embedding i_j is an (X, G)-map between M_j and M^′_{th}, j = 1, 2.

As an immediate consequence of Theorem 1.1.9 we have the following:

Corollary 1.1.10. If N is compact, then the holonomy map H : Ω(N) → R(π_1(N), G)/G is open.

Remark 1.1.11. Theorem 1.1.9 seems to suggest that holonomy should give a local homeomorphism between the set of (X, G)-structures on N up to homotopy and thickening and the space R(π_1(N), G)/G. But this is false in general, since one has little control over the orbits of the action of G on R(π_1(N), G) (for example, these orbits could not be closed, see [JM87, Gol88] and [Apa00, Chapter 7] for more details).

1.2 Hyperbolic cone structures and Dehn filling singularities

In this section we closely study the geometric structures which arise when deforming complete finite-volume hyperbolic 3-manifolds without boundary. In order to describe such structures we begin by introducing the fundamental notion of threedimensional hyperbolic cone manifold.

1.2 Hyperbolic cone structures and Dehn filling singularities 15

Cone manifolds For α ∈ (0, 2π) we construct the local model for a hyperbolic cone manifold with cone angle equal to α in the following way. Consider in H^3 a solid angular sector S_α obtained by taking the union (if α ⩾ π) or the intersection (if α ⩽ π) of two half-spaces W_1 and W_2, and suppose the dihedral angle at the infinite edge ℓ = ∂W_1 ∩ ∂W_2 is equal to α. The cone manifold H^3_α is the space obtained when we identify the faces of S_α by a rotation along ℓ, endowed with its path metric. The image of ℓ in H^3_α gives the singular line Σ ∈ H^3_α . The metric on H^3_α induces on H^3_α \ Σ a smooth incomplete hyperbolic structure, whose completion is precisely H^3_α itself. The restriction on α to belong to (0, 2π) is inessential: a local model for cone singularities with angles bigger than 2π can be easily constructed just by gluing to each other N copies of S_{α/N} . Alternatively, we can put on H^3 \ ℓ cylindrical coordinates (r, θ, z) and describe H^3_α as the metric completion of H^3 \ ℓ endowed with the smooth hyperbolic metric

ds^2 = dr^2 + (α/(2π))^2 sinh^2(r)dθ^2 + cosh^2(r)dz^2.

Here r gives the distance from the singular locus, θ is the angular measure around Σ and z gives the distance along Σ.

Definition 1.2.1. Let C be a smooth 3-manifold endowed with a distance d. Then (C, d) is a hyperbolic cone manifold of dimension three if (C, d) is a path space and any point in C has an open neighbourhood which is isometric to an open subset of H^3_α , for some α ∈ R^+ . The singular locus Σ ⊂ C is the set of points having no neighbourhood isometric to a smooth Riemannian manifold. It is easily seen that Σ is a smooth link in C. Moreover, if K is a component of Σ there exists a unique α such that any point of K has a neighbourhood isometric to an open subset of H^3_α . Such an α is called the cone angle of C along K.

We will see later that Thurston’s hyperbolic Dehn filling Theorem provides many structures on a hyperbolic cusped 3-manifold whose completions are hyperbolic cone 3-manifolds.

Dehn filling singularities Let N be the interior of a compact orientable 3- manifold with boundary given by a finite number of tori, and suppose that N supports a complete finite-volume hyperbolic structure (which is essentially unique by Mostow-Prasad’s rigidity Theorem). Let ℓ be a complete geodesic in H^3 , and C_ϵ be the set of points of H^3 at distance at most ϵ from ℓ. Let J be the subgroup of Isom(H^3 ) leaving ℓ invariant and note that J acts on C_ϵ \ ℓ, so it lifts to a group ~J of isometries of the metric universal covering ~C_ϵ \ ℓ of C_ϵ \ ℓ. Let now M be a (H^3 , Isom(H^3 ))-structure on N, let E ∼= S^1 × S^1 × [0, ∞) ⊂ N be a closed end of N and ~E ⊂ ~N be a universal covering of E. Following Hodgson [Hod86] we say that M induces a Dehn filling singularity on E if there exists a developing map D : ~N → H^3 for M such that:

1. The image of ~E under D is equal to C_ϵ \ ℓ;

2. D lifts to a diffeomorphism ~D : ~E → ~C_ϵ \ ℓ which is the developing map for an (~

C_ϵ \ ℓ, ~J)-structure on E.

16 Deforming hyperbolic 3-manifolds

Let ~ψ : π_1(E) → ~J be the holonomy representation for the structure described in point (2) above. Then Γ := ~ψ(π_1(E)) is a discrete subgroup of ~J, and ~C_ϵ \ ℓ → (~ C_ϵ \ ℓ)/Γ is a cover. Note also that ~C_ϵ \ ℓ is diffeomorphic to R^3 , and orientationpreserving isometries in ~J can be parameterized by elements in R^2 in such a way that (l, θ) ∈ R^2 corresponds to the lift of an element of J acting as a translation of length l along ℓ followed by a rotation of angle θ around ℓ. Under this identification and the natural isomorphism H_1(E; Z) ∼= π_1(E) the holonomy representation ~ψ provides a homomorphism ~ψ : H_1(E; Z) → R^2 with image the discrete group Γ. Such homomorphism extends to an isomorphism ψ : H_1(T ; R) → R^2 , and we define the (generalized) Dehn filling coefficient of M at E to be the unique class s ∈ H_1(E; R) with ψ(s) = (0, 2π). This definition of s depends on the choice of a positive orientation on small loops around ℓ, i.e. on the choice of a preferred generator of H_1(C_ϵ \ ℓ; Z) ∼= Z. The opposite orientation would give −s instead of s, so we will sometimes think of s as of an element in H_1(E; R)/ ± 1.

Metric completion of Dehn filling singularities Recall now that N admits a natural compactification obtained by adding some tori T_1, . . . , T_k, and that a slope on a torus is an isotopy class of simple closed unoriented essential curves. It is wellknown that simple closed oriented essential curves on T bijectively correspond to indivisible elements in H_1(T ; Z), so slopes on T are canonically identified with the classes of such elements in H_1(T ; Z)/ ± 1. Let h ⩽ k and for any i = 1, . . . , h let s_i be a slope on T_i. We denote by N(s_1, . . . , s_h) the manifold obtained by Dehn filling T_i along s_i, i.e. by gluing a solid torus V_i to T_i so that a meridian curve of V_i is identified with a simple closed curve in s_i for i = 1, . . . , h.

Fix now a hyperbolic structure M on N, let E_i be the end of N corresponding to T_i and suppose that M has a Dehn filling singularity at E_i with Dehn filling coefficient s_i ∈ H_1(E_i; R) ∼= H_1(T_i; R) for i = 1, . . . , h ⩽ k. Let also N^∗ = N ∪ T_1 ∪ . . .∪T_h and observe that our assumption ensures that a developing map D : ~N → H^3 for M smoothly extends to a map D^∗ : ~N^∗ → H^3 which restricts to a submersion to a geodesic in H^3 on each component of ∂ ~N^∗. On each T_i, i = 1, . . . , h there is an induced foliation F_i which is defined as follows: take a component ~T_i of ~N^∗ covering T_i, and define the leaves of F_i to be the projections on T_i of the preimages of points under the map D^∗|_{~Ti} : ~T_i → ℓ, where ℓ is the geodesic mentioned above. Observe that the length function on ℓ induces a measure transverse to F_i. Choosing an orientation on small loops around ℓ, we can also define a signed measure along each leaf of F_i, given by the total angle of rotation around the axis ℓ. Then the generalized Dehn filling coefficient s_i is the homology class in H_1(T_i; R) corresponding to a portion of a leaf of F_i having total angle equal to 2π (one should approximate multiples of this portion by simple closed curves to give a precise definition of this homology class). Note that as before choosing the opposite orientation around ℓ we would get the opposite element in H_1(T_i; R).

We can now describe the metric completion of E_i as follows [Thu79, Hod86]. Extend the metric on E_i over T_i using the degenerate metric given by the transverse measure on F_i, so that the distance between two points of T_i is the infimum of total measures of curves on T_i joining these points. Then the metric completion ^E_i of E_i

1.2 Hyperbolic cone structures and Dehn filling singularities 17

is obtained from E_i ∪ T_i by identifying points at distance 0 apart. If F_i consists of simple closed curves then ^E_i is obtained by adding a single loop L whose length is the measure of a shortest simple closed curve transverse to F_i. Topologically, ^E_i is obtained from E_i by Dehn filling: ^E_i = E_i ∪ V_i where V_i is a solid torus glued to T_i so that each leaf in F_i bounds a disc in V_i. Metrically, ^E_i has cone type singularities along L, with cone angle equal to the total angular measure of each leaf in F_i. So ^E_i has a smooth hyperbolic structure exactly when s_i is an indivisible element of H_1(T_i; Z) ⊂ H_1(T_i; R). If s_i = λs^′_i, where s^′_i is an indivisible element of H_1(T_i; Z) and λ ∈ R^+ , then it is defined on ^E_i a hyperbolic structure with cone-type singularity with cone angle 2π/λ along L. Otherwise, F_i gives a foliation of T_i by irrational slopes, and ^E_i is the one-point compactification of E_i.

Isometries of Dehn filling singularity structures Let M be a Dehn filling singularity structure on E ∼= T × [0, ∞), let p : ~E → E be a universal covering and D : ~E → C_ϵ \ ℓ be a developing map which lifts to a diffeomorphism ~D : ~E → ~C_ϵ \ ℓ. For any 0 < ϵ^′ < ϵ we set Σ_{1/ϵ}′ = p( ~D^{−1}(∂C_ϵ′ )) ⊂ E, where ∂C_ϵ′ is the set of points of H^3 having distance from ℓ equal to ϵ^′. Alternatively, Σ_{1/ϵ}′ can be seen as the set of points of ^E having distance from ^E \E equal to ϵ^′, where ^E is the metric completion of E with respect to the metric defined by M. Note that Σ_{1/ϵ} = ∂E ⊂ E and that Σ_t is an embedded boundary parallel torus in E for any t > 1/ϵ. For any t, t^′ ⩾ 1/ϵ we also have a natural identification φ_t′_{,t} : Σ_t → Σ_t′ which sends any p ∈ Σ_t into the point of Σ_t′ nearest to p. The diffeomorphism ∂E × [1/ϵ, ∞) → E, (p, t) → φ_{t,1/ϵ}(p) induces on E a canonical product structure which depends solely on M.

Proposition 1.2.2. Let M^i be a Dehn filling singularity structure on E^i ∼= T × [0, ∞) for i = 1, 2 and for sufficiently large t > 0 let Σ^i_t ⊂ E^i be the set of points of ^E^i at distance 1/t apart from ^E^i \ E^i, where ^E^i is the metric completion of E^i with respect to the metric defined by M^i. Let U be an open regular neighbourhood of a level surface Σ^1_{t0} ⊂ E^1 and let f : U → E^2 be a locally isometric embedding with respect to the metrics M^1 on U and M^2 on E^2. Then f(Σ^1_{t0} ) = Σ^2_{t0} and f extends to a global isometry F : ∂E^1 × [t_0, ∞) → ∂E^2 × [t_0, ∞), where E^i ∼= ∂E^i × [1/ϵ_i, ∞) is the canonical product structure induced on E^i by M^i, i = 1, 2.

Proof: Let ℓ^i be a complete geodesic in H^3 , C^i_{ϵi} the set of points in H^3 at distance at most ϵ_i from ℓ_i and D^i : ~E^i → C^i_{ϵi} \ ℓ^i be a developing map for M^i, i = 1, 2. Since f is a local isometry, f lifts to a map ~f : ~E^1 ⊃ ~U → ~E^2 such that D^2 ∘ ~f is a developing map for the structure induced by M_1 on U. Thus we have D^2 ∘ ~f = g ∘ D^1|_U for some g ∈ Isom^+(H^3 ). Since the holonomy representation relative to the developing map D^1|_{~U} (resp. D^2|_{~f ( ~U)}) completely determines ℓ^1 (resp. ℓ^2) we have g(ℓ^1) = ℓ^2 and g(C^1_ϵ ) = g(C^2_ϵ ) for any ϵ > 0. This easily gives f(Σ^1_{t0} ) = Σ^2_{t0} . Moreover, since f is a local isometry it is easily seen that if V = ∂V × (t_0 − δ, t_0 + δ) ⊂ U, then we have f((p, t)) = (f_0(p), t), where f_0 : ∂E^1 → ∂E^2 is the unique map such

18 Deforming hyperbolic 3-manifolds

that (f_0(p), t_0) = f((p, t_0)) for any p ∈ ∂E^1. Since f is an embedding, f_0 is a diffeomorphism. We now show that the map

F : E^1 ⊃ ∂E^1 × [t_0, ∞) → ∂E^2 × [t_0, ∞) ⊂ E^2, F ((p, t)) = (f_0(p), t)

extends f and is a local isometry between the structures induced by M^1, M^2 respectively on ∂E^1 × [t_0, ∞), ∂E^2 × [t_0, ∞). Since F is bijective, this will prove the proposition.

Claim. Let G : ∂E^1 × [t_0, t_1) → E_2 be a local isometry coinciding with f on Σ^1_{t0} = ∂E^1 × {t_0}. Then G coincides with F on ∂E^1 × [t_0, t_1).

The same argument showing that f(Σ^1_{t0} ) = Σ^2_{t0} also proves that G(Σ^1_t ) = Σ^2_t for any t ∈ [t_0, t_1), whence G((p, t)) = (g_t(p), t) for any (p, t) ∈ ∂E^1 × [t_0, t_1), where g_t : ∂E^1 → ∂E^2 is a diffeomorphism smoothly depending on t. But since G is a local isometry it is easily seen that G(p, t) is the point of ∂E^2 × {t} nearest to (f_0(p), t_0) ∈ ∂E^2 × {t_0}, whence g_t = f_0 for any t ∈ [t_0, t_1) and the claim is proved.

Let now Λ = {t > t_0 : F is a local isometry on ∂E^1 × [t_0, t)}. Of course Λ is closed. To conclude the proof we are left to show that Λ is open. So let t ∈ Λ. Then F |_{∂E}1_{×[t0,t)} is a local isometry, whence F defines a local isometry also on the compact manifold with boundary ∂E^1 × [t_0, t]. Now we know from Proposition 1.1.8 that thickenings are unique, whence a local isometry G : ∂E^1 ×[t_0, t+δ) → E_2 exists which extends F |_{∂E}1_{×[t0,t]}. By the claim we have that F = G on E^1 × [t_0, t + δ), whence Λ is open, and we are done. □

Isometries of complete cusps For later purpose we now need to spell out the analogous result of Proposition 1.2.2 for complete structures on toric ends of hyperbolic manifolds. So let M be a complete finite-volume hyperbolic structure on E ∼= T × [0, ∞), let p : ~E → E be a universal covering and D : ~E → H^3 a developing map which gives a diffeomorphism between ~E and a horoball O = D( ~E) ⊂ H^3 centred at q ∈ ∂H^3 . For any t > 0 we set Σ_t = p( ~D^{−1}(∂O_t)) ⊂ E, where ∂O_t is the set of points of H^3 contained in O and having distance from ∂O equal to t. Note that Σ_0 = ∂E ⊂ E and that Σ_t is an embedded boundary parallel torus in E for any t > 0. For any t, t^′ we also have a natural identification φ_t′_{,t} : Σ_t → Σ_t′ which sends any p ∈ Σ_t into the point of Σ_t′ nearest to p. The diffeomorphism ∂E × [0, ∞) → E, (p, t) → φ_{t,0}(p) induces on E a canonical product structure which depends solely on M.

Proposition 1.2.3. Let M^i be a complete finite-volume hyperbolic structure as above on E^i ∼= T × [0, ∞) for i = 1, 2 and for any t > 0 let Σ^i_t ⊂ E^i be the set of points at distance t apart from ∂E^i. Let U be an open regular neighbourhood of a level surface Σ^1_{t1} ⊂ E^1 and let f : U → E^2 be a locally isometric embedding with respect to the metrics M^1 on U and M^2 on E^2. Then f(Σ^1_{t1} ) = Σ^2_{t2} for some t_2 > 0 and f extends to an isometry F : ∂E^1 × [t_1, ∞) → ∂E^2 × [t_2, ∞), where E^i ∼= ∂E^i × [0, ∞) is the canonical product structure induced on E^i by M^i, i = 1, 2.

1.3 Thurston’s hyperbolic Dehn filling Theorem 19

Proof: Let O^i be a horoball in H^3 centred in q^i and D^i : ~E^i → O^i be a developing map for M^i, i = 1, 2. Since f is a local isometry, f lifts to a map ~f : ~E^1 ⊃ ~U → ~E^2 such that D^2 ∘ ~f is a developing map for the structure induced by M_1 on U. Thus we have D^2 ∘ ~f = g ∘ D^1|_U for some g ∈ Isom^+(H^3 ). Since the holonomy representation relative to the developing map D^1|_{~U} (resp. D^2|_{~f( ~U )}) completely determines q^1 (resp. q^2) we have g(q^1) = q^2, so horoballs centred in q^1 are taken by g onto horoballs centred in q^2. This easily gives f(Σ^1_{t1} ) = Σ^2_{t2} for some t_2 > 0. Let now f_0 : ∂E^1 → ∂E^2 be the unique map such that (f_0(p), t_2) = f((p, t_1)) for any p ∈ ∂E^1. An obvious modification of the argument in the proof of Proposition 1.2.2 now shows that the map

F : E^1 ⊃ ∂E^1 × [t_1, ∞) → ∂E^2 × [t_2, ∞) ⊂ E^2, F ((p, t)) = (f_0(p), t + t_2 − t_1)

extends f and is an isometry between the structures induced by M^1, M^2 respectively on ∂E^1 × [t_1, ∞), ∂E^2 × [t_2, ∞). □

1.3 Thurston’s hyperbolic Dehn filling Theorem

This section will be devoted to describing small deformations of the complete finitevolume hyperbolic structure on a 3-manifold N. We will be interested in showing how such deformations induce Dehn filling singularities on the ends of N. Following [BP01], we will then outline a proof of Thurston’s hyperbolic Dehn filling Theorem.

The representation variety We recall that a complex linear group G is a subgroup of GL(n, C ) which is also an affine subvariety with respect to the standard affine structure on GL(n, C ), and observe that such a group has a natural structure of complex Lie group.

If G is a complex linear group and Γ is a finitely generated group, then R(Γ, G) has a natural affine structure which is defined as follows: take a set {γ_1, . . . , γ_n} of generators for Γ and consider the map R(Γ, G) ∋ ρ → (ρ(γ_1), . . . , ρ(γ_n)) ∈ G^n. It is straight-forward to recognize that this map provides a bijection between R(Γ, G) and an affine subset of G^n, thus inducing an affine structure on R(Γ, G). It is easily seen that such structure does not depend on the choice of generators, and that the Euclidean topology on R(Γ, G) coincides with the pointwise convergence topology.

Let now N be a (not necessarily compact) 3-manifold without boundary and M_0 a complete finite-volume (H^3 , Isom^+(H^3 ))-structure on N (by Mostow-Prasad’s rigidity Theorem this structure is essentially unique). Since Isom^+(H^3 ) can be identified with PSL(2, C ) = SL(2, C )/{±1}, the holonomy representation H_{M0} : π_1(N) → Isom^+(H^3 ) provides a representation ρ_0 : π_1(N) → PSL(2, C ) which is canonical up to conjugation by elements in PSL(2, C ). Moreover ρ_0 is faithful, ρ_0(π_1(N)) is discrete and torsion-free, and M is isometric to H^3 /ρ_0(π_1(N)). Recall now that N compactifies to a manifold N whose boundary consists of tori. We say that a

20 Deforming hyperbolic 3-manifolds

subgroup H of π_1(N) is peripheral if it is conjugated to π_1(T ) ⊂ π_1(N) for some component T of ∂N. If H is peripheral, then all the elements of ρ_0(H) are parabolic, and have traces (defined up to sign) equal to ±2.

The following proposition is due to Thurston and Culler [CS83, Cul86].

Proposition 1.3.1. Any holonomy representation ρ : π_1(N) → PSL(2, C ) lifts to a representation ρ : π_1(N) → SL(2, C ).

We denote by ρ_0 be a lift of ρ_0 to a representation in SL(2, C ), and recall that ρ_0 is a point in the affine set R(π_1(N), SL(2, C )).

The space of characters Any representation ρ ∈ R(π_1(N), SL(2, C )) defines a map from π_1(N) to C , which sends γ ∈ π_1(N) to the trace of the matrix ρ(γ). This map is the character of ρ. Moreover, for any γ ∈ π_1(N) we have the regular function

τ_γ : R(π_1(N), SL(2, C )) → C , τ_γ (ρ) = tr ρ(γ).

If A is the ring generated by {τ_γ : γ ∈ π_1(N)}, then A has finitely many generators τ_{γ1} , . . . , τ_{γj} [CS83]. We define a map t : R(π_1(N), SL(2, C )) → C^j by t(ρ) := χ_ρ := (τ_{γ1} (ρ), . . . , τ_{γj} (ρ)) and set X(π_1(N)) := t(R(π_1(N), SL(2, C ))). Since τ_{γ1} , . . . , τ_{γj} generate A, there is a bijection between points in X(π_1(N)) and characters of elements in R(π_1(N), SL(2, C )). Moreover, X(π_1(N)) is a Zariski-closed subset of C^j [CS83], so characters of representations in R(π_1(N), SL(2, C )) admit a natural structure of affine set (which does not depend on the choice of γ_1, . . . , γ_j ). The following theorem is proved in [CS83].

Theorem 1.3.2. There exists a Zariski-open subset Y ⊂ X(π_1(N)) containing χ_{ρ0} such that for any ρ, ρ^′ ∈ t^{−1}(Y ) we have χ_ρ = χ_ρ′ if and only if ρ is conjugated to ρ^′.

Let now T_1, . . . , T_k be the boundary tori of N and for each i = 1, . . . , k let μ_i be an element of π_1(N) ∼= π_1(N) representing (a conjugate of) a non-trivial loop on T_i. Given an element γ ∈ π_1(N) we consider the regular function I_γ : X(π_1(N)) → C given by I_γ (χ_ρ) = τ_γ (ρ) for any χ_ρ in X(π_1(N)). The main result we need about the local structure of X(π_1(N)) near χ_{ρ0} is the following:

Theorem 1.3.3. The map

I_μ : X(π_1(N)) → C^k , I_μ(χ_ρ)) = (I_{μ1} (χ_ρ), . . . , I_{μk} (χ_ρ))

is locally bianalytic at χ_{ρ0} . Thus χ_{ρ0} is a smooth point of X(π_1(N)) and the (complex) dimension of the irreducible component of X(π_1(N)) containing χ_{ρ0} is equal to k.

Proof: This theorem was first proved by Thurston using results from cohomology theory of representations [Wei64, Gar67, Rag72, Thu79, CS83, Hod86]. For a proof which relies on complex analysis rather than on cohomology theory see [Zho99, BP01]. □

1.3 Thurston’s hyperbolic Dehn filling Theorem 21

From representations to structures We need now to promote representations in a small neighbourhood of ρ_0 to holonomy representations for nice structures on N. Let M be an element in Ω(N). We say that M is good if for any end E of N one of the following conditions holds:

• Either M induces a complete metric on E (which is therefore isometric to the quotient of a horoball by a Z + Z parabolic group),

• Or M induces a Dehn filling singularity on E.

We say that two good structures are equivalent if they are related by an (H^3 , Isom^+(H^3 ))-isomorphism which is homotopic to the identity of N and we denote by T (N) the space of equivalence classes of good structures in Ω(N), endowed with the quotient topology. Projection onto conjugacy classes of representations induces the map Hol : T (N) → R(π_1(N), PSL(2, C ))/PSL(2, C ).

Recall now that M_0 is the complete finite-volume hyperbolic structure on N, let [M_0] be the corresponding point in T (N) and set [ρ_0] = Hol(M_0). It is easily seen that a neighbourhood U of [M_0] exists such that Hol can be uniquely lifted to a continuous map Hol : T (N) → R(π_1(N), SL(2, C ))/SL(2, C ) with Hol([M_0]) = [ρ_0]. We denote by Hol^′ : T (N) → X(π_1(N)) the map induced by Hol and observe that χ_{ρ0} = Hol^′([M_0]).

Our next aim is to provide a parameterization of a neighbourhood of [M_0] in T (N) in terms of holonomy representations. Let D^{good}(N) be the set of developing maps for good structures on N, and fix a developing map D_0 ∈ D^{good}(N) for the complete structure on N. Take a small neighbourhood V of D_0 in D^{good}(N) and denote by H : V → R(π_1(N), PSL(2, C )) the holonomy map. We set Φ = {(D, D^′) ∈ V × V : H(D) is conjugated to H(D^′) in PSL(2, C )}.

Lemma 1.3.4. For any (D, D^′) ∈ Φ a unique isometry g(D, D^′) ∈ PSL(2, C ) exists such that H(D)(γ) = g(D, D^′) · H(D^′)(γ) · g(D, D^′)^{−1} for any γ ∈ π_1(N). The map Φ → PSL(2, C ), (D, D^′) → g(D, D^′) is continuous and takes the diagonal of V × V onto the identity of PSL(2, C ).

Proof: We concentrate our attention on the case in which N is non-compact, the case when k = 0 being easier and less interesting. Let (D, D^′) be a pair in Φ and {J_i}_{i∈N} the set of peripheral subgroups of π_1(N), i.e. the set of subgroups conjugated to π_1(T_1), . . . , π_1(T_k) ⊂ π_1(N). Since H(D), H(D^′) are conjugated to each other and close to H(D_0), for i ∈ N we can choose an element γ_i ∈ J_i such that H(D)(γ_i), H(D^′)(γ_i) are both loxodromic or both parabolic. Let p_i, p^′_i ∈ ∂H^3 be the attractive points of H(D)(γ_i), H(D^′)(γ_i) respectively. Then if g ∈ PSL(2, C ) conjugates H(D) into H(D^′) we have g(p_i) = p^′_i. Since D is near to D_0 the p_i’s are not contained in the boundary of any hyperbolic plane, thus g is uniquely determined by its behaviour on the p_i’s and we can set g(D, D^′) = g. Since the p_i’s and the p^′_i’s continuously depend on D, D^′ we also have that g(D, D^′) continuously depend on (D, D^′) ∈ Φ. □ The following theorem provides the desired local description of T (N) in a neighbourhood of [M_0].

22 Deforming hyperbolic 3-manifolds

Theorem 1.3.5. Let X(π_1(N)) be endowed with the Euclidean topology. Then there exist an open neighbourhood U of [M_0] in T (N) and an open neighbourhood Z of χ_{ρ0} in X(π_1(N)) such that the following conditions hold:

1. For any ρ, ρ^′ ∈ t^{−1}(Z) we have χ_ρ = χ_ρ′ if and only if ρ is conjugated to ρ^′;

2. The map I_μ : X(π_1(N)) → C^k defined in the statement of Theorem 1.3.3 restricts to a biholomorphism between Z and an open neighbourhood of 0 in C^k ;

3. The map Hol^′|_U : U → Z is a homeomorphism.

Proof: Points (1) and (2) readily follow from Theorems 1.3.2, 1.3.3. As a (not completely immediate) consequence of Theorem 1.1.9 we also have that Hol^′|_U : U → Z is open and surjective (see [PP00, BP01] for detailed proofs). Here we show that if [M_1], [M_2] are two elements in U ⊂ T (N) with Hol^′(M_1) = Hol^′(M_2) then we have [M_1] = [M_2]. In order to use Theorem 1.1.9 we have to deal with compact manifolds, so we set N = N_c ∪ C_1 . . . ∪ C_k, where N_c ∼= N is a compact core of N, C_j ∼= T_j × [0, ∞), N_c ∩ C_j ∼= T_j × {0} and C_j ∩ C_l = ∅ for j, l = 1, . . . , k, j ≠ l. Let V be a small neighbourhood of D_0|_{Nc} in D(N_c) which contains developing maps D_1, D_2 ∈ V for the structures induced on N_c by M_1, M_2 respectively. Recall we are assuming that holonomy representations corresponding to D_1, D_2 are conjugated by an element g ∈ PSL(2, C ). Up to resizing U, by Lemma 1.3.4 we can suppose that g is near to the identity of PSL(2, C ), thus g ∘ D_1 and D_2 both lie in V and determine the same holonomy representation. Theorem 1.1.9 (4) now applies providing smooth embeddings i_1, i_2 : N_c → N with the following properties: i_j is close to the obvious inclusion i_0 : N_c → N, and the map i_2∘i^{−1}_1 : i_1(N_c) → i_2(N_c) is a local isometry from the structure induced on i_1(N_c) by M_1 to the structure induced on i_2(N_c) by M_2. Now Propositions 1.2.2, 1.2.3 easily imply that i_2 ∘ i^{−1}_1 can be extended to a global diffeomorphism inducing an isometry between M_1 and M_2. Since i_1, i_2 are close to i_0 this diffeomorphism is homotopic to the identity of N, whence [M_1] = [M_2], and we are done. □

The final step Let Z be as in the statement of Theorem 1.3.5 and for any z ∈ Z let ρ_z ∈ R(π_1(N), SL(2, C )) be a representation with χ_{ρz} = z (such a ρ_z is not canonically determined by z, we will take care of this fact later). We denote as usual by ρ_z : π_1(N) → Isom^+(H^3 ) ∼= PSL(2, C ) the representation induced by ρ_z.

For each i = 1, . . . , k let (μ_i, λ_i) be a fixed positively oriented basis of H_1(T_i, Z) ∼= π_1(T_i, Z) ⊂ π_1(N). Now π_1(T_i) is Abelian and ρ_0|_{π1(Ti)} is discrete faithful with image consisting of parabolic isometries. These facts easily imply that for any ρ_z, z ∈ Z one of the following possibilities holds: either ρ_z(π_1(T_i)) consists of elliptic and/or loxodromic isometries with exactly two common fixed points at infinity, or ρ_z|_{π1(Ti)} is faithful and its image consists of a discrete group of parabolic elements all having the same fixed point at infinity. So let p_i(z), q_i(z) ∈ C ∪ {∞} be the fixed points for the action of ρ_z(π_1(T_i)) on ∂H^3 , with p_i(z) = q_i(z) if and only if ρ_z(π_1(T_i)) is a parabolic group. (It can be seen we cannot require p_i, q_i to be continuous functions with respect to z in any neighbourhood of χ_{ρ0} . Note also that in what

1.3 Thurston’s hyperbolic Dehn filling Theorem 23

follows the p_i’s will play a different rôle with respect to the q_i’s, so another choice is actually introduced here). We now identify H^3 with the upper half-space model C ×(0, ∞) in such a way that p_i(z) corresponds to ∞. Then ρ_z(μ_i) and ρ_z(λ_i) induce affine transformations of C = ∂H^3 \ {∞}. Let ρ_z(μ_i)(x) = a_i(ρ_z, p_i)x + b_i(ρ_z, p_i), ρ_z(λ_i)(x) = c_i(ρ_z, p_i)x + d_i(ρ_z, p_i) for any x ∈ C . Note that the dilation factors a_i(ρ_z , p_i), b_i(ρ_z , p_i) do not depend on the identification H^3 ∼= C × (0, ∞), let ln be the branch of the complex logarithm defined on {z ∈ C : ℜ(z) > 0} such that ln 1 = 0 and set

u_i(ρ_z, p_i) = ln a_i(ρ_z, p_i), v_i(ρ_z, p_i) = ln c_i(ρ_z, p_i), u(ρ_z, p_1, . . . , p_k) = (u_1(ρ_z, p_1), . . . , u_k(ρ_z, p_k)), v(ρ_z, p_1, . . . , p_k) = (v_1(ρ_z, p_1), . . . , v_k(ρ_z, p_k)).

(1.1)

Our heavy notation here is aimed at emphasizing that at this stage u and v could actually depend not only on z, but also on the choice of ρ_z and of the p_i’s. More on this after the following:

Lemma 1.3.6. Let E_i be the end of N corresponding to the torus T_i for i = 1, . . . , k. Then, up to resizing Z, for z ∈ Z we have u_i(ρ_z, p_i) = 0 if and only if v_i(ρ_z, p_i) = 0.

Proof: Of course we have u_i(ρ_z , p_i) = 0 (resp. v_i(ρ_z, p_i) = 0) if and only if ρ_z(μ_i) (resp. ρ_z(μ_i)) is parabolic. Moreover, both ρ_0(μ_i), ρ_0(λ_i) are non-trivial parabolic and ρ_z(μ_i) commutes with ρ_z(λ_i). This easily implies that there exists a neighbourhood of χ_{ρ0} in Z such that for any z in this neighbourhood ρ_z(μ_i), ρ_z(λ_i) are either both parabolic or both non-parabolic. □ As anticipated above we are now interested in understanding how u and v can depend on ρ_z and on the p_i’s. So let ρ^′_z be any representation with χ_ρ′_z = χ_{ρz} = z and for each i = 1, . . . , k let p^′_i(z) be a fixed point for ρ^′_z(π_1(T_i)) (we include the case ρ^′ = ρ, p^′_i = q^′_i for some i). Then an easy computation shows that for z ∈ Z and i = 1, . . . , k we have u_i(ρ_z, p_i) = ±u_i(ρ^′_z, p^′_i), v_i(ρ_z, p_i) = ±v_i(ρ^′_z, p^′_i). Let ∼ be the equivalence relation on C^2 defined by (u, v) ∼ (u^′, v^′) if and only if (u, v) = ±(u^′, v^′), set W = C^2 / ∼ and endow it with the quotient topology. Set also

d_i : Z → W, d_i(z) = [(u_i(ρ_z, p_i), v_i(ρ_z, p_i))], d : Z → W^k, d(z) = (d_1(z), . . . , d_k(z)). (1.2)

It is easily seen that d is well-defined and continuous.

Neumann-Zagier parameters Our next task is to express v as a function of u, in a suitable sense. First of all, consider the map π_μ : C^k → C^k given by π_μ(x_1, . . . , x_k) = (ϵ_1 cosh x_1, . . . , ϵ_k cosh x_k), where ϵ_i = I_{μi} (χ_{ρ0} ) = ±2 is the trace of ρ_0(μ_i). Let us now identify Z with a neighbourhood of (ϵ_1, . . . , ϵ_k) in C^k by the map I_μ : Z → C^k given by φ_μ(z) = (I_{μ1} (z), . . . , I_{μk} (z)) (see Theorem 1.3.3). Of course π_μ defines a map π_μ : W^k → C^k and an easy computation shows that for any z ∈ Z we have π_μ(±u_1(z), . . . , ±u_k(z)) = z, where ±u_i(z) is equal to ±u_i(ρ_z, p_i) for suitable ρ_z ∈ R(π_1(N), SL(2, C ), p_i ∈ ∂H^3 . So fix a neighbourhood Y of (0, . . . , 0) in C^k such that π_μ(Y ) ⊂ Z and let u = (u_1, . . . , u_k) be a point in Y . Take the representation ρ_{πμ(u)} and let p_i be the the only fixed point of ρ_{πμ(u)}(π_1(T_i)) with

24 Deforming hyperbolic 3-manifolds

u_i(ρ_{πμ(u)}, p_i) = u_i (such a point is well-defined by Lemma 1.3.6). With a slight abuse we define a function v : Y → C^k by setting

v_i(u) = v_i(ρ_{πμ(u)}, p_i), v(u) = (v_1(u), . . . , v_k(u)). (1.3)

Let now u be a point in Y with u_i ≠ 0 for all i = 1, . . . , k. Continuity of v at u is easily checked. Moreover, consider the map π_λ : C^k → C^k given by π_λ(x_1, . . . , x_k) = (ϵ^′_1 cosh x_1, . . . , ϵ^′_k cosh x_k), where ϵ^′_i = I_{λi} (χ_{ρ0} ) = ±2 is the trace of ρ_0(λ_i). As before, we identify Z with a neighbourhood of (ϵ^′_1, . . . , ϵ^′_k) in C^k by the map I_λ : Z → C^k given by I_λ(z) = (I_{λ1} (z), . . . , I_{λk} (z)). By construction we have π_λ∘v = I_λ∘I^{−1}_μ ∘π_μ on Y . Together with analyticity of I_λ ∘ I^{−1}_μ (see Theorem 1.3.3), this implies the following:

Lemma 1.3.7. The map v : Y → C^k described above is complex analytic. Moreover, for i = 1, . . . , k the map v_i : Y → C is odd with respect to u_i and even with respect to u_j for any j ≠ i.

For any u in Y let now M(u) be a good structure in Ω(N) such that the character of a lift of a holonomy representation for M(u) is equal to π_μ(u) (such a structure exists by Theorem 1.3.5). The following results were proved (in a slightly different context) in [NZ85].

Proposition 1.3.8. Let j be a fixed integer in {1, . . . , k}. We have:

1. v_j (u) = 0 if and only if u_j = 0 if and only if M(u) induces a complete metric on E_j ;

2. lim_{uj ≠0,u→0} v_j(u)/u_j exists and has positive imaginary part;

3. If u_j ≠ 0 then M(u) induces on E_j a Dehn filling singularity with coefficient p_j(u) · μ_j + q_j(u) · λ_j, where p_j(u), q_j (u) are the only real numbers such that p_j(u)u_j + q_j(u)v_j (u) = 2πi.

Proof: Point (1) is an immediate consequence of Lemma 1.3.6.

For any u ∈ Y let ρ_u : π_1(N) → Isom^+(C ×(0, ∞)) be a holonomy representation for M(u) such that ρ_u(π_1(T_j )) fixes ∞ and acts on C ∼= C × {0} as follows:

ρ_u(μ_j )(x) = exp(u_j ) · x + b_j (u), ρ_u(λ_j )(x) = exp(v_j (u)) · x + d_j(u).

Since ρ_u(μ_j ) commutes with ρ_u(λ_j ) we get

exp(u_j ) · exp(v_j (u)) · x + exp(u_j ) · d_j (u) + b_j(u) = ρ_u(μ_j ) ∘ ρ_u(λ_j )(x) = ρ_u(λ_j ) ∘ ρ_u(μ_j )(x) = exp(v_j (u)) · exp(u_j ) · x + exp(v_j (u)) · b_j(u) + d_j (u),

whence d_j (u)(exp(u_j ) − 1) = b_j (u)(exp(v_j (u)) − 1) and lim u_j ≠0,u→0 v_j (u)/u_j = lim_{uj ≠0,u→0}(exp(v_j (u)) − 1)/(exp(u_j ) − 1) = d_j (0)/b_j (0).

Now b_j (0) and d_j (0) are the translation vectors of the parabolic isometries ρ_0(μ_j ) and ρ_0(μ_j), so point (2) follows from the fact that (μ_j, λ_j ) is a positively oriented basis of H_1(T_j ; Z).

1.4 The case of non-empty geodesic boundary 25

Up to conjugating ρ_u by an isometry fixing ∞ we can suppose that ρ_u(μ_j)(x) = exp(u_j ) · x, ρ_u(λ_j )(x) = exp(v_j (u)) · x for any x ∈ C . Let now ℓ be the geodesic of H^3 with endpoints 0, ∞, let C_ϵ be the (closed) ϵ-neighbourhood of ℓ and J be the subgroup of Isom^+(H^3 ) leaving ℓ invariant. Recall that J lifts to a group ~J of isometries of ~C_ϵ \ ℓ. It is easily seen that in our context the isomorphism ψ : H_1(T_j ; R) → ~J ∼= R^2 defined in Section 1.2 takes the form ψ(p · μ_j + q · λ_j) = pu_j + qv_j (u) = (ℜ(pu_j + qv_j (u)), ℑ(pu_j + qv_j (u))), whence the conclusion by the definition of (generalized) Dehn filling coefficient. □

Thurston’s hyperbolic Dehn filling Theorem We are now ready to state Thurston’s result about hyperbolic Dehn fillings of cusped hyperbolic 3-manifolds.

Proposition 1.3.9. The map

u → ((p_1(u), q_1(u)), . . . , (p_k(u), q_k(u)))

defined in Proposition 1.3.8 (3) gives a diffeomorphism between a neighbourhood of 0 in C^k and a neighbourhood of (∞, . . . , ∞) in S^2 × · · · × S^2.

Proof: Point (2) of Proposition 1.3.8 ensures that this map has non-singular Jacobian matrix at 0. □

Corollary 1.3.10 (Thurston’s hyperbolic Dehn filling Theorem). For each i = 1, . . . , k there exists a finite set S_i of slopes on T_i with the following property: if h ⩽ k and if s_i is a slope on T_i not belonging to S_i for i = 1, . . . , h, then the filled manifold N(s_1, . . . , s_h) admits a complete finite-volume hyperbolic structure.

1.4 The case of non-empty geodesic boundary

Let now N be a compact orientable 3-manifold with boundary ∂N = Σ_1 ⊔ . . . ⊔ Σ_h ⊔ T_1 ⊔ . . . ⊔ T_k, where Σ_i is a surface of genus at least two and T_j is a torus for i = 1, . . . , h, j = 1, . . . , k. We set N = N \ (T_1 ⊔ . . . ⊔ T_k) and suppose that N supports a complete finite-volume hyperbolic structure with geodesic boundary. Such a structure, which is essentially unique by Mostow-Prasad’s rigidity Theorem, will be denoted by M_0. As before, we also denote by ρ_0 : π_1(N) → PSL(2, C ) a fixed holonomy representation for M_0, and by ρ_0 : π_1(N) → SL(2, C ) a lift of ρ_0. We denote by Ω^{geod}(N) the set of (H^3 , Isom^+(H^3 ))-structures with totally geodesic boundary on N, and we endow Ω^{geod}(N) with the topology it inherits from Ω(N). We say that a discrete torsion-free subgroup of Isom^+(H^3 ) is Fuchsian if its limit set is equal to a straight circle in ∂H^3 , and we set

R^{geod}(π_1(N), PSL(2, C )) := {ρ : π_1(N) → PSL(2, C ) : ρ(π_1(Σ_i)) is Fuchsian ∀i = 1, . . . , h}, R^{geod}(π_1(N), SL(2, C )) := {ρ : π_1(N) → SL(2, C ) : ρ ∈ R^{geod}(π_1(N), PSL(2, C ))}.

We observe that R^{geod}(π_1(N), SL(2, C )) is invariant under conjugation by elements in SL(2, C ) and we set X^{geod}(π_1(N)) := t(R^{geod}(π_1(N), SL(2, C ))) ⊂ X(π_1(N)), χ_{ρ0} = t(ρ_0).

26 Deforming hyperbolic 3-manifolds

Remark 1.4.1. Let M, M^′ be (a priori non-necessarily homeomorphic) complete finite-volume hyperbolic 3-manifolds with compact geodesic boundary and let φ : π_1(M) → π_1(M^′) be a group isomorphism. Suppose ∂M = Σ_1 ⊔ . . . ⊔ Σ_h, ∂M^′ = Σ^′_1 ⊔ . . . ⊔ Σ^′_h′ . Then the group φ(π_1(Σ_i)) is equal to (a conjugate of) π_1(Σ^′_i′ ) for some i^′ ∈ {1, . . . , h^′} (see [Joh79, Swa78, Fri04] for a proof). This means that R^{geod}(π_1(N), SL(2, C )) and X^{geod}(π_1(N)) indeed depend only on π_1(N) and not on N. Lemma 1.4.2. The holonomy map Ω(N) → R(π_1(N), PSL(2, C ))/PSL(2, C ) takes Ω^{geod}(N) into R^{geod}(π_1(N), PSL(2, C ))/PSL(2, C ).

Proof: Let D_M : ~N → H^3 be the developing map for a structure M ∈ Ω^{geod}(N), and ρ_M : π_1(N) → PSL(2, C ) be an associated holonomy representation. Let also ~Σ_i be the connected component of ∂ ~N which is left invariant by π_1(Σ_i) ⊂ π_1(N). Then the set D_M (~Σ_i) is a hyperbolic plane, and ρ(π_1(Σ_i)) acts freely and with compact quotient on D_M (~Σ_i). This implies that the limit set of ρ_M (π_1(Σ_i)) is equal to ∂D_M (~Σ_i), whence the conclusion. □ The following lemma shows that R^{geod}(π_1(N), SL(2, C )) and X^{geod}(π_1(N)) can be given a real algebraic structure, at least in a neighbourhood of ρ_0 and χ_{ρ0} .

Lemma 1.4.3. There exists a neighbourhood U of ρ_0 in R(π_1(N), SL(2, C )) such that

U ∩ R^{geod}(π_1(N), SL(2, C )) = U ∩ {ρ : π_1(N) → SL(2, C ) : tr ρ(γ) ∈ R ∀γ ∈ π_1(Σ_i), i = 1, . . . , h}.

Proof: Fix i ∈ {1, . . . , h}. It is well-known that a neighbourhood U of ρ_0 in R(π_1(N), SL(2, C )) exists such that for any ρ ∈ U the induced representation ρ|_{π1(Σi)} is faithful and has discrete image. Let ρ belong to U and fix a non-trivial indivisible element γ_0 ∈ π_1(Σ_i). We conjugate ρ by an element in SL(2, C ) in such a way that ρ(γ_0) is a generator of the stabilizer in ρ(π_1(Σ_i)) of the geodesic ℓ_0 ⊂ C ×(0, ∞) ∼= H^3 with endpoints 0 and ∞. Thus we have

ρ(γ_0) = ( λ 0 0 λ^{−1} ) , with λ ∈ R \ {±1}. For any element γ ∈ π_1(Σ_i) we set ρ(γ) = ( a(γ) b(γ) c(γ) d(γ) ) . By imposing the traces of ρ(γ) and ρ (γ_0γ) to belong to R we obtain a(γ) + d(γ) ∈ R, λa(γ) + λ^{−1}d(γ) ∈ R, whence a(γ), d(γ) ∈ R. Moreover, since a(γ)d(γ)−b(γ)c(γ) = 1 ∈ R we can uniquely define functions A, B, C, D : π_1(Σ_i) → R and θ : π_1(Σ_i) → [0, π) such that ρ(γ) = ( A(γ) B(γ)e^{iθ(γ)} C(γ)e^{−iθ(γ)} D(γ) )

1.4 The case of non-empty geodesic boundary 27

for any γ ∈ π_1(Σ_i).

Recall now that the image of ρ|_{π1(Σi)} in PSL(2, C ) being discrete, any non-trivial isometry in ρ(π_1(Σ_i)) either leaves ℓ_0 invariant or does not fix 0 nor ∞. This means that for any γ ∈ π_1(Σ_i) either B(γ) = C(γ) = 0 or B(γ)C(γ) ≠ 0. Moreover, it is easily seen that an element γ_1 ∈ π_1(Σ_i) exists such that B(γ_1)C(γ_1) ≠ 0. Now for any γ ∈ π_1(Σ_i) we have R ∋ A(γ_1γ) = A(γ_1)A(γ) + B(γ_1)C(γ)e^{i(θ(γ1 )−θ(γ))}, whence either B(γ) = C(γ) = 0 or θ(γ) = θ(γ_1). Hence the rotation of angle −θ(γ_1) along ℓ_0 conjugates ρ(π_1(Σ_i)) in PSL(2, R). This in turn easily implies that ρ(π_1(Σ_i)) is Fuchsian. □ As in the case of empty-boundary, characters determine conjugacy classes of representations in a neighbourhood of ρ_0 [CS83]:

Theorem 1.4.4. There exists a Zariski-open subset Y^{geod} ⊂ X^{geod} containing χ_{ρ0} such that for any ρ, ρ^′ ∈ t^{−1}(Y^{geod}) we have χ_ρ = χ_ρ′ if and only if ρ is conjugated to ρ^′.

Doubling structures Let DN (resp. DN) be the double of N (resp. N) along ∂N = Σ_1 ⊔ . . . ⊔ Σ_h, i.e. the manifold obtained by mirroring N (resp. N) along ∂N. Then N (resp. N) is canonically embedded in DN (resp. DN) and DN admits an involution σ which fixes ∂N ⊂ N ⊂ DN and interchanges N with its mirror copy. Set Ω^{sym}(DN) = {M ∈ Ω(DN) s.t. σ : DN → DN is an isometry of M}.

We have an obvious bijection Ω^{geod}(N) → Ω^{sym}(DN) sending M ∈ Ω^{geod}(N) to the hyperbolic structure DN ∈ Ω^{sym}(DN) obtained by doubling M along ∂N. As in the empty boundary case, we say that M is good if for any toric end E of N either M induces a complete metric on E or M induces a Dehn filling singularity on E. We say that two good structures are equivalent if they are related by an (H^3 , Isom^+(H^3 ))- isomorphism which is homotopic to the identity of N and we denote by T^{geod}(N) the space of equivalence classes of good structures in Ω^{geod}(N), endowed with the quotient topology. Projection onto conjugacy classes of representations gives induced maps Hol : T^{geod}(N) −→ R^{geod}(π_1(N), PSL(2, C ))/PSL(2, C ), Hol : T^{geod}(N) −→ R^{geod}(π_1(N), SL(2, C ))/SL(2, C ), Hol^′ : T^{geod}(N) −→ X^{geod}(π_1(N)).

Lemma 1.4.5. The map D : Ω^{geod}(N) → Ω^{sym}(DN) induces a bijection

D : T^{geod}(N) → T^{sym}(DN),

where T^{sym}(DN) is the space of equivalence classes of good structures in Ω^{sym}(DN).

Proof: Let us first prove that D : T^{geod}(N) → T^{sym}(DN) is well-defined. So let M_1, M_2 ∈ Ω^{geod}(N) be equivalent good structures on N. Then there exists a diffeomorphism φ : N → N which is homotopic to the identity of N and induces an isometry from M_1 to M_2. It is easily seen that φ can be modified to a smooth map which extends to a diffeomorphism φ : N → N via a homotopy with support far

28 Deforming hyperbolic 3-manifolds

from ∂N. Now a result of Waldhausen [Wal68] applies ensuring that φ is isotopic to the identity of N, whence φ can be homotoped to the identity of N via a homotopy which preserves the boundary of N. This easily implies that the diffeomorphism Dφ : DN → DN obtained by doubling φ is homotopic to the identity of DN. Moreover Dφ induces an isometry between the structures DM_1 and DM_2 on DN, whence [DM_1] = [DM_2] in T^{sym}(DN) and D : T^{geod}(N) → T^{sym}(DN) is welldefined.

Surjectivity of D : T^{geod}(N) → T^{sym}(DN) is obvious, so we turn our attention to injectivity. Let M_1, M_2 ∈ Ω^{geod}(N) be good structures on N and suppose that [DM_1] = [DM_2] in T^{sym}(DN). Then a diffeomorphism ψ : DN → DN exists which is homotopic to the identity of DN and induces an isometry between DM_1 and DM_2. Since ∂N is totally geodesic both in DM_1 and in DM_2 it is readily seen that ψ(∂N) = ∂N. Since ψ is homotopic to the identity, this easily implies that ψ(N) = N, so ψ restricts to a diffeomorphism ψ|_N : N → N inducing an isometry between M_1 and M_2. Now let r : DN → N be the retraction of DN to N which is the identity on N ⊂ DN and coincides with the reflection σ on the mirror copy of N in DN. Composing the homotopy between ψ and the identity of DN with r and restricting to N we obtain a homotopy between ψ|_N and the identity of N, whence [M_1] = [M_2], and we are done. □ For each i = 1, . . . , k let s_i be a simple closed oriented loop on T_i ⊂ ∂N ⊂ ∂DN and μ_i be an element of π_1(DN) ∼= π_1(DN) representing s_i (such an element is welldefined only up to conjugacy). Recall that we have ∂DN = T_1 ⊔. . .⊔T_k ⊔T̂_1 ⊔. . .⊔T̂_k, where T̂_i = σ(T_i) for i = 1, . . . , k. For i = 1, . . . , k the loop s_i ⊂ T_i determines a mirror loop ŝ_i = σ(s_i) ⊂ T̂_i, and we denote by μ̂_i = σ_∗(μ_i) an element of π_1(DN) representing ŝ_i.

We now set

R^{sym}(π_1(DN), SL(2, C )) = {ρ : π_1(DN) → SL(2, C ) : tr ρ(μ_i) = tr ρ(μ̂_i) for all i = 1, . . . , k}, and observe that R^{sym}(π_1(DN), SL(2, C )) is invariant under conjugation by elements in SL(2, C ). We also set X^{sym}(π_1(DN)) := t(R^{sym}(π_1(DN), SL(2, C )) ⊂ X(π_1(DN))), where t : R(π_1(DN), SL(2, C )) → X(π_1(DN)) is the natural projection.

Proposition 1.4.6. The natural projection Hol^′ : T (DN) → X(π_1(DN)) induces a map (still denoted by Hol^′) from T^{sym}(DN) to X^{sym}(DN).

Proof: Let DM be a structure in T^{sym}(DN) and ρ be a holonomy representation for DM. Let ~σ : ~DN → ~DN be a lift of σ with μ̂_i = ~σ ∘ μ_i ∘ ~σ^{−1} in Aut( ~DN). Since σ is an isometry of DM it is easily seen that an isometry σ ∈ Isom^+(H^3 ) exists such that ρ(~σ ∘ γ ∘ ~σ^{−1}) = σ ∘ ρ(γ) ∘ σ^{−1}. This readily implies that μ_i, μ̂_i are conjugated in SL(2, C ), whence tr ρ(μ̂_i) = tr ρ(μ_i) and χ_ρ ∈ X^{sym}(π_1(DN)). □

Remark 1.4.7. Let M, M^′ be complete finite-volume hyperbolic 3-manifolds with geodesic boundary, denote by DM, DM^′ the doubles of M, M^′ along their geodesic boundary and by σ_M , σ_M ′ the symmetries of DM, DM^′ with respect to ∂M ⊂

1.4 The case of non-empty geodesic boundary 29

S_{i0 j0}

S_{i0 k}′ S_{j0 k} Ω_{j0}

Ω_{i0}

Ω_k Ω_k′

Figure 1.1: The configuration of regions described in the proof of Proposition 1.4.8.

DM, ∂M^′ ⊂ DM^′. Suppose DM is isometric to DM^′. Then we cannot conclude that σ_M is conjugated to σ_M ′ by a homeomorphism between DM and DM^′. Namely, we cannot even conclude that M is homeomorphic to M^′. This shows that the definition of R^{sym}(π_1(DN), SL(2, C )) and X^{sym}(π_1(DN)) actually depend not only on π_1(DN), but also on the embedding of ∂N in DN.

Proposition 1.4.8. There exists a continuous injective map

D : R^{geod}(π_1(N), PSL(2, C )) → R^{sym}(π_1(DN), PSL(2, C ))

such that if ρ is a holonomy representation for an element M ∈ Ω^{geod}(N), then Dρ is a holonomy representation for DM ∈ Ω^{sym}(DN).

Proof: Consider the universal covering p : ~DN → DN and let {Ω_i}_{i∈N} be the connected components of p^{−1}(DN \∂N). Set also Φ = {(i, j) ∈ N ×N : Ω_i ∩Ω_j ≠ ∅} and A(i) = {j ∈ N : (i, j) ∈ Φ} for any i ∈ N (so Φ is the set of pairs of indices of adjacent regions, while A(i) is the set of indices of regions adjacent to Ω_i). Let us denote by S_{ij} the connected component of p^{−1}(∂N) given by S_{ij} = Ω_i ∩Ω_j , whenever (i, j) ∈ Φ. We now fix a representation ρ ∈ R^{geod}(π_1(N), PSL(2, C )). Our first aim is to define a hyperbolic plane P_{ij} ⊂ H^3 for any (i, j) ∈ Φ: such a plane should be thought as the image of S_{ij} under a developing map with holonomy Dρ.

So let Ω_0 be the component of p^{−1}(DN \∂N) which is left invariant by π_1(N) ⊂ π_1(DN). For any j ∈ A(0) let Γ_{0j} be the stabilizer of S_{0j} in π_1(N). Our hypothesis says that ρ(Γ_{0j} ) is Fuchsian, so we can define P_{0j} as the unique hyperbolic plane whose boundary at infinity is equal to the limit set of ρ(Γ_{0j} ).

Now let i_0 ∈ N and suppose that P_{i0j} has already been defined for all j ∈ A(i_0). Fix j_0 ∈ A(i_0) and let k belong to A(j_0) (see Fig. 1.1). Consider the symmetry σ : DN → DN and let ~σ_{i0j0} be the lift of σ which fixes S_{i0j0} . We have ~σ_{i0j0} (S_{j0k}) = S_{i0k}′ for some k^′ ∈ A(i_0), and we define P_{j0k}′ to be the image of P_{i0k} under the isometric reflection of H^3 with respect to the hyperbolic plane P_{i0j0} . Since the dual

30 Deforming hyperbolic 3-manifolds

graph of the decomposition of ~DN into the Ω_i’s is a tree, this procedure provides a well-defined hyperbolic plane P_{ij} for any (i, j) ∈ Φ.

Let now γ be an element in π_1(DN) ∼= Aut( ~DN ) and let r_∗ : π_1(DN) → π_1(N) be the map induced by the obvious retraction DN → N. It is easily seen that a finite sequence of indices {0 = l_0, l_1 . . . , l_m} ⊂ N exists such that γ = ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} ∘ r_∗(γ), where (l_j , l_{j+1}) ∈ Φ for any j = 0, . . . , m − 1. We then set Dρ(γ) = σ_{lmlm−1} ∘ σ_{lm−1lm−2} ∘ · · · ∘ σ_{l10} ∘ ρ(r_∗(γ)), where σ_{ij} is the isometric reflection of H^3 with respect to the hyperbolic plane P_{ij} , for any (i, j) ∈ Φ. We want to show that Dρ is a homomorphism. Note first that by the very definition of the σ_{ij}’s we have ~σ_{ij}(S_{hk}) = S_h′_k′ =⇒ σ_{ij} (P_{hk}) = P_h′_k′ if {i, j} ∩ {h, k} ≠ ∅. (1.4)

Claim 1. Let m be an even integer number and let (l_j , l_{j+1}) ∈ Φ for any j = 0, . . . , m − 1, so that the map ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} gives an element of Aut( ~DN). Let also γ ∈ stab Ω_k ⊂ Aut( ~DN) ∼= π_1(DN) for some k ∈ N and suppose that ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} ∘ γ = 1 in Aut( ~DN) ∼= π_1(DN). Then ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} = γ = 1 in Aut( ~DN). It is easily seen that r_∗(~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10}) = 1, whence 1 = r_∗(~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} ∘ γ) = r_∗(γ). Now stab Ω_k is conjugated to stab Ω_0 and r_∗|_{stab Ω0} is injective, so γ = 1, and the claim is proved.

Claim 2. Let (i, j), (h, k) ∈ Φ. If ~σ_{ij}(S_{hk}) = S_h′_k′ , then σ_{ij}(P_{hk}) = P_h′_k′ . We can choose γ ∈ stab Ω_k and k = l_0, l_1, . . . , l_m ∈ N such that ~σ_{ij} = ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l1 0} ∘ γ, where (l_j , l_{j+1}) ∈ Φ for any j = 0, . . . , m − 1. By Claim 1 we get ~σ_{ij} = ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10}. By the very definition of the σ_{ij} ’s we now have σ_{ij} = σ_{lmlm−1} ∘ σ_{lm−1lm−2} ∘ · · · ∘ σ_{l10}, whence σ_{ij} (P_{hk}) = P_h′_k′ by repeatedly using equation (1.4).

Claim 3. Let (i_1, j_1), . . . , (i_l, j_l) ∈ Φ and suppose that ~σ_{i1j1} ∘ ~σ_{i2j2} ∘ · · · ∘ ~σ_{iljl} = 1. Then σ_{i1j1} ∘ σ_{i2j2} ∘ ∘ · · · ∘ σ_{iljl} = 1. Take a connected component S of p^{−1}(∂N) and let P be the corresponding hyperbolic plane in H^3 . By Claim 2, since ~σ_{i1j1} ∘ · · · ∘ ~σ_{iljl} (S) = S we have σ_{i1j1} ∘ ∘ · · · ∘ σ_{iljl} (P ) = P . Moreover, since any ~σ_{ij} is orientation-reversing l must be even, whence σ_{i1j1} ∘ ∘ · · · ∘ σ_{iljl} is orientation-preserving and is therefore equal to the identity of H^3 .

Let us now fix some notation: for any (i, j) ∈ Φ and γ ∈ π_1(DN) we set γ(ij) = rs, where (r, s) ∈ Φ is such that γ(S_{ij}) = S_{rs}. Since γ ∘ ~σ_{ij} , ~σ_{γ(ij)} ∘ γ : ~DN → ~DN both lift σ : DN → DN and coincide on S_{ij}, we have γ ∘ ~σ_{ij} = ~σ_{γ(ij)} ∘ γ, γ ∈ π_1(DN), (i, j) ∈ Φ. (1.5)

1.4 The case of non-empty geodesic boundary 31

In the same spirit, by Claim 2 the orientation-reversing isometries ρ(γ) ∘ σ_{ij} , σ_{γ(ij)} ∘ ρ(γ) : H^3 → H^3 coincide on P_{ij}, so ρ(γ) ∘ σ_{ij} = σ_{γ(ij)} ∘ ρ(γ), γ ∈ π_1(DN), (i, j) ∈ Φ. (1.6) So let π_1(DN) ∋ γ = ~σ_{lmlm−1} ∘ ~σ_{lm−1lm−2} ∘ · · · ∘ ~σ_{l10} ∘ r_∗(γ), π_1(DN) ∋ γ^′ = ~σ_l′_{m′ l}′_{m′−1} ∘ ~σ_l′_{m′−1l}′_{m′−2} ∘ · · · ∘ ~σ_l′_{10} ∘ r_∗(γ^′). By definition of Dρ we have Dρ(γ) = σ_{lmlm−1} ∘ σ_{lm−1 lm−2} ∘ · · · ∘ σ_{l10} ∘ ρ(r_∗(γ)), Dρ(γ^′) = σ_l′_{m′ l}′_{m′−1} ∘ σ_l′_{m′−1l}′_{m′−2} ∘ · · · ∘ σ_l′_{10} ∘ ρ(r_∗(γ^′)), whence Dρ(γ)Dρ(γ^′) = σ_{lmlm−1} ∘ · · · ∘ σ_{l10} ∘ r_∗(γ) ∘ σ_l′_{m′ l}′_{m′−1} ∘ · · · ∘ σ_l′_{10} ∘ ρ(r_∗(γ)) = σ_{lmlm−1} ∘ · · · ∘ σ_{l10} ∘ σ_{γ(l}′_{m′ l}′_{m′−1)} ∘ · · · ∘ σ_{γ(l}′_{10)} ∘ ρ(r_∗(γγ^′)) (1.7) by an application of formula (1.6).

Moreover, by equation (1.5) we have γγ^′ = ~σ_{lmlm−1} ∘ · · · ∘ ~σ_{l10} ∘ r_∗(γ) ∘ ~σ_l′_{m′ l}′_{m′−1} ∘ · · · ∘ ~σ_l′_{10} ∘ r_∗(γ) = ~σ_{lmlm−1} ∘ · · · ∘ ~σ_{l10} ∘ ~σ_{γ(l}′_{m′ l}′_{m′−1)} ∘ · · · ∘ ~σ_{γ(l}′_{10)} ∘ r_∗(γγ^′). (1.8)

Let now γγ^′ = ~σ_l′′_{m′′ l}′′_{m′′−1} ∘ · · · ∘ ~σ_l′′_{1 0} ∘ r_∗(γγ^′) (1.9) be the decomposition of γγ^′ which gives Dρ(γγ^′) = σ_l′′_{m′′ l}′′_{m′′−1} ∘ · · · ∘ σ_l′′_{1 0} ∘ ρ(r_∗(γγ^′)), where (l_j , l_{j+1}) ∈ Φ for any j = 0, . . . , m − 1. By equations (1.8), (1.9) we have ~σ_{lmlm−1} ∘ · · · ∘ ~σ_{l10} ∘ ~σ_{γ(l}′_{m′ l}′_{m′−1)} ∘ · · · ∘ ~σ_{γ(l}′_{10)} = ~σ_l′′_{m′′ l}′′_{m′′−1} ∘ · · · ∘ ~σ_l′′_{1 0}, whence σ_{lmlm−1} ∘ · · · ∘ σ_{l10} ∘ σ_{γ(l}′_{m′ l}′_{m′−1)} ∘ · · · ∘ σ_{γ(l}′_{10)} = σ_l′′_{m′′ l}′′_{m′′−1} ∘ · · · ∘ σ_l′′_{1 0} by Claim 3. Thus Dρ(γγ^′) = Dρ(γ)Dρ(γ^′) and Dρ is a homomorphism.

By the very construction of Dρ it follows that if ρ is a holonomy representation for an element M ∈ Ω^{geod}(N), then Dρ is a holonomy representation for DM ∈ Ω^{sym}(DN). Injectivity of D is obvious. □ Corollary 1.4.9. There exists a neighbourhood U of ρ_0 in R^{geod}(π_1(N), SL(2, C )) with the following properties: U projects onto Z ⊂ X^{geod}(π_1(N)) and the map D introduced in the previous proposition induces continuous injective maps D : U → R^{sym}(π_1(DN), SL(2, C )), D^′ : Z → X^{sym}(π_1(DN)).

32 Deforming hyperbolic 3-manifolds

Proof: Since Dρ_0 lifts to a holonomy representation for the hyperbolic structure DM_0 on DN, the existence of a continuous D : U → R(π_1(DN), SL(2, C )) lifting D follows from general facts about continuous lifts of families of representations (see e.g. [Cul86]). Moreover, it is easily seen that for i = 1, . . . , k and ρ ∈ R^{geod}(π_1(N), PSL(2, C )) the isometries Dρ(μ_i) and Dρ(μ̂_i) are conjugated by a reflection with respect to some hyperbolic plane, so Dρ belongs indeed to R^{sym}(π_1(DN), SL(2, C )). Finally if ρ, ρ^′ ∈ U are conjugated representations, then Dρ, Dρ^′ are also conjugated, whence existence and continuity of D^′. Injectivity of D^′ is an immediate consequence of Proposition 1.4.8 and Theorem 1.4.4. □ The following proposition is inspired by [FK97, Lemma 1]. We keep the notation from the previous corollary.

Proposition 1.4.10. Up to resizing Z, the map D^′ : Z → X^{sym}(π_1(DN)) induces a homeomorphism between Z and an open neighbourhood of χ_{Dρ0} = D^′χ_{ρ0} in X^{sym}(π_1(DN)).

Proof: Inclusion of N into DN induces a map i : R(π_1(DN), SL(2, C )) → R(π_1(N), SL(2, C )) which gives in turn a map i^′ : X(π_1(DN)) → X(π_1(N)). We claim that i^′ sends a neighbourhood of D^′χ_{ρ0} in X^{sym}(π_1(DN)) into X^{geod}(π_1(N)). So choose a neighbourhood W ⊂ R^{sym}(π_1(DN), SL(2, C )) of Dρ_0 such that any element of W is the lift of a holonomy representation for a good structure in Ω(DN) (such a W exists by Theorem 1.3.5). Let now ρ_M ∈ W be a representation corresponding to a good structure M ∈ Ω(DN) with integral indivisible Dehn filling coefficients. Then the metric completion of M is isometric to a complete finitevolume hyperbolic manifold. Let σ_∗ : π_1(DN) → π_1(DN) be the map induced by the topological symmetry σ : DN → DN. Up to resizing Z, since ρ_M belongs to R^{sym}(π_1(DN), SL(2, C )) Theorem 1.3.5 (3) ensures that the representations ρ_M and ρ_M ∘ σ_∗ are conjugated to each other. By Mostow-Prasad’s rigidity Theorem (applied to the metric completion of M) this gives an isometric involution σ̂ : M → M which is homotopic to σ : DN → DN. Now a result of Tollefson [Tol81] applies ensuring that σ̂ fixes an embedded closed surface Σ ⊂ DN which is isotopic to ∂N ⊂ DN. Such a Σ has to be totally geodesic, thus cutting M along Σ we obtain a hyperbolic structure with geodesic boundary M^′ on N whose character χ_M ′ = i^′(χ_M ) lies in X^{geod}(π_1(N)). Note also that D^′(χ_M ′ ) = χ_M . Since characters of good structures in Ω^{sym}(DN) corresponding to integral indivisible Dehn filling coefficients are Zariski-dense in a neighbourhood of Dχ_{ρ0} in X^{sym}(π_1(DN)), this proves that i^′ : X(π_1(DN)) → X(π_1(N)) sends a neighbourhood of Dχ_{ρ0} into X^{geod}(π_1(N)). Now it is easily seen that i^′ and D^′ are one the inverse to the other in sufficiently small neighbourhoods of χ_{Dρ0} and χ_{ρ0} , whence the conclusion. □

Coordinates near the complete structure The following result gives a useful description of the local structure of T (N) and X^{geod}(π_1(N)) in a neighbourhood of [M_0] and χ_{ρ0} respectively.

Theorem 1.4.11. Let X^{geod}(π_1(N)) be endowed with the Euclidean topology. Then there exist an open neighbourhood V of [M_0] in T (N) and an open neighbourhood Z of χ_{ρ0} in X^{geod}(π_1(N)) such that the following conditions hold:

1.4 The case of non-empty geodesic boundary 33

• For any ρ, ρ^′ ∈ t^{−1}(Z) we have χ_ρ = χ_ρ′ if and only if ρ is conjugated to ρ^′;

• The map I_μ : X^{geod}(π_1(N)) → C^k given by I_μ(χ_ρ) = (I_{μ1} (χ_ρ), . . . , I_{μk} (χ_ρ)) restricts to a bianalytic map between Z and an open neighbourhood of 0 in C^k ;

• The map Hol^′|_V : V → Z is a homeomorphism.

Proof: By Lemma 1.4.5 and Propositions 1.4.6, 1.4.10 we can choose open sets V ⊂ T^{geod}(N), Z ⊂ X^{geod}(π_1(N)) containing respectively [M_0], D^′χ_{ρ0} such that the following diagram commutes: T^{geod}(N) ⊃ V^{D|V}−−−−→ D(V ) ⊂ T^{sym}(DN) Hol^′|_V Hol_{′|D(V )} X^{geod}(π_1(N)) ⊃Z^{D′|Z}−−−−→ D^′(Z)⊂ X^{sym}(π_1(N)).

By Lemma 1.4.5 and Propositions 1.4.6, 1.4.10 we can assume the horizontal lines to be homeomorphisms, while Theorem 1.3.5 implies that we can also suppose that Hol^′|_{D(V )} is a homeomorphism. This implies that Hol^′|_V is a homeomorphism too, whence the conclusion. □

Thurston’s hyperbolic Dehn filling Theorem Let now π_μ : C^k → C^k be the map given by π_μ(x_1, . . . , x_k) = (ϵ_1 cosh x_1, . . . , ϵ_k cosh x_k), where ϵ_j = I_{μj} (χ_{ρ0} ) = ±2 is the trace of ρ_0(μ_j ). If Z ⊂ X^{geod}(π_1(N)) is as in Theorem 1.4.11, then we can identify Z with a neighbourhood of (ϵ_1, . . . , ϵ_k) in C^k by the map I_μ : Z → C^k given by I_μ(z) = (I_{μ1} (z), . . . , I_{μk} (z)). Let also π_λ : C^k → C^k be the map given by π_λ(x_1, . . . , x_k) = (ϵ^′_1 cosh x_1, . . . , ϵ^′_k cosh x_k), where ϵ^′_j = I_{λj} (χ_{ρ0} ) = ±2 is the trace of ρ_0(λ_j ).

Arguing in the very same way as in the preceding section we can now prove the following:

Theorem 1.4.12. There exist a neighbourhood U of 0 in C and analytic maps v : U → C^k , τ_1, . . . , τ_k : U → C such that:

• τ_j (0) has positive imaginary part for i = 1, . . . , k;

• τ_j is an even function of u_l for i, l = 1, . . . , k;

• v_j (u) = τ_j(u) · u_j for u ∈ U, i = 1, . . . , k;

• For u ∈ U a good structure M(u) ∈ Ω^{geod}(N) exists such that the character of the lift of a holonomy representation ρ_u for M(u) is equal to I^{−1}_μ (π_μ(u));

• For u ∈ U we have I_λ(χ_{ρu} ) = π_λ(v(u));

• For any u ∈ U, i = 1, . . . , k we have v_j(u) = 0 if and only if u_j = 0 if and only if M(u) induces a complete structure on E_j ;

34 Deforming hyperbolic 3-manifolds

• Let d_j : U → S^2 be the map defined as follows: d_j (u) = ∞ if u_j = 0, and d_j (u) = (p_j (u), q_j (u)) ∈ R^2 ⊂ S^2, where p_j (u), q_j (u) are the only real numbers with p_j(u) · u_j + q_j (u) · v_j(u) = 2πi. Then d_j is well-defined and the map d := (d_1, . . . , d_k) : U → S^2 × . . . × S^2 is a diffeomorphism of U onto an open neighbourhood of (∞, . . . , ∞) ∈ S^2 × . . . × S^2;

• If u ∈ U and u_j ≠ 0 then M(u) induces a Dehn filling singularity on the end E_j of N with Dehn filling coefficient equal to p_j(u) · μ_j + q_j(u) · λ_j .

We conclude the section stating Thurston’s hyperbolic Dehn filling Theorem for hyperbolic 3-manifolds with compact geodesic boundary.

Corollary 1.4.13 (Thurston’s hyperbolic Dehn filling Theorem). For each i = 1, . . . , k there exists a finite set S_j of slopes on T_j with the following property: if h ⩽ k and s_j is a slope on T_j not belonging to S_j for i = 1, . . . , k, then the filled manifold N(s_1, . . . , s_h) admits a complete finite-volume hyperbolic structure.

Chapter 2

Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

The idea of constructing hyperbolic structures on manifolds by suitably gluing to each other geodesic polyhedra dates back to Thurston [Thu79]. In the case of cusped manifolds, this strategy has been systematically exploited by the software Snap- Pea [Sna]. In Sections 2.1, 2.2 and 2.3 we explain how this approach can be adapted to treat the case of non-empty geodesic boundary. In the setting of cusped manifolds one employs ideal tetrahedra, which are parameterized by complex numbers, and tries to solve consistency and completeness equations. In the bounded case one has to consider truncated tetrahedra, and moduli get more complicated, but basically the whole scheme extends. Most of the results described here already appeared in [FP04], and were used in [FMP04] to provide a census of all the hyperbolic manifolds with geodesic boundary which admit a topological ideal triangulation with at most four tetrahedra.

The set of solutions of the consistency equations naturally provides a nice deformation space for finite-volume hyperbolic structures with geodesic boundary on a fixed 3-manifold. Building on classical results in cohomology theory of representations, in Section 2.4 we prove that the complete structure is a smooth point of this deformation space and we explicitly describe local coordinates around it. This allows us to give a proof of Thurston’s hyperbolic Dehn filling Theorem which applies to all the hyperbolic manifolds with geodesic boundary which admit a genuine geometric triangulation. It is actually conjectured that any complete finite-volume hyperbolic 3-manifold with geodesic boundary admits a genuine triangulation; moreover, any such manifold admits a partially flat triangulation, and following [PP00] we could probably adapt our proof of Thurston’s hyperbolic Dehn filling Theorem to deal also with this kind of triangulations. This would give a complete and self-contained proof of the filling Theorem via deformation theory of geometric triangulations. However, to spell out in detail this approach we should go into several technicalities: namely, small deformations of a flat tetrahedron naturally give rise to flat, positively oriented and negatively oriented tetrahedra, so we should consider the issue of understanding

36 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

when a triangulation with some negative tetrahedron defines a hyperbolic structure; moreover, we should look for a convenient parameterization of the isometry classes of non-positively oriented tetrahedra. Since all the hyperbolic manifolds explicitly described in this thesis admit genuine geometric triangulations, we will not develop the study of partially flat triangulations here.

It is maybe worth mentioning that the deformation variety defined by the consistency equations for a cusped 3-manifold without boundary has already been studied by several authors. In particular, in this context the smoothness at the complete structure was first claimed by Neumann and Zagier in [NZ85]. Choi has recently provided in [Cho04] a complete proof of the fact that in the cusped empty-boundary case the deformation variety is a smooth complex manifold at any point representing a non-degenerate (i.e. neither partially flat nor partially negatively oriented) geodesic ideal triangulation.

After constructing hyperbolic manifolds with boundary via moduli and equations, one is naturally faced with the issue of recognizing these manifolds, i.e. of understanding when different triangulations actually define different manifolds. It turns out that for both cusped and bounded manifolds a certain canonical decomposition exists, due to Epstein and Penner [EP88] in the former case and to Kojima [Koj90, Koj92] in the latter. One natural strategy to recognize a manifold decomposed into geometric pieces is then to modify the decomposition until the canonical one is reached. A detailed description of how this method works in the non-empty geodesic boundary case can be found in [FP04]. Here we describe in Section 2.6 the main properties of the Kojima decomposition, and we explain in Section 2.7 how the moduli of a given geometric triangulation can be used to determine if such triangulation is Kojima’s canonical one.

2.1 Topological and geometric triangulations

In this section we prove some preliminary facts about the topology and geometry of a finite-volume orientable hyperbolic 3-manifold with geodesic boundary, explaining also what do we mean by a triangulation of such a manifold. Some interesting points emerge when the boundary of a finite-volume hyperbolic manifold is itself non-compact. However, since the main results of this thesis only concern hyperbolic manifolds with compact boundary, we do not deal here with the general case, which is treated in [FP04].

Topological restrictions Let N be a complete finite-volume orientable hyperbolic 3-manifold with compact geodesic boundary (from now on we will usually summarize all this information saying just that N is hyperbolic). We denote by DN the double of N, i.e. the manifold obtained by mirroring N in its boundary, and observe that within DN we have the surface ∂N which cuts DN into two isometric copies of N. Now DN is an orientable finite-volume hyperbolic 3-manifold without boundary, so it consists of a compact portion containing ∂N together with several cusps of the form T × [0, ∞), where T is the torus —see e.g. [Thu79, BP92]. This easily implies that N admits a natural compactification N obtained by adding some

2.1 Topological and geometric triangulations 37

boundary tori.

Since the components of ∂N are hyperbolic surfaces we have the following:

Proposition 2.1.1. The components of ∂N have negative Euler characteristic.

The following restrictions are easily deduced from the well-known topological properties of hyperbolic manifolds without boundary (see [FP04] for a proof).

Proposition 2.1.2. The compact manifold N is irreducible and geometrically atoroidal. Moreover N is boundary-incompressible and anannular.

Thurston’s Hyperbolization Theorem for Haken manifolds implies that the conditions in Propositions 2.1.1 and 2.1.2 are actually sufficient to ensure hyperbolicity of N, when N has non empty boundary (see e.g. [McM90, FP04]):

Proposition 2.1.3. Let M be a compact orientable 3-manifold and let M be obtained from M by removing the toric components of ∂M. Suppose that every component of ∂M ≠ ∅ has negative Euler characteristic, and that M is irreducible, boundary-irreducible, geometrically atoroidal and anannular. Then M is hyperbolic.

It is easily seen that Mostow-Prasad’s rigidity Theorem applies also to hyperbolic manifolds with geodesic boundary:

Theorem 2.1.4. On any given 3-manifold there exists, up to isometry, at most one complete finite-volume hyperbolic structure with geodesic boundary.

Proof: See [FP04, Fri04]. □

Partially truncated tetrahedra Recall that, when N is finite-volume non-com-pact hyperbolic and ∂N = ∅, it is typically possible to decompose N into pieces isometric to geodesic ideal tetrahedra in H^3 , and in practice the hyperbolic structure of N is constructed by first taking a topological ideal triangulation and then choosing the geometric shape of the tetrahedra so that their structures match under the gluings and give a complete structure on N. Our wish in the rest of this section is to extend the notion of ideal triangulation to the case of hyperbolic manifolds with geodesic boundary. We begin by describing the pieces into which manifolds will be decomposed, first topologically and then geometrically.

Definition 2.1.5. We call partially truncated tetrahedron a pair (Δ, I) where Δ is a tetrahedron and I is a set of vertices of Δ. The elements of I will be called ideal vertices for a reason to be explained soon. In the sequel we will always refer to Δ itself as a partially truncated tetrahedron, tacitly implying that a certain I is also fixed.

Definition 2.1.6. Given a partially truncated tetrahedron Δ we define its topological realization as the space Δ^∗ obtained by removing from Δ the ideal vertices and small open stars of the non-ideal vertices. We will call lateral hexagon and truncation triangle the intersection of Δ^∗ respectively with a face of Δ and with the link in Δ of a non-ideal vertex. The edges of the truncation triangles, which also belong to the lateral hexagons, will be called boundary edges. The other edges of the lateral hexagons will be called internal edges.

38 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

v ∈ I v

Figure 2.1: A geometric tetrahedron with one ideal vertex.

Note that, if Δ has ideal vertices, a lateral hexagon of Δ^∗ may not quite be a hexagon, because some of its (closed) edges may be missing.

Definition 2.1.7. Given a partially truncated tetrahedron Δ we call geometric realization of Δ an embedding of Δ^∗ in H^3 such that:

1. The truncation triangles are geodesic triangles;

2. The lateral hexagons are geodesic polygons, with ideal vertices corresponding to missing edges;

3. Truncation triangles and lateral hexagons lie at right angles to each other.

An example of geometric realization is shown in Fig. 2.1, where truncation triangles are shadowed.

Triangulations In the language introduced above, the classical notion of ideal triangulation of a compact 3-manifold with boundary is a realization of the interior of the manifold as a gluing of some Δ^∗’s, where the corresponding Δ’s have all ideal vertices and the gluing is induced by a simplicial pairing of the faces of the Δ’s. We can now easily extend this notion to the situation we are interested in.

Definition 2.1.8. Let N be a compact orientable manifold and let N be obtained from N by removing the toric components of ∂N. We define a partially truncated triangulation of N to be a realization of N as a gluing of some Δ^∗’s along a pairing of the lateral hexagons induced by a simplicial pairing of the faces of the Δ’s.

Remark 2.1.9. 1. Under the pairing of the faces of the Δ’s, ideal vertices are matched to each other.

2. The truncation triangles of the Δ^∗’s give a triangulation of ∂N.

3. The links of the ideal vertices of the Δ’s give a triangulation of the toric components of ∂N.

2.2 Moduli and equations for partially truncated tetrahedra 39

Definition 2.1.10. Let N as above be endowed with a hyperbolic structure. A partially truncated triangulation of N is called geometric if, for each tetrahedron Δ of the triangulation, the pull-back to Δ^∗ of the Riemannian metric of N defines a geometric realization of Δ. Equivalently, the hyperbolic structure of N should be obtained by gluing geometric realizations of the Δ’s along isometries of their lateral hexagons.

In Section 2.6 we will briefly describe Kojima’s result [Koj90] according to which every hyperbolic N as above has a canonical decomposition into partially truncated polyhedra, rather than tetrahedra. Just as it happens with the Epstein-Penner decomposition [EP88] of non-compact manifolds with empty boundary, in the vast majority of cases the Kojima decomposition actually consists of tetrahedra, or at least can be subdivided into a geometric partially truncated triangulation. For instance, it is proved in [FMP04] that there exist exactly 5192 hyperbolic manifolds with non-empty geodesic boundary which can be (topologically) triangulated by at most four partially truncated tetrahedra: their Kojima decomposition can always be subdivided into a triangulation, and is itself a triangulation in 5108 cases.

The following definition will prove useful later:

Definition 2.1.11. A partially truncated triangulation T of an orientable 3- manifold N is good if any tetrahedron in T has at most one ideal vertex.

As we shall see later, any polyhedron in the Kojima decomposition of a hyperbolic N has at most one ideal vertex, so Kojima decompositions which can be subdivided into triangulations are examples of good triangulations.

2.2 Moduli and equations for partially truncated triangulations

In this section we introduce moduli for the geometric realizations of a partially truncated tetrahedron, and we describe the equations which ensure that a gluing of geometric tetrahedra gives rise to a (not necessarily complete) hyperbolic structure with geodesic boundary.

Moduli for partially truncated tetrahedra The following result implies that the dihedral angles can be used as moduli for geometric tetrahedra.

Theorem 2.2.1. Let Δ be a partially truncated tetrahedron and let Δ^{(1)} be the set of edges of Δ. The geometric realizations of Δ are parameterized up to isometry by the functions θ : Δ^{(1)} → (0, π) such that for each vertex v of Δ, if e_1, e_2, e_3 are the edges that emanate from v, then θ(e_1) + θ(e_2) + θ(e_3) is equal to π for ideal v and less than π for non-ideal v.

The map θ corresponding to a geometric realization Δ^∗ associates to each edge e the dihedral angle θ(e) of Δ^∗ along e.

Proof: See [Fuj90, FP04]. □

40 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

α2 b3 a1 a2 a3 b3 b2

b1 c2 c_3 c1 = 0 c1

b1 b2

c3 c2 α3 α1

Figure 2.2: A triangle, a hexagon and a degenerate hexagon.

Having introduced moduli for geometric tetrahedra, our next task is to determine, given a triangulated orientable manifold, which values of moduli define a global hyperbolic structure on the manifold. To this aim we first compute the lengths of internal and boundary edges in terms of the dihedral angles.

From angles to lengths We begin by recalling two well-known results in hyperbolic trigonometry.

Lemma 2.2.2. Let α_1, α_2, α_3 and a_1, a_2, a_3 be respectively the angles and the lengths of edges of the hyperbolic triangle in Fig. 2.2-left. Then we have

cosh a_1 = cos α_2 · cos α_3 + cos α_1 sin α_2 · sin α_3 . Proof: See [Bea95, The Cosine Rule II, pag. 148]. □

Lemma 2.2.3. Let b_1, c_1, b_2, c_2, b_3, c_3 be the lengths of edges of the hyperbolic rightangled hexagon in Fig. 2.2-centre. Then we have

cosh b_1 = cosh c_2 · cosh c_3 + cosh c_1 sin c_2 · sinh c_3 . This relation is still true when c_1 = 0, i.e. when the hexagon degenerates into a pentagon with four right angles and one ideal vertex (see Fig. 2.2-right).

Proof: See [Bea95, Theorem 7.19.2, pag. 161]. □ Let now Δ be a partially truncated tetrahedron with edges e_1, . . . , e_6 as in Fig. 2.3. We fix a geometric realization θ of Δ determined by the dihedral angles θ_i = θ(e_i) for i = 1, . . . , 6 and we denote by L^θ the length with respect to this realization. The boundary edges of the lateral hexagons of Δ correspond to the pairs of distinct non-opposite edges {e_i, e_j }, and will be denoted by e_{ij} . Note that e_{ij} disappears towards infinity, so it has length 0, when the common vertex of e_i and e_j is ideal. Lemma 2.2.2 readily implies

cosh L^θ(e_{12}) = cos θ_1 · cos θ_2 + cos θ_3 sin θ_1 · sin θ_2

. (2.1)

Note that this result is correct (and obvious) also when the common end of e_1 and e_2 is ideal.

2.2 Moduli and equations for partially truncated tetrahedra 41

θ_5 θ_2 θ_3

θ_6 θ_4

θ_1

e_6 e_1

e_5 e_3

e_2 e_4

Figure 2.3: Notation for edges and dihedral angles of a truncated tetrahedron. The geometric figure on the right uses the projective model of H^3 , as explained below in Section 2.6.

Turning to the length of an internal edge, we note that the edge is an infinite halfline or an infinite line when one or both its ends are ideal, respectively. Otherwise the length is computed using Lemma 2.2.2 and Lemma 2.2.3. To state the result of the computation we need to introduce certain functions that will be used again below. With notation as in Fig. 2.3, and defining v_{ijk} as the vertex from which the edges e_i, e_j , e_k emanate, we set:

c^θ(e_1) = cos θ_1 · (cos θ_3 · cos θ_6 + cos θ_2 · cos θ_5) + cos θ_2 · cos θ_6 + cos θ_3 · cos θ_5 + cos θ_4 · sin^2 θ_1;

(2.2)

d^θ(v_{123}) = 2 cos θ_1 · cos θ_2 · cos θ_3 + cos^2 θ_1 + cos^2 θ_2 + cos^2 θ_3 − 1. (2.3)

Using the combinatorial symmetries of the tetrahedron we can easily use these formulae to compute the value of c^θ and d^θ respectively on any internal edge and any vertex of Δ.

Remark 2.2.4. Using Lemma 2.2.2 it is easily seen that d^θ(v_{123}) = sin^2 θ_1 · sin^2 θ_2 · sinh^2 L^θ(e_{12}).

Lemma 2.2.5. d^θ(v_{123}) = 0 if and only if the vertex v_{123} is ideal.

Proposition 2.2.6. If v_{123} and v_{156} are both non-ideal then

cosh L^θ(e_1) = c^θ(e_1) / √ d^θ(v_{123}) · d^θ(v_{156}). (2.4)

Conditions for geometric gluing Let N be obtained from an orientable compact N by removing all the tori in ∂N and let T be a partially truncated triangulation of N. Let also θ be a geometric realization of the tetrahedra in T and denote by L^θ the length with respect to this realization. We now describe the conditions under which the realization θ defines a hyperbolic structure on the whole of N. For our purposes it will be sufficient to deal with good triangulations only, so we assume from now on that T is good. The general case is treated in [FP04].

42 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

In order to define a global hyperbolic structure on N, the tetrahedra of T must satisfy two obvious necessary conditions, which in fact are also sufficient. Namely, we should be able to glue the lateral hexagons by isometries, and we should have a total dihedral angle of 2π around each edge of the manifold. The first condition ensures that the hyperbolic structure defined by θ on the complement of the 2-skeleton of T extends to the complement of the 1-skeleton. Since T is good, the second one ensures that such structure glues up without singularities also along the edges. The second condition is directly expressed in terms of moduli, and we will explain in a moment how to translate the first one into an equation on dihedral angles.

Remark 2.2.7. If T were not good, requiring the dihedral angles around each edge to sum up to 2π would not be sufficient to obtain a non-singular hyperbolic metric on the 1-skeleton of T . The point is that when some geometric tetrahedra are arranged one after the other around an edge e with two ideal endpoints, the first face of the first tetrahedron and the second face of the last tetrahedron may overlap without coinciding. Namely, the isometry which pairs these two faces may be a translation along e instead of being the identity. Of course the isometry has to be the identity if at least one endpoint of e is not ideal.

Consistency equations Since T is good, Lemma 2.2.3 readily implies that the isometry class of a lateral hexagon of a tetrahedron in T is completely determined by the lengths of its boundary edges, which are computed in equation (2.1) in terms of the dihedral angles of the tetrahedra. This means we can write down a set of explicit algebraic conditions on the moduli which are satisfied if and only if the parameterization θ defines a hyperbolic structure on the whole of N. Let us define for an internal edge e

α^θ(e) = ∑ {θ(e^′) : e^′ is glued to e}. (2.5)

The above discussion is summarized by the following:

Theorem 2.2.8. The geometric realization θ defines on N a hyperbolic structure with geodesic boundary if and only if the following conditions hold:

1. α^θ(e) = 2π for all internal edges e;

2. L^θ(e) = L^θ(e^′) for all pairs (e, e^′) of matching boundary edges.

An easy computation shows that the number of equations arising from the conditions stated in Theorem 2.2.8 is much bigger than the number of parameters describing the geometric realization of the tetrahedra of T . Thus it seems quite reasonable to look for a smaller set of equations which still would ensure the geometric structure on the tetrahedra to glue up giving a global hyperbolic metric on N. First of all, we recall that by default gluings match ideal vertices to each other, because these notions are part of the initial topological information about a triangulation. When a pairing glues two compact hexagons, i.e. when there are no ideal vertices involved, to be sure that the gluing is an isometric one we may equivalently require the lengths of the internal edges or those of the boundary edges to match under the

2.2 Moduli and equations for partially truncated tetrahedra 43

F^∗_{126} e_1

e_5 e_4 e_1 e_2

e_2 e_3 v_{123} ∈ I e_{12}

e_6 e_6 e_{16} e_{26}

Figure 2.4: An exceptional hexagon.

gluing. On the other hand, since T is a good triangulation, a non-compact lateral hexagon F is actually a pentagon with four right angles and an ideal vertex: we shall say in this case that F is an exceptional lateral hexagon. As we have seen before, (the isometry class of) an exceptional lateral hexagon is determined by the lengths of its boundary edges. In the following paragraph we describe an alternative parameterization of exceptional hexagons which will prove useful later.

Exceptional hexagons To parameterize exceptional hexagons we need now to be slightly more careful about orientation than we have been so far. Namely, we choose on the tetrahedra an orientation compatible with a global orientation of the manifold. As a result also the lateral hexagons and the truncation triangles have a fixed orientation, and the gluing maps reverse the orientation of the hexagons.

So, let us consider an exceptional hexagon F^∗_{126} as in Fig. 2.4, and recall that the hexagon is oriented and embedded in H^3 by θ. We consider now the horospheres O_1 and O_2 centred at e_{12} and passing through the non-ideal ends of e_1 and e_2 respectively. We define σ^θ(F_{126}) to be ±dist(O_1, O_2), the sign being positive if e_2, e_{12}, e_1 are arranged positively on ∂F^∗_{126} and O_1 is contained in the horoball bounded by O_2, or if e_2, e_{12}, e_1 are arranged negatively on ∂F^∗_{126} and O_2 is contained in the horoball bounded by O_1, and negative otherwise.

Lemma 2.2.9. We have σ^θ(F_{126}) = ln sinh L^θ(e_{16}) − ln sinh L^θ(e_{26}).

Proof: Let α_1, α_2 and R, R_1, R_2 be the angles and lengths shown in Fig. 2.5. An easy computation in the upper half-plane model of H^2 shows that L^θ(e_{i6}) = ln cot(α_i/2) for i = 1, 2. Moreover we have R = R_1 · tan α_1 = R_2 · tan α_2, so exp(σ^θ(F_{126})) = R_1/R_2 = tan α_2/ tan α_1. Now for i = 1, 2 we have tan α_i = (2 cot(α_i/2))/(cot^2(α_i/2) − 1) = (2 exp L^θ(e_{i6}))/(exp(2L^θ(e_{i6})) − 1). Combining these equations we finally get exp(σ^θ(F_{126})) = sinh L^θ(e_{16})/ sinh L^θ(e_{26}), and we are done. □ Using equation (2.1) and Lemma 2.2.9 we can easily compute σ in terms of the dihedral angles:

44 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

R R R_1 R2

α_1 α_2 e_{16} e_6

e_{26}

Figure 2.5: Notation for the proof of Lemma 2.2.9.

Proposition 2.2.10. We have

σ^θ(F_{126}) = (1/2) ln(d^θ(v_{156})/d^θ(v_{246})) + ln(sin θ_2/ sin θ_1), (2.6)

where d^θ is the function defined in equation (2.3).

We now define ℓ^θ(F_{126}) to be the length of e_6. The next proposition shows that the functions σ and ℓ provide a parameterization of isometry classes of exceptional hexagons.

Proposition 2.2.11. Let F and F^′ be paired exceptional lateral hexagons. Their pairing can be realized by an isometry if and only if σ^θ(F ) + σ^θ (F^′) = 0 and ℓ^θ(F ) = ℓ^θ(F^′).

Proof: We concentrate on the “if” part of the statement, the “only if” part being obvious.

Let f_1, f_2 and f^′_1, f^′_2 be the boundary edges of of F and F^′ respectively, and assume that the orientation-reversing pairing between F and F^′ glues f_1 to f^′_2 and f^′_1 to f_2. Since ℓ^θ(F ) = ℓ^θ(F^′), Lemma 2.2.3 easily implies that L(f_1) ⩽ L(f^′_2) if and only if L(f_2) ⩾ L(f^′_1). Moreover the assumption that σ^θ(F ) = −σ^θ(F^′) and Lemma 2.2.9 give L(f_1) ⩽ L(f^′_2) if and only if L(f_2) ⩽ L(f^′_1). This forces L(f_1) = L(f^′_2) and L(f_2) = L(f^′_1). □

Consistency equations revisited Recall now that we are considering a candidate hyperbolic 3-manifold N endowed with a good triangulation T , and that we have fixed a geometric realization θ of the tetrahedra in T .

Theorem 2.2.12. The parameterization θ defines on N a hyperbolic structure with geodesic boundary if and only if the following conditions hold:

2.2 Moduli and equations for partially truncated tetrahedra 45

1. α^θ(e) = 2π for all internal edges e;

2. L^θ(e) = L^θ(e^′) for all pairs (e, e^′) of matching internal edges;

3. σ^θ(F ) + σ^θ(F^′) = 0 for all pairs (F, F^′) of matching exceptional hexagons.

Proof: Since the isometry class of a compact hexagon is determined by the lengths of its internal edges, condition (2) implies that matching compact hexagons are isometric. Moreover Proposition 2.2.11 and condition (3) ensure that also matching exceptional hexagons can be glued by isometries. □

Computing the number of equations Let N be obtained from an orientable compact N by removing all the tori in ∂N and let T be a good triangulation of N. From now on we denote by C(T ) the set of consistency equations described in Theorem 2.2.12. Our next task is to compare the number of equations in C(T ) with the dimension of the moduli space of geometric realizations of the tetrahedra of T .

Let t^C (resp. t^I ) be the number of compact (resp. non-compact) tetrahedra of T . Theorem 2.2.1 readily implies that the number of parameters for the geometric realizations of T is equal to 6t^C + 5t^I . Let now e_1, . . . , e_k be the edges of T without ideal endpoints, and for any i = 1, . . . , k let x_i be the valence of e_i, i.e. the number of tetrahedra of T incident to e_i, with multiplicity. Of course we have ∑_k i=1 x_i = 6t^C +3t^I . If we denote by j the number of edges of T with exactly one ideal endpoint, the union of the boundary tori of N admits a triangulation with j vertices and t^I triangles, so j = t^I /2. Let us now turn to the number of equations. Theorem 2.2.12 determines k+j equations arising from conditions (1), ∑_k i=1(x_i −1) equations arising from conditions (2) and 3t^I /2 equations arising from conditions (3). Since

k + j + (∑_k i=1(x_i − 1) ) + 3t^I /2 = j + (∑_k i=1 x_i ) + 3t^I /2 = t^I /2 + 6t^C + 3t^I + 3t^I /2 = 6t^C + 5t^I ,

we get the following:

Proposition 2.2.13. Given a manifold N with a good triangulation T , the number of equations in C(T ) is equal to the dimension of the moduli space of geometric realizations of the tetrahedra of T .

Reducing the number of equations When N has cusps, some equations in C(T ) turn out to be actually redundant. Let T be a fixed toric component of ∂N and let t be the number of tetrahedra asymptotic to T . Since any such tetrahedron contributes to the triangulation of T with a Euclidean triangle, the sum of all the dihedral angles along all the edges of T incident to T is equal to tπ. So if we require condition (1) of Theorem 2.2.12 to hold for all but one edge incident to T , then the same condition is automatically satisfied also along the remaining edge. This allows us to discard from C(T ) one equation for each cusp of N.

Moreover, let Δ be a partially truncated tetrahedron with an ideal vertex v incident to T , and let F_1, F_2, F_3 be the faces of Δ incident to v. By the very definition of σ it follows that σ(F_1) + σ(F_2) + σ(F_3) = 0. This implies that if F is the set

46 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

of all the faces incident to T of tetrahedra of T , then we have ∑ F ∈F σ(F ) = 0. So if we require condition (3) of Theorem 2.2.12 to hold for all but one pair of matching exceptional hexagons incident to T , then the same condition also holds for the remaining pair. This means that another equation of C(T ) for each cusp of N can be discarded.

The above discussion is summarized by the following:

Proposition 2.2.14. Let N compactify to an orientable N with k boundary tori and let T be a good triangulation of N. Then we can discard 2k equations from C(T ) thus obtaining an equivalent set C^∗(T ) of n − 2k equations, where n is the dimension of the moduli space of geometric realizations of the tetrahedra of T .

2.3 Completeness

Let t be the total number of tetrahedra of T . Fixing an ordering on the set of edges of these tetrahedra, we can identify the moduli space of their geometric realizations with a subset of R^{6t} . Let Ω(T ) ⊂ R^{6t} be the set of solutions of the consistency equations C^∗(T ). We now determine the equations on x ∈ Ω(T ) representing the condition that the hyperbolic structure associated to x is complete. Our discussion here follows [Thu79, BP92, Rat94].

The geometric structure on the boundary tori We begin by recalling that the group of orientation-preserving similarities of the real plane coincides, under the canonical identification R^2 = C , with the group Aff(C ) of affine automorphisms of the complex line C . We call similarity structure on a torus an (C , Aff (C ))-structure, according to the general definition given in Section 1.1. A similarity structure is Euclidean if it contains an (R^2 , Isom^+(R^2 ))-structure.

Fix now a point x ∈ Ω(T ) and for any tetrahedron Δ in T let Δ^∗_x be the geometric realization of Δ corresponding to x. Let v be an ideal vertex of Δ^∗_x and choose a horosphere O_v based at v that meets only the faces of Δ^∗_x incident to v. The link of v in Δ^∗_x is the set L_x(v) = O_v ∩ Δ^∗_x. Note that L_x(v) is a compact Euclidean triangle in the horosphere O_v, and that the similarity type of L_x(v) does not depend on the choice of O_v. Suppose now that N is obtained from a compact manifold N by removing all the tori T_1, . . . , T_k in ∂N , and for any i = 1, . . . , k consider the family L^i_x = {L_x(v) : v is an ideal vertex of T asymptotic to T_i}. Since x ∈ Ω(T ) we have that triangles in L^i_x can be nicely glued together along the edges, thus defining a similarity structure on the torus T_i. The following result is proved in [Thu79, BP92, Rat94].

Proposition 2.3.1. Let E_i ∼= T_i ×[0, ∞) be the end of N corresponding to T_i. Then the hyperbolic structure associated with x ∈ Ω(T ) induces on E_i a complete metric if and only if the similarity structure induced on T_i is Euclidean.

Since N is the union of E_1 ∪ . . . ∪ E_k and a compact set, we readily have the following:

Corollary 2.3.2. The hyperbolic structure associated to x ∈ Ω(T ) is complete if and only if all the similarity structures induced by x on the T_i’s are Euclidean.

2.3 Completeness 47

We are now going to translate the equivalent conditions just described into equations on moduli. Let us recall that the similarity structure on T_i associated to x ∈ Ω(T ) induces a holonomy homomorphism ρ^i_x : π_1(T_i) → Aff(C ), well-defined up to conjugation.

Lemma 2.3.3. The similarity structure induced by x ∈ Ω(T ) on T_i is Euclidean if and only if ρ^i_x(π_1(T_i)) consists of translation.

Proof: By Theorem 1.1.3 and Proposition 1.1.4, if T_i is Euclidean then ρ^i_x(π_1(T_i)) is a discrete subgroup of Isom^+(R^2 ) isomorphic to Z ⊕ Z. This easily implies that ρ^i_x(π_1(T_i)) consists of translations. On the other hand, if ρ^i_x(π_1(T_i)) consists of translations then the similarity structure on T_i reduces to a Euclidean one by Proposition 1.1.6. □ As stated above, the group of orientation-preserving similarities of R^2 is canonically identified with Aff(C ). If φ is the element in Aff(C ) such that φ(z) = az + b for any z ∈ C , we say that a is the dilation coefficient of φ. Note that the dilation coefficient is constant on conjugacy classes of elements in Aff(C ), so the map

δ^i_x : π_1(T_i) → C^∗ , δ^i_x(γ) = dilation coeff. of ρ^i_x(γ) (2.7)

gives a well-defined homomorphism (not only a conjugacy class of homomorphisms).

For any i = 1, . . . , k we now choose (μ_i, λ_i) to be a positively oriented basis of π_1(T_i) ∼= H_1(T_i) and we choose representatives of μ_i, λ_i which are simple simplicial oriented loops with respect to the triangulation induced by T on T_i. With a slight abuse, we denote such representatives by μ_i and λ_i too. The following proposition is just a re-statement of Corollary 2.3.2 and Lemma 2.3.3.

Proposition 2.3.4. An element x ∈ Ω(T ) represents a complete structure on N if and only if δ^i_x(μ_i) = δ^i_x(λ_i) = 1 for i = 1, . . . , k.

Our next task is to translate conditions arising from Proposition 2.3.4 into explicit equations in x.

Horospherical cross-sections Let Δ be a tetrahedron in T , let v be an ideal vertex of Δ and L_x(v) be the (similarity class of the) Euclidean triangle obtained by intersecting the geometric realization of Δ parameterized by x with a small horosphere centred at v. The tetrahedron being oriented, this triangle is also oriented, so, once a vertex p of L_x(v) is fixed, we can associate to the similarity structure of L_x(v) the unique complex number z_x(L(v), p) such that L_x(v) is carried to the Euclidean triangle with vertices 0, 1, z_x(L(v), p) by an orientation-preserving similarity sending p to 0. Note that z_x(L(v), p) has positive imaginary part, i.e. it lies in the upper half-plane H ⊂ C .

Proposition 2.3.5. For an oriented tetrahedron as in Fig. 2.3, assume v_{123} is ideal and e_1, e_2, e_3 are positively arranged around v_{123}. Let also L(v_{123}) be the intersection of the tetrahedron with a small horosphere centred at v_{123}, and set p = L(v_{123}) ∩ e_1. Then:

z_x(L(v_{123}), p) = sin θ_2 sin θ_3

· e^{iθ1} . (2.8)

48 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

Completeness equations According to Proposition 2.3.4, we need now to compute the value of δ^i_x on μ_i and λ_i in terms of x. Let us fix some notation: if γ is an oriented simplicial loop on T_i and p is a vertex of γ, then the set of all triangles touching γ in p and lying on the right of γ is well-defined and will be denoted by R(γ, p). Moreover, we shall denote by V (γ) the set of vertices of γ and by γ itself the element of π_1(T_i) represented by the loop γ. The following result is proved in [Thu79, BP92].

Proposition 2.3.6. We have

δ^i_x(γ) = (−1)^{#V (γ)} · ∏ p∈V (γ) ∏ T ∈R(γ,p) z_x(T, p). (2.9)

Putting together Propositions 2.3.6 and 2.3.4 we finally get the following:

Theorem 2.3.7. A point x ∈ Ω(T ) represents a complete structure on N if and only if we have

(−1)^{#V (μi)} · ∏ p∈V (μ_i ) ∏ T ∈R(μ_i ,p) z_x(T, p) = (−1)^{#V (λi)} · ∏ p∈V (λ_i) ∏ T ∈R(λ_i ,p) z_x(T, p) = 1

for i = 1, . . . , k. Moreover, by Proposition 2.3.5 we can explicitly compute z_x(T, p) in terms of x for any pair (T, p) where T is a triangle in the triangulation of a toric component of ∂N and p is a vertex of T .

Uniqueness As an application of Theorem 2.1.4 we get that a solution of consistency and completeness equations, if any, is unique:

Theorem 2.3.8. Given a triangulated N as in Theorems 2.2.8 and 2.2.12, there exists at most one choice of θ that turns N into a complete manifold with geodesic boundary.

Proof: See [FP04]. □

2.4 Smoothness at the complete structure

Let now suppose that x_0 is the unique point in Ω(T ) which satisfies consistency and completeness equations. For i = 1, . . . , k and x ∈ Ω(T ) let us define

u_i(x) = ln δ^i_x(μ_i), v_i(x) = ln δ^i_x(λ_i), (2.10)

where (μ_i, λ_i) is a positively oriented basis for π_1(T_i), the map δ^i_x : π_1(T_i) → C^∗ is defined in equation (2.7), and ln is the branch of the complex logarithm defined on {z ∈ C : ℜ(z) > 0} such that ln 1 = 0.

Lemma 2.4.1. Let U = {x ∈ Ω(T ) : ℜ(δ^i_x(μ_i)) > 0, ℜ(δ^i_x(λ_i)) > 0, ρ^i_x(μ_i) ≠ Id_C , ρ^i_x(λ_i) ≠ Id_C }. Then for any x ∈ U the following conditions are equivalent:

1. u_i(x) = 0;

2.4 Smoothness at the complete structure 49

2. v_i(x) = 0;

3. The hyperbolic structure corresponding to x induces a complete metric on the end of N corresponding to T_i.

Proof: (1) ⇐⇒ (2): If u_i(x) = 0, then δ^i_x(μ_i) = 1 and ρ^i_x(μ_i) is a translation. Since an element of Aff(C ) commuting with a non-trivial translation is itself a translation we have δ^i_x(λ_i) = 1, so v_i(x) = 0. After switching the rôles of μ_i and λ_i, the very same argument also gives that v_i(x) = 0 implies u_i(x) = 0.

((1) ∧ (2)) =⇒ (3): If u_i(x) = v_i(x) = 0 then ρ^i_x(π_1(T_i)) consists of translations, so by Lemma 2.3.3 x induces a Euclidean structure on T_i, whence a complete hyperbolic structure on the end corresponding to T_i (see Proposition 2.3.1).

(3) =⇒ ((1) ∧ (2)): The hypothesis implies that ρ^i_x(π_1(T_i)) consists of translations, so u_i(x) = v_i(x) = 0. □ Recall now that the moduli space of geometric realizations of a partially truncated tetrahedron Δ is given by an open convex subset of R^6 if Δ has no ideal vertices, or by an open convex subset of an affine hyperplane of R^6 if Δ has one ideal vertex. So the moduli space of geometric realizations of tetrahedra in T is identified with a subset W of R^{6t} , where t is the number of tetrahedra of T . More precisely, W is an open convex subset of an affine subspace of dimension equal to 6t−c, where c is the number of ideal vertices of tetrahedra in T . Reduced consistency equations C^∗(T ) can be divided into two groups, the first one forcing the matching faces to be isometric to each other and the second one forcing the total dihedral angles along all internal edges to be equal to 2π. If e is the number of compact edges of T , then equations of the first type are in number of 6t − e − (3/2)c − k, while equations of the second type are in number of e + c/2 − k (see Proposition 2.2.14). As described in Proposition 2.2.12, the solutions of these equations can be represented as follows: the angles satisfying the conditions of the first type are given by the zero locus of a smooth function F : W → R^{6t−e−(3/2)c−k} , while the angles satisfying the conditions of the second type are given by the zero locus of a smooth function A : W → R^{e+c/2−k} . Any point x ∈ F^{−1}(0) canonically corresponds to a cone structure on N having cone singularities along the edges of T , so we define Ω_{cone}(T ) = F^{−1}(0) to be the space parameterizing these cone structures. Of course we have Ω_{cone}(T ) ⊃ Ω(T ) = F^{−1}(0) ∩ A^{−1}(0).

We now set

Compl : W → R^{6t−c−2k} × C^k , Compl(x) = (F (x), A(x), u_1(x), . . . , u_k(x)).

Recall that dim_R W = 6t−c, and that by Theorem 2.3.8 we have Compl^{−1}(0) = {x_0}.

The rest of this section will be devoted to the proof of the following:

Theorem 2.4.2. We have Ker dCompl_{x0} = {0}, so Compl induces a diffeomorphism of an open neighbourhood of x_0 in W onto an open neighbourhood of 0 in R^{6t−c−2k} × C^k . Before going into the proof of Theorem 2.4.2 we list some of its immediate consequences:

50 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

Corollary 2.4.3. There exists an open neighbourhood V of x_0 in W such that the following holds: Ω(T ) ∩ V is a smooth submanifold of real dimension 2k in V and the map u : Ω(T ) → C^k given by

u(x) = (u_1(x), . . . , u_k(x))

is a diffeomorphism of Ω(T ) ∩ V onto an open neighbourhood of 0 in C^k .

Corollary 2.4.4. Let X^{geod}(π_1(N)) be the space of characters defined in Section 1.4. Then there exists an open neighbourhood U of x_0 in Ω(T ) such that the natural projection π : U → X^{geod}(π_1(N)) has the following property: π(U) is an open neighbourhood of π(x_0) and π|_U : U → π(U) is a branched covering of degree 2^k ( i.e. a map locally modeled on the holomorphic map (z_1, . . . , z_k) → (z^2_1 , . . . , z^2_k)).

Different proofs of the following result can be found in [HK98, Luo].

Corollary 2.4.5. Let L ⊂ N be the union of the edges of T and denote by Ω_{cone}(N, L) the space of hyperbolic cone-structures on N with singular locus contained in L. If N is compact, then Ω_{cone}(N, L) is parameterized by cone angles along the components of L in a neighbourhood of the non-singular structure.

The space Ω_{cone}(T ) As a first step towards the proof of Theorem 2.4.2 we have the following:

Proposition 2.4.6. The tangent map dF_{x0} : T_{x0} (W) → R^{6t−e−(3/2)c−k} has maximal rank, so Ω_{cone}(T ) is a manifold of real dimension e + c/2 + k near x_0.

In order to prove this proposition we begin by describing a new parameterization for partially truncated tetrahedra.

Let Δ be a partially truncated tetrahedron and let e_1, . . . , e_6 be the edges of Δ as in Fig. 2.3. Suppose for the moment that Δ has no ideal vertices. Let L^θ be the length function for edges in the geometric realization of Δ determined by the dihedral angles θ = (θ_1, . . . , θ_6). The following lemma shows that lengths can be used as moduli for the geometric realizations of Δ. We set

D = {x ∈ (0, π)^6 : x_1 + x_2 + x_3 < π, x_1 + x_5 + x_6 < π, x_2 + x_4 + x_6 < π, x_3 + x_4 + x_5 < π}.

Lemma 2.4.7. The map D ∋ θ → L^θ ∈ R^6 defines a diffeomorphism of D onto an open subset of R^6 .

Proof: The map associating lengths to angles was shown to be smooth in Section 2.2. Similar calculations in hyperbolic trigonometry also show that lengths of edges of Δ determine its dihedral angles, and that angles depend smoothly on lengths. □ Let now v_{ijk} be the vertex of Δ from which e_i, e_j , e_k emanate and suppose that v_{123} is the only ideal vertex of Δ. Let F_1, F_2, F_3 be the exceptional hexagons of Δ

2.4 Smoothness at the complete structure 51

and for any angle assignment θ for Δ let σ^θ(F_i) be the function defined in Section 2.2. Let also D^′, D^{′′} be the open portions of affine hyperplanes of R^6 defined as follows:

D^′ = {x ∈ (0, π)^6 : x_1 + x_2 + x_3 = π, x_1 + x_5 + x_6 < π, x_2 + x_4 + x_6 < π, x_3 + x_4 + x_5 < π}, D^{′′} = {y ∈ R^6 : y_4 + y_5 + y_6 = 0}.

Another simple calculation implies the following:

Lemma 2.4.8. The map

D^′ ∋ θ → (L^θ(e_4), L^θ(e_5), L^θ(e_6), σ^θ(F_1), σ^θ(F_2), σ^θ(F_3)) ∈ D^{′′}

induces a diffeomorphism of D^′ onto an open subset of D^{′′}.

We can now easily prove Proposition 2.4.6. Recall we are parameterizing the geometric realizations of tetrahedra in T by dihedral angles, thus obtaining a bijection between the space of such realizations and an open convex subset W of a (6t − c)-dimensional affine space. Let us now describe the tetrahedra in T using lengths of finite edges and the parameter σ for exceptional hexagons. By Lemmas 2.4.7, 2.4.8 this corresponds to introducing new coordinates (y_1, . . . , y_{6t−c}) on W which smoothly depend on the old ones. Moreover, with respect to these new coordinates the function F = (F_1, . . . , F_{6t−e−(3/2)c−k} ) : W → R^{6t−e−(3/2)c−k} takes the form F_j (y) = y_{ij} ± y_{hj} for certain i_j , h_j ∈ {1, . . . , 6t − e − (3/2)c − k}. Now it is straight-forward to show that dF_{x0} has maximal rank.

Deforming cone structures Let now w be a tangent vector to Ω_{cone}(T ) at x_0. By Proposition 2.4.6 a smooth arc α : (−ε, ε) → Ω_{cone}(T ) exists such that α̇(0) = w. We will study the deformation associated to α using tools from the cohomology theory of representations: notation is as in Appendix A, where we also give some basic definitions and results.

From now on we denote by N^′ the non-compact manifold obtained by drilling from N all the edges of T . For any t ∈ (−ε, ε) the point α(t) determines a smooth hyperbolic structure M_t on N^′, whose completion gives a hyperbolic cone structure on N. First of all we describe how to deduce the shape of the geometric tetrahedra corresponding to the point α(t) just from the geometric structure M_t on N^′. To this end we fix for t ∈ (−ε, ε) a developing map D_t : ~N^′ → H^3 with associated holonomy representation ρ_t : π_1(N^′) → PSL(2, C ) (note that we can choose D_t and ρ_t to vary smoothly with t). Recall that N compactifies to a manifold N with k boundary tori, and denote by N^′ the non-compact manifold obtained by drilling from N the closed properly embedded arcs corresponding to the edges of T . For any i = 1, . . . , k let T^′_i be the punctured torus T^′_i = T_i ∩ N^′ and denote by S_p the family of all the boundary components of the universal covering of N^′ projecting to some T^′_i . We say that P ⊂ π_1(N^′) ∼= π_1(N^′) is a parabolic peripheral subgroup of π_1(N^′) if P is the stabilizer of some boundary component S ∈ S_p of the universal covering of N^′. We also denote by P_p the class of all parabolic peripheral subgroups of π_1(N^′), and observe that if P ∈ P_p then ρ_0(P ) is a Z + Z parabolic subgroup of

52 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

PSL(2, C ). Let now ∂_{geod}N^′ be the components of ∂N^′ corresponding to the geodesic boundary of N, i.e. let ∂_{geod}N^′ = ∂N^′ ∩ ∂N, and denote by S_F the family of all the boundary components of the universal covering of N^′ projecting to some component of ∂_{geod}N^′. We say that P ⊂ π_1(N^′) is a Fuchsian peripheral subgroup of π_1(N^′) if P is the stabilizer of some component S ∈ S_F , we denote by P_F the class of all Fuchsian peripheral subgroups of π_1(N^′), and observe that if P ∈ P_F then ρ_0(P ) is a Fuchsian subgroup of PSL(2, C ).

Dual vectors to planes and horospheres If S ∈ S_F , by construction the image of S under the developing map D_t is contained in a totally geodesic immersed surface in H^3 . It is easily seen that such a surface must in turn be contained in a geodesic plane Ŝ(t) of H^3 . We now need to associate to each Ŝ(t) a suitable ultra-ideal point b_S (t), which will be called the dual point of Ŝ(t). Such point naturally lies in 4-dimensional Minkowsky space, so we fix some notation about this space.

We denote by M^{3+1} the space R^4 with coordinates x_0, x_1, x_2, x_3 endowed with the Lorentzian inner product ⟨x, y⟩ = −x_0y_0 + x_1y_1 + x_2y_2 + x_3y_3. We set

H^3_− = {x ∈ M^{3+1} : ⟨x, x⟩ = −1, x_0 > 0}, H^3_+ = {x ∈ M^{3+1} : ⟨x, x⟩ = 1}, L^3_+ = {x ∈ M^{3+1} : ⟨x, x⟩ = 0, x_0 > 0}.

We recall that H^3_− is the upper sheet of the two-sheeted hyperboloid, and that ⟨ · , · ⟩ restricts to a Riemannian metric on H^3_−. With this metric, H^3_− is the socalled hyperboloid model H^3_{hyp} of hyperbolic space. The one-sheeted hyperboloid H^3_+ turns out to have a bijective correspondence with the set of hyperbolic halfspaces in H^3_{hyp}. Given b ∈ H^3_+, the corresponding half-space, called the dual of b, is given by {v ∈ H^3_− : ⟨v, b⟩ ⩽ 0}. Similarly, the cone L^3_+ of future-oriented light-like vectors of M^{3+1} corresponds to the set of horospheres in H^3_{hyp}. The horosphere dual to u ∈ L^3_+ is given by {v ∈ H^3_− : ⟨v, u⟩ = −1}. Note now that for any S ∈ S_F the set D_t( ~N) locally lies on a definite side of Ŝ(t) ⊇ D_t(S), so we can define b_S (t) to be the dual vector to the half-space that locally contains D_t( ~N ) and is bounded by Ŝ(t).

When S belongs to S_p a vector b_S (t) ∈ L^3_+ can also be defined as follows: take an oriented edge ~f of ~T ending in S and set b_S (t) to be the unique point in L^3_+ with x_0(b_S (t)) = 1 which projects to the endpoint of D_t( ~f) in ∂H^3 . Such an endpoint exists because D_t( ~f) is a geodesic, and is clearly independent of the choice of ~f, so b_S (t) is indeed well-defined. Since developing maps vary smoothly with respect to t we have the following:

Lemma 2.4.9. For any S ∈ S_F ∪ S_p the map t → b_S(t) is smooth with respect to t.

2.4 Smoothness at the complete structure 53

Lifting geometric tetrahedra Let now Δ be a tetrahedron in T , and denote by ~Δ a lift of Δ to ~N ′. Let S_i be the boundary component of the universal covering of N^′ that corresponds to v_i, where v_1, . . . , v_4 are the vertices of ~Δ. If Δ(t) is the convex hull of b_{S1} (t), . . . , b_{S4} (t) in M^{3+1} , then projecting Δ(t) onto H^3 and truncating its infinite-volume ends with the corresponding Ŝ_i(t)’s gives back a truncated tetrahedron Δ^∗(t) isometric to the geometric realization of Δ parameterized by α(t). It is easily seen that the dihedral angles of Δ^∗(t) smoothly depend on b_{S1} (t), . . . , b_{S4} (t), so Theorem 2.4.2 is now reduced to the following:

Proposition 2.4.10. Suppose α̇(0) belongs to Ker dCompl_{x0} . Then we can choose the D_t’s in such a way that ḃ_S (0) = 0 for any S ∈ S_F ∪ S_p.

The rest of this section is devoted to the proof of this proposition.

The tangent vector to ρ_t Let us consider the double DN^′ of N^′ obtained by mirroring N^′ along its boundary (which is now given by some punctured surfaces of negative Euler characteristic). Since ∂N^′ is totally geodesic with respect to the hyperbolic structure M_t, this structure can be doubled to a smooth hyperbolic metric DM_t on DN^′.

Let Dρ_t : π_1(DN^′) → PSL(2, C ) be a holonomy representation corresponding to a developing map for DM_t. It is easily seen that we can assume Dρ_t to vary smoothly with respect to t. We set

Ḋρ : π_1(DN^′) → sl(2, C ), Ḋρ(γ) = d dt | | t=0 ( Dρ_t(γ)Dρ_0(γ)^{−1} ) . As explained in Appendix A, we have Ḋρ ∈ Z^1(π_1(DN^′); sl(2, C ); Ad ∘ Dρ_0). Our next aim is to prove the following:

Proposition 2.4.11. Suppose α̇(0) belongs to Ker dCompl_{x0} . Then Ḋρ belongs to B^1(π_1(DN^′); sl(2, C ); Ad ∘ Dρ_0).

From now on we suppose α̇(0) ∈ Ker dCompl_{x0} . Let f_1, . . . , f_m ∈ DN^′ be the doubles of the edges of T and for all j = 1, . . . , m let ℓ_j be a small loop in DN^′ encircling f_j. We denote by γ_j an element in π_1(DN^′) representing ℓ_j (such a γ_j is well-defined only up to conjugation). Now our hypothesis implies that if θ_j(t) is the cone angle of (the completion of) DM_t along f_j then θ̇_j(0) = 0. Also observe that we have Dρ_t(γ_j ) = g_t · [( exp(iθ_j (t)/2) 0 0 exp(−iθ_j(t)/2) )] · g^{−1}_t for some smooth path g : (−ε, ε) → PSL(2, C ). Differentiating this relation we easily get Ḋρ(γ_j ) = 0. Let now K be the the normal subgroup of π_1(DN^′) generated by γ_1, . . . , γ_m. Since the natural projection π_1(DN^′) → π_1(DN) induces an isomorphism π_1(DN) ∼= π_1(DN^′)/K, by Lemmas A.2, A.3 we obtain the following:

Proposition 2.4.12. For any γ ∈ K we have Dρ_0(γ) = 1 and Ḋρ(γ) = 0, so Ḋρ naturally defines a cocycle z_ρ ∈ Z^1(π_1(DN); sl(2, C ); Ad ∘ Dρ_0), where Dρ_0 : π_1(DN) → PSL(2, C ) is the natural representation associated to Dρ_0. Moreover, Ḋρ belongs to B^1(π_1(DN^′); sl(2, C ); Ad ∘ Dρ_0) if and only if z_ρ belongs to B^1(π_1(DN); sl(2, C ); Ad ∘ Dρ_0).

54 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

Now if N is compact, i.e. if no cusps are involved, Theorem A.4 directly applies concluding the proof of Proposition 2.4.11. When there are cusps, Proposition 2.4.11 can be deduced from Theorem A.6 and the following:

Proposition 2.4.13. When N is non-compact, we have

[z_ρ] ∈ H^1_{par}(π_1(DN); sl(2, C ); Ad ∘ Dρ_0) ⊂ H^1(π_1(DN); sl(2, C ); Ad ∘ Dρ_0).

Proof: Let γ ∈ π_1(DN) be such that Dρ_0(γ) is non-trivial parabolic, and let ⟨γ⟩ be the infinite cyclic group generated by γ. We have to check that z_ρ restricts to a coboundary in B^1(⟨γ⟩; sl(2, C ); Ad ∘ Dρ_0 ∘ i), where i : ⟨γ⟩ → π_1(DN) is the natural inclusion.

Since for any t ∈ (−ε, ε) an isometry ψ_t : DM_t → DM_t exists which depends smoothly on t and interchanges the two copies of M_t in DM_t, it is easily seen that we can suppose γ ∈ π_1(T_i) ⊂ π_1(N) ⊂ π_1(DN) for some i = 1, . . . , k. Recall now that we have chosen a preferred element μ_i ∈ π_1(T_i) such that u_i(x) = ln δ^i_x(μ_i). Set u_i(t) = u_i(α(t)) and observe that condition α̇(0) ∈ Ker dCompl_{x0} implies that u̇_i(0) = 0. Let μ̂_i, γ be elements in π_1(T^′_i ) projecting respectively to μ_i, γ. By Lemma 2.4.9 a smooth path g : (−ε, ε) → PSL(2, C ) exists such that g^{−1}_t · ρ_t(γ^′) · g_t fixes ∞ ∈ ∂H^3 for any γ^′ ∈ π_1(T^′_i ). In particular we have

Dρ_t(μ̂_i) = g_t · [( exp(u_i(t)/2) τ_i(t) 0 exp(−u_i(t)/2) )] · g^{−1}_t , Dρ_t(γ) = g_t · [( a(t) b(t) 0 a(t)^{−1} )] · g^{−1}_t , where τ_i, a, b : (−ε, ε) → C are smooth arcs with a(0) = 1, b(0) ≠ 0, τ_i(0) ≠ 0.

Since ρ_0(π_1(T_i)) ∼= Z + Z is Abelian, an element k ∈ K exists such that μ̂_i · γ = k · γ · μ̂_i in π_1(DN^′) (recall that K is the kernel of the natural projection π_1(DN^′) toπ_1(DN)). By Proposition 2.4.12, this readily implies d dt | |_{t=0} (Dρt(μ̂i)Dρt(γ)) = d dt | |_{t=0} (Dρt(γ)Dρt(μ̂i)) , which after some computations gives ȧ(0) = 0 (here we use u̇_i(0) = 0). Let us consider the deformation φ_t : ⟨γ⟩ → PSL(2, C ) defined by φ_t(γ^n) = Dρ_t(γ^n) for any n ∈ N. We claim that φ̇ = 0 in H^1(⟨γ⟩; sl(2, C ); Ad ∘ φ_0). This will easily give that z_ρ restricts to a coboundary in B^1(⟨γ⟩; sl(2, C ); Ad ∘ Dρ_0 ∘ i), whence the conclusion. Since derivatives of conjugated deformations differ by a coboundary, we can suppose

φ_t(γ) = [( a(t) b(t) 0 a(t)^{−1} )] . Setting v = ḃ(0) 2b(0) 0

0 −^{ḃ(0)}_{2b(0)} ∈ sl(2, C ),

2.4 Smoothness at the complete structure 55

an easy computation shows that φ̇(γ) = v − Ad(φ_0(γ))(v). This readily implies that φ̇ is a coboundary, and we are done. □ For any γ ∈ π_1(DN^′) let now tr_γ : (−ε, ε) → C be the map defined as follows:

tr_γ (t) = trace(Dρ̂_t(γ)), where t → Dρ̂_t(γ) ∈ SL(2, C ) is a smooth lift of t → Dρ_t(γ) ∈ PSL(2, C ) (so tr_γ is well-defined only up to the sign). Also recall that D_t and ρ_t are respectively a developing map and a holonomy representation for the hyperbolic structure M_t on N^′, and observe that an analogous definition of tr_γ (t) (with Dρ_t replaced by ρ_t) also works when γ belongs to π_1(N^′) (we have of course tr_γ (t) = tr_{j(γ)}(t) for any γ ∈ π_1(N^′), where j : π_1(N^′) → π_1(DN^′) is the natural inclusion). The following result can be easily deduced from the proof of the previous proposition.

Lemma 2.4.14. Let γ ∈ π_1(DN^′) be such that Dρ_0(γ) is non-trivial parabolic. Then ẗr_γ (0) = 0.

As a consequence of Proposition 2.4.11 and Lemma 2.4.14 we obtain the following:

Proposition 2.4.15. D_t and ρ_t can be chosen in such a way that d dt | | t=0 ρ_t(γ) = 0

for any γ ∈ π_1(N^′). Moreover, if γ is a non-trivial element of a peripheral parabolic subgroup of π_1(N^′) then ẗr_γ (0) = 0.

The final step We begin with two technical lemmas. Let γ ∈ π_1(N^′) be such that ρ_0(γ) ≠ 1 and suppose r_γ : (−ε, ε) → ∂H^3 is a smooth path such that r_γ (t) is a fixed point for ρ_t(γ) for any t ∈ (−ε, ε). We want to study how the derivative of r(t) is related to the derivative of ρ_t(γ). We identify ∂H^3 with C ∪ {∞} and we set

ρ_t(γ) = [( a(t) b(t) c(t) d(t) )] . Without loss of generality we can suppose that ρ_0(γ) does not fix ∞ and that r_γ (0) = 0 ∈ C ⊂ ∂H^3 , so b(0) = 0, c(0) ≠ 0. An easy computation now shows that

r_γ (t) = a(t) − d(t) ± √ (tr_γ (t) + 2)(tr_γ (t) − 2) 2c(t) . From this formula we can readily deduce the following lemmas.

Lemma 2.4.16. Suppose ρ_0(γ) is non-trivial loxodromic and ρ̇(γ) = 0. Then ṙ_γ (0) = 0.

Lemma 2.4.17. Let γ ∈ π_1(N^′) be such that ρ_0(γ) is non-trivial parabolic. Also assume that ρ̇(γ) = 0 and that ẗr_γ (0) = 0. Then ṙ_γ (0) = 0.

56 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

We can now conclude the proof of Proposition 2.4.10. Choose D_t and ρ_t as in the statement of Proposition 2.4.15. Let S be a boundary component of the universal covering of N^′ which belongs to S_p, denote by P_S the stabilizer of S in π_1(N^′) and choose an element γ ∈ P_S with ρ_0(γ) ≠ 1. By construction the projection of b_S(t) to ∂H^3 is fixed by ρ_t(γ), so Lemma 2.4.17 applies ensuring ḃ_S (0) = 0.

When S belongs to S_F a slightly subtler argument is needed. Let P_S be the stabilizer of S in π_1(N^′) and for any γ ∈ P_S with ρ_0(γ) ≠ 1 let p_γ (t), q_γ (t) be the fixed points of ρ_t(γ) on ∂H^3 . Note that since ρ_0(γ) is loxodromic we can choose p_γ , q_γ to vary smoothly with respect to t, at least in a small neighbourhood of 0. This gives ṗ_γ = q̇_γ = 0 by Lemma 2.4.16. Let now p̂_γ (t) (resp. q̂_γ (t)) be the unique point in L^3_+ ⊂ M^{3+1} with x_0-coordinate equal to 1 which projects onto p_γ (t) (resp. onto q_γ (t)). Of course we have ^̇p_γ (0) = ^̇q_γ (0) = 0, so differentiating the relation ⟨b_S (t), p̂_γ (t)⟩ = ⟨b_S (t), q̂_γ (t)⟩ = 0 and evaluating at 0 we obtain

⟨ḃ_S (0), p̂_γ (0)⟩ = ⟨ḃ_S (0), q̂_γ (0)⟩ = 0,

where ⟨·, ·⟩ denotes the Lorentzian product on M^{3+1} . Now a standard result in Kleinian group theory ensures that the set

{p_γ (0), q_γ (0) : γ ∈ P_S , ρ_0(γ) ≠ 1}

is dense in the closure at infinity of D_0(S) ⊂ H^3 , which is a straight circle. This easily implies that ḃ_S (0) is a multiple of b_S (0), whence ḃ_S (0) = 0 since ||b_S (t)|| = 1 for any t ∈ (−ε, ε).

An interesting consequence We know from Mostow’s rigidity Theorem that compact hyperbolic 3-manifolds do not admit deformations. The following results seem to suggest that in the non-compact case deformations take place mostly near the cusps: even if it has to be affected by any non-trivial deformation, the compact core offers resistance to changing its shape. More precisely, we now show that deformations of T near the complete structure affect compact tetrahedra only at the second order.

Let f be any compact edge of T . For any x ∈ Ω(T ) we denote by ℓ^f (x) the length of f with respect to the metric structure defined by x. By Lemmas 2.4.7, 2.4.8 the map ℓ^f : Ω(T ) → R is smooth.

Proposition 2.4.18. We have dℓ^f_{x0} = 0.

Proof: Let V be a small neighbourhood of x_0 in Ω(T ) and for any x ∈ V let us fix a developing map D_x : ~N → H^3 and a holonomy representation ρ_x : π_1(N) → PSL(2, C ) for the hyperbolic structure defined by x. Take a lift ~f of f in ~N, let S_1, S_2 be the components of ∂ ~N containing the endpoints of ~f and set Ŝ_i(x) = D_x(S_i), i = 1, 2. Let also P_i be the stabilizer of S_i in π_1(N), and recall that Ŝ_i(x) is the hyperbolic convex hull of the limit set of ρ_x(P_i). Moreover, since D_x( ~f) intersects both Ŝ_1(x) and Ŝ_2(x) orthogonally we have ℓ^f (x) = d_H 3 (Ŝ_1(x), Ŝ_2(x)).

Let now u = (u_1, . . . , u_k) : V → C^k be the local coordinates defined in Corollary 2.4.3. Up to resizing V , for any x ∈ V we can uniquely define a point −x ∈ V by

2.5 Dehn filling equations 57

setting −x := u^{−1}(−u(x)). Since the differential of x → −x acts as minus the identity on T_{x0} Ω(T ), to conclude the proof it is sufficient to show that ℓ^f (x) = ℓ^f (−x) for any x ∈ V .

Now by Corollary 2.4.4 we have that x and −x project onto the same character in X^{geod}(π_1(N)), so ρ_x is conjugated to ρ_{−x} and in particular ρ_{−x}(P_1) = g ·ρ_x(P_1)·g^{−1}, ρ_{−x}(P_2) = g · ρ_x(P_2) · g^{−1} for some g ∈ PSL(2, C ). This gives in turn Ŝ_i(−x) = g(Ŝ_i(x)), whence

ℓ^f (−x) = d_H 3 (g(Ŝ_1(x)), g(Ŝ_2(x))) = d_H 3 (Ŝ_1(x), Ŝ_2(x)) = ℓ^f (x). □ Since the length of any boundary edge of any compact lateral hexagon smoothly depends on the lengths of its internal edges, we have the following:

Corollary 2.4.19. Fix a boundary edge e of a compact lateral hexagon of a tetrahedron of T and let ℓ^e : Ω(T ) → R be the function that associates to any x ∈ Ω the length of e in the geometric realization of T parameterized by x. Then ℓ^e is smooth and dℓ^e_{x0} = 0.

The dihedral angles of a compact truncated tetrahedron smoothly depend on the lengths of the internal edges. Thus Proposition 2.4.18 also implies the following:

Corollary 2.4.20. Fix an internal edge f in a compact tetrahedron of T and let a^f : Ω(T ) → R be the function that associates to any x ∈ Ω(T ) the dihedral angle along f in the geometric realization of T parameterized by x. Then a^f is smooth and da^f_{x0} = 0.

2.5 Dehn filling equations

In this section we show that hyperbolic structures parameterized by points in a neighbourhood of x_0 in Ω(T ) induce on any end of N either a complete metric or a Dehn filling type singularity. This allows us to describe the manifolds obtained by Dehn filling N along sufficiently complicated curves as the metric completions of small deformations of the geometric triangulation of N defined by x_0.

Neumann-Zagier parameters revisited Let us consider the functions u, v : Ω(T ) → C^k defined in the preceding section and fix a neighbourhood V of x_0 in Ω(T ) such that u : V → u(V ) is a diffeomorphism onto an open neighbourhood of 0 in C^k . Then we can think of v as of a function of u, just by setting v : C^k ⊃ u(V ) → C^k , v(u) = v(u^{−1}(u)) for any u ∈ u(V ). From now on we will use only the symbol v to denote both the function v : Ω(T ) → C and the function v : u(V ) → C , the context making clear which map we are actually referring to. By the very definitions it easily follows that the function v : u(V ) → C^k just defined coincides with the one defined in Section 1.3, equation (1.3).

58 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

The structure at the infinity For any x ∈ V let us denote by M(x) the hyperbolic structure defined on N by x. Recall also that E_j ∼= T_j × [0, ∞) is the end of N corresponding to the boundary torus T_j ⊂ ∂N . The proof of the following proposition is essentially taken from [Rat94].

Proposition 2.5.1. Up to resizing V , for any x ∈ V with u_j(x) ≠ 0 the structure M(x) induces on E_j a Dehn filling singularity with coefficient p_j(x)μ_j + q_j(x)λ_j , where p_j (x), q_j (x) are the only real numbers such that p_j(x)u_j (x)+q_j (x)v_j (x) = 2πi.

Proof: By Proposition 1.3.8, we only have to prove that M(x) induces a Dehn filling singularity on E_j. To lighten notation a bit we drop the index j, thus setting E := E_j, T := T_j and μ := μ_j.

Recall that for each ideal vertex v of T a Euclidean triangle L_x(v) is welldefined up to similarity, and that a similarity structure on T is defined just by considering T as obtained by gluing the triangles in the family L_x = {L_x(v) : v is an ideal vertex of T asymptotic to T }. Also recall that this structure naturally defines a developing map D^T_x : ~T → C , well-defined up to post-composition with elements of Aff(C ), and a holonomy homomorphism ρ^T_x : π_1(T ) → Aff(C ), welldefined up to conjugation.

By Lemma 2.4.1 the end E is non-complete, so by Proposition 2.3.1 and Theorem 1.1.6 the image of ρ^T_x contains an element which is not an isometry. By conjugating ρ^T_x we may suppose that this element fixes 0 ∈ C . Since π_1(T ) is Abelian this gives in turn that every element in ρ^T_x (π_1(T )) fixes 0. Thus ρ^T_x maps into the group of affine transformations of C that fix 0, which is canonically isomorphic to C^∗ through the (inverse of the) map which associates to k ∈ C^∗ the similarity z → kz. The map exp : C → C^∗ induces an isomorphism from C /2πiZ to C^∗ . We put on C^∗ the complete metric for which this isomorphism is actually an isometry, where we consider C /2πiZ endowed with the natural Euclidean metric inherited from C . Then it is easily seen that Isom^+(C^∗ ) = C^∗ .

We now show that the developing map D^T_x : ~T → C maps into C^∗ . If L_x = {L_1, . . . , L_s}, for i = 1, . . . , s choose a lift ~L_i ⊂ ~T of L_i in such a way that each ~L_j shares an edge with some ~L_{j′} with j ≠ j′ (thus the union ⋃^s_{i=1} ~L_i provides a fundamental polygon for the action of π_1(T ) on ~T ). Let also L^′_i ⊂ C be the image of ~L_i under D^T_x . Of course D^T_x ( ~T ) is the union of the images of the L^′_i’s under the action of ρ^T_x (π_1(T )). Now it is easily seen that if x is sufficiently close to x_0, then ρ^T_x (μ) does not fix a point in any of the L^′_i’s. Thus 0 is not contained in any of these triangles, and D^T_x ( ~T ) ⊂ C^∗ by ρ^T_x (π_1(T ))-invariance of C^∗ . Therefore x induces on T a (C^∗ , C^∗ )-structure. Now C^∗ acts on itself by isometries, so compactness of T implies completeness of this structure, in the sense of Definition 1.1.2. This gives in turn a complete (C^∗ , C^∗ )-structure on ~T , and shows that D^T_x : ~T → C^∗ is a universal covering. Let now C be identified with the group of translations of C . Since exp : C → C^∗ is a Riemannian universal covering, the developing map D^T_x : ~T → C^∗ lifts to a map ~D^T_x : ~T → C which is a developing map for a complete (C , C )-structure on T .

Regard C as the boundary of the upper half-space model C × (0, ∞) of H^3 . Let D_x : ~N → C × (0, ∞) be the developing map for the structure M(x) that maps ~L_i

2.5 Dehn filling equations 59

L^′_i

L̂_i C_ϵ ℓ

τ^′_i

Figure 2.6: The tetrahedron Δ^′_i ⊂ H^3 and the triangles L^′_i, L̂_i and τ^′_i .

onto a horizontal triangle L̂_i directly above L^′_i. Let ρ_x : π_1(N) → Isom^+(H^3 ) be the holonomy determined by D_x. For any γ ∈ Isom^+(C^∗ ) ⊂ Aff^+(C ) we denote by j(γ) ∈ Isom^+(H^3 ) the unique isometry whose trace at the infinity coincide with γ, and by i_∗ : π_1(T ) → π_1(N) the map induced by the inclusion. Of course we have ρ_x ∘ i_∗(γ) = j ∘ ρ^T_x (γ) for all γ ∈ π_1(T ).

Let Δ_i be the tetrahedron in T containing L_i and ~Δ_i the lift of Δ_i in ~N containing ~L_i. If Δ^′_i = D_x( ~Δ_i), then Δ^′_i is partially truncated tetrahedron with an ideal vertex at ∞ whose projection from ∞ to C × {0} ⊂ ∂H^3 coincides with L^′_i. Let ℓ be the geodesic with endpoints 0 and ∞ and for any ϵ > 0 let C_ϵ be the ϵ-neighbourhood of ℓ in H^3 . If ϵ is sufficiently small, then the triangle L̂_i is outside of C_ϵ for all i = 1, . . . , s. Then Δ^′_i intersects ∂C_ϵ in a triangle τ^′_i directly above Δ^′_i (see Fig. 2.6). Let τ_i be the triangle in Δ_i corresponding to τ^′_i . Since τ^′_i is above Δ^′_i for all i = 1, . . . , s, the triangles τ_1, . . . , τ_s meet only along their boundaries in M. Furthermore, since ρ_x ∘ i_∗(π_1(T )) = j ∘ ρ^T_x (π_1(T )) leaves ∂C_ϵ invariant, the triangles τ_1, . . . , τ_s fit together giving a triangulation of a torus S in M. This torus bounds

60 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

an end of the form S × [0, ∞) ∼= T × [0, ∞) in N. We set E = S × [0, ∞). It is now easily seen that M(x) induces on E a Dehn filling type singularity. □ The very same proof of Proposition 1.3.8 gives the following:

Lemma 2.5.2. Let Y^′_j = u^{−1}_j (0) ⊂ Ω(T ) be the set of structures which induce a complete metric on E_j and set Y_j = Ω(T ) \ Y^′_j . Then the limit lim Y_j ∋x→x_0 v_j(x) u_j(x) exists and has positive imaginary part.

For x ∈ V we now set (p_j (x), q_j (x)) ∈ R^2 ∪ {∞} = S^2 to be the unique point in S^2 = R^2 ∪ {∞} with

(p_j (x), q_j (x)) = ∞ if u_j (x) = v_j (x) = 0, p_j(x)u_j (x) + q_j (x)v_j (x) = 2πi otherwise.

We also set

d = (d_1, . . . , d_k) : V → k∏ i=1 S^2, d_j (x) = (p_j(x), q_j (x)) ∈ S^2.

An easy application of Corollary 2.4.3 and Lemma 2.5.2 gives the following:

Proposition 2.5.3. The map d defines a diffeomorphism between a neighbourhood of x_0 in V and a neighbourhood of (∞, . . . , ∞) in S^2 × · · · × S^2.

We have thus given a proof of Thurston’s hyperbolic Dehn filling Theorem for 3-manifold with geodesic boundary, at least in the case that the manifold we start with admits a geometric decomposition into partially truncated tetrahedra:

Corollary 2.5.4. For each i = 1, . . . , k there exists a finite set S_j of slopes on T_j with the following property: if s_j /∈ S_j for i = 1, . . . , k, then the filled manifold N(s_1, . . . , s_k) admits a complete finite-volume hyperbolic structure.

Complex length of the added geodesics Let M be any (H^3 , Isom^+(H^3 ))- structure on N and take a closed curve ℓ ⊂ N which is a geodesic with respect to M. Then a well-defined complex length C L^M (ℓ) ∈ C /2πiZ exists which depends on M and ℓ and is described as follows. Choose an orientation on ℓ, take a lift ~ℓ of ℓ in ~N and let D_M : ~N → C × (0, ∞) ∼= H^3 be a developing map for M mapping the oriented geodesic ~ℓ onto the oriented geodesic with endpoints 0 and ∞. Let now γ ∈ π_1(N) ∼= Aut( ~N) be the element corresponding to the oriented curve ℓ which leaves ~ℓ invariant. If H_M : π_1(N) → Isom^+(C × (0, ∞)) is the holonomy representation associated to D_M , the isometry H_M (γ) obviously leaves the geodesic D_M (~ℓ) invariant. Thus a complex number a exists such that H_M (γ)(z, t) = (a · z, |a| · t), (z, t) ∈ C × (0, ∞).

2.6 The Kojima decomposition 61

We set C L^M (ℓ) = ln a ∈ C /2πiZ. It is easily seen that this is a good definition, i.e. that a only depends on the unoriented curve ℓ and the fixed hyperbolic structure M. Moreover, the usual length of ℓ as a regular curve in M is equal to ℜ(C L^M (ℓ)). The complex length of a geodesic in M can also be related to the character of (a lift of) the holonomy representation by the equality

trace H_M (γ) = ±2 cosh C L^M (ℓ/2).

Let now x be a point in V , suppose (p_j(x), q_j (x)) is a pair of coprime integers, and let N̂ be the manifold obtained by Dehn filling N along the slope p_j (x)μ_j + q_j(x)λ_j contained in T_j . By Proposition 2.5.1 the metric completion of the structure induced by M(x) on E_j is obtained by adding to N a geodesic ℓ_j. This completion defines a non-singular hyperbolic structure on N̂, which will be denote by M̂(x). We also set C L^x (ℓ_j ) := C L^{M̂ (x)}(ℓ_j ). The following proposition is proved in [NZ85].

Proposition 2.5.5. Choose integers r_j (x), s_j (x) with p_j (x)s_j(x)−q_j (x)r_j (x) = −1. Then we have C L^x (ℓ_j ) = r_j (x)u_j (x) + s_j(x)v_j (x).

Proof: Let γ_j ∈ π_1(N̂) be an element representing the geodesic ℓ_j endowed with an arbitrary orientation. Our hypothesis ensures that (p_j(x)μ_j + q_j(x)λ_j , r_j (x)μ_j + s_j(x)λ_j ) is a negatively oriented basis for H_1(T_j ; Z) ∼= π_1(T_j ). This implies that if r_j (x)μ_j + s_j(x)λ_j ∈ π_1(T_j ) projects onto γ_j ∈ π_1(N̂), then p_j (x)μ_j + q_j(x)λ_j defines the positive orientation of small loops around ℓ_j. Put a_j (x) = exp(u_j (x)), b_j (x) = exp(v_j (x)). Then the isometry H_{M̂(x)}(γ_j ) = H_{M(x)}(r_j (x)μ_j + s_j (x)λ_j ) is given by: (z, t) → (a_j (x)^{rj (x)} · b_j (x)^{sj (x)} · z, |a_j (x)^{rj (x)} · b_j(x)^{sj (x)}| · t), whence

C L^x (ℓ_j ) = ln(a_j (x)^{rj (x)} · b_j (x)^{sj (x)}) = r_j (x)u_j (x) + s_j(x)v_j (x). □ 2.6 The Kojima decomposition

In this section we describe Kojima’s canonical decomposition of a complete finitevolume hyperbolic 3-manifold with non-empty geodesic boundary. We restrict to the case of compact boundary and omit all proofs addressing the reader to [Koj90, Koj92].

Projective model and truncated polyhedra Let π : M^{3+1} \ {0} → P(M^{3+1} ) be the canonical projection. We set Π^3 = {x ∈ M^{3+1} : x_0 = 1} and note that Π^3 can be viewed as a subset of P(M^{3+1} ) via π. Moreover Π^3 is isometric to Euclidean 3-space E^3 , and π restricts to a bijection between H^3_− and the unit ball of Π^3. Giving this ball the metric that turns π into an isometry with H^3_{hyp}, we get the projective

62 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

model H^3_{proj} of hyperbolic space. This model is particularly suitable for describing partially truncated tetrahedra, as we will now show.

Take in Π^3 a tetrahedron Δ with distinct vertices outside H^3_{proj} or on its boundary, and call ultra-ideal the vertices not lying on ∂H^3_{proj} (those on ∂H^3_{proj} are called ideal as usual). Suppose also that the interior of every edge of Δ intersects H^3_{proj}. Each ultra-ideal vertex v of Δ determines a hyperbolic plane H_v in H^3_{proj} obtained as the intersection of H^3_{proj} with the Lorentzian orthogonal to v. Let us now define Δ^∗ as the intersection of Δ with H^3_{proj} truncated by the planes H_v (see Fig. 2.3 above). It is easy to see that Δ^∗ is a geometric realization of the partially truncated tetrahedron Δ in which the ideal vertices are those on ∂H^3_{proj}. This implies in particular that our notation Δ^∗ is consistent.

Before proceeding it is worth noting that the hyperbolic plane H_v described above can also be constructed by elementary Euclidean geometry on Π^3. Namely, if we take the cone in Π^3 ∼= E^3 with vertex v and tangent to ∂H^3_{proj} ∼= S^2, then H_v is the Euclidean disc bounded by the circle where the cone intersects ∂H^3_{proj}.

The above definition of Δ^∗ of course makes sense also for convex polyhedra Δ more complicated than tetrahedra, provided Δ only has ideal and ultra-ideal vertices, and the interior of every edge of Δ intersects H^3_{proj}. Partially truncated polyhedra of this sort are the blocks of the Kojima decomposition described in the rest of this section.

Convex hull of lifted boundary components Let N be a complete finitevolume hyperbolic manifold with non-empty compact geodesic boundary. Identifying the universal covering of the double DN of N with H^3 , we can realize the universal covering of N itself as a closed convex region ~N of H^3 bounded by a locally finite countable family S of pairwise disjoint planes. The group of deck transformations of the covering ~N → N, denoted henceforth by Γ, is the stabilizer of ~N in the group of deck transformations of H^3 → DN. In the rest of the section we will always use the H^3_{proj} model of H^3 .

Noting that ~N lies on a definite side of each plane S ∈ S, we consider now the vector of H^3_+ dual to the half-plane that contains ~N and is bounded by S. We denote by B the family of all these duals, and we define C ⊂ M^{3+1} as the closure of Conv(B), where Conv(X) denotes from now on the convex hull of a set X ⊂ M^{3+1} . Kojima has shown that B is a discrete subset of M^{3+1} , that 0 /∈ C and that π(C) ⊃ H^3_{proj}. In particular C has non-empty interior, and it is Γ-invariant by construction. The idea is now to construct a Γ-equivariant tessellation of ~N that projects to a decomposition of N by intersecting ~N with the projections to H^3_{proj} of the 3-faces of ∂C. However, it turns out that not all the faces should be projected, and that some faces have non-trivial stabilizer in Γ, so they must be subdivided. To explain the matter in detail we begin with the following:

Definition 2.6.1. Let X be a subset of M^{3+1} such that 0 /∈ X. A point x ∈ X is called almost-visible with respect to X if the segment [0, x] meets X in x only. The point is called visible if it is almost-visible and π(x) ∈ H^3_{proj}.

Of course only the faces of ∂C containing visible points should contribute to

2.6 The Kojima decomposition 63

the tessellation of ~N. These faces are also called visible. It turns out that there are two quite different sorts of visible faces, called respectively elliptic and parabolic depending on whether the restriction of ⟨ · , · ⟩ to the hyperplane on which the face lies is positive-definite or positive-semi-definite.

Cut locus and elliptic faces The first type of visible faces of ∂C correspond to the vertices of the cut-locus of ~N relative to ∂ ~N, which we now define for an arbitrary manifold M.

Definition 2.6.2. Let M be hyperbolic with non-empty geodesic boundary. We define the cut-locus Cut(M, ∂M) of M relative to ∂M as the set of points of M that admit at least two different shortest paths to ∂M. A point is called a vertex of the cut-locus if it admits four different shortest paths to ∂M whose initial tangent vectors span the tangent space to M at the point as an affine space.

Proposition 2.6.3. Cut(N, ∂N) has finitely many vertices. A point of ~N is a vertex of Cut( ~N, ∂ ~N ) if and only it projects in N to a vertex of Cut(N, ∂N).

For every vertex v of Cut( ~N , ∂ ~N) we define now B(v) ⊂ B as the set of dual vectors to the hyperplanes in S having shortest distance from v. Since in H^3 there is a unique shortest path joining a given point to a given plane, each B(v) contains at least four vectors. The next result describes the visible elliptic faces of ∂C.

Proposition 2.6.4. For every vertex v of Cut( ~N, ∂ ~N ) there exists a unique elliptic hyperplane E(v) ⊂ M^{3+1} such that E(v) ∩ B = B(v). Moreover E(v) is a support hyperplane for C, and:

1. The points in E(v) ∩ C are almost-visible with respect to C;

2. E(v) ∩ C is a 3-dimensional compact polyhedron whose set of vertices is B(v);

3. The stabilizer of E(v) ∩ C in Γ is trivial.

Parabolic faces and subdivision Besides those corresponding to vertices of the cut-locus, ∂C has visible faces coming from toric cusps of N. Let us denote by ~N_∞ ⊂ ∂H 3_{proj} the set of points at infinity of ~N. A point q ∈ ~N_∞ is said to generate a toric cusp if it is fixed under a Z ⊕ Z subgroup Γ_q of parabolic elements of Γ, i.e. if there is a horoball centred at q that projects to a toric cusp of N.

For q̃ in L^3_+ and t ∈ R we consider now the affine parabolic hyperplane F (q̃, t) = {v ∈ M^{3+1} : ⟨v, q̃⟩ = −t}. Proposition 2.6.5. Let q ∈ ~N_∞ generate a toric cusp of N, and take q̃ ∈ L^3_+ such that π(q̃) = q. Then there exists a unique t(q̃) ∈ R such that F (q̃, t(q̃)) is a support hyperplane for C. Moreover F (q̃, t(q̃)) depends only on q, not on q̃, and, setting F (q) = F (q̃, t(q̃)), we have that:

1. t(q̃) > 0 and C ⊆ ⋃ t⩾t(q̃) F (q̃, t); 2. The points in F (q) ∩ C are almost-visible with respect to C;

64 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

3. F (q) ∩ B is infinite and F (q) ∩ C is a non-compact 3-dimensional polyhedron whose set of vertices is F (q) ∩ B;

4. The 2-dimensional faces of F (q) ∩ C are compact;

5. The stabilizer in Γ of F (q) ∩ C coincides with the Z ⊕ Z stabilizer Γ_q of q.

Point (5) of this proposition shows that F (q)∩C must be subdivided before projecting to H^3_{proj} and intersecting with ~N. Continuing with the same notation, for every 2- dimensional face W of F (q) ∩ C we define now W^{(q̃)} as the cone based on W with vertex in q̃. Note that W^{(q̃)} depends on q̃, and it meets C in W only. However one easily sees that W^{(q)} = π(W^{(q̃)}) actually does not depend on q̃. Moreover the family of all W^{(q)}’s, as W varies among the 2-faces of F (q)∩C, gives a Γ_q-equivariant tessellation of {q̃} ∪ π(F (q) ∩ C) in which every polyhedron has trivial stabilizer.

Canonical decomposition We begin with the following fact:

Proposition 2.6.6. The faces of C described in Propositions 2.6.4 and 2.6.5 contain all the visible points of C.

In addition to this, one can easily show that if Δ is a visible face of C then the (partial) truncation π(Δ)^∗, defined earlier in this section, of π(Δ) ⊂ Π^3 is obtained by intersection with ~N.

We are now ready to summarize the construction. Let us denote by V the set of vertices of Cut( ~N, ∂ ~N ), and by Q the family of all points of ~N_∞ that generate toric cusps of N. For each q ∈ Q we fix an arbitrary q̃ ∈ L^3_+ such that π(q̃) = q, and we denote by ~Q the family of all such q̃’s. We define K_M ( ~Q) to be the family of all visible elliptic faces E(v) ∩ C and all faces W^{(q̃)} obtained from the visible parabolic faces. Here v varies in V, q̃ varies in ~Q, and W varies in the 2-dimensional faces of F (π(q̃)) ∩ C. We also denote by K_P the family of polyhedra obtained by projecting to Π^3 the elements of K_M ( ~Q), and by K^∗_{~N} the family obtained by intersecting with ~N (or, equivalently, truncating) the elements of K_P. We know that indeed K_P and K^∗_{~N} are independent of ~Q, and we have:

Theorem 2.6.7. K^∗_{~N} is a Γ-equivariant decomposition of ~N into partially truncated polyhedra. Every element of K^∗_{~N} has trivial stabilizer in Γ, so K^∗_{~N} projects to a canonical and finite decomposition K^∗_N of N into partially truncated polyhedra.

Some properties of the canonical decomposition Let us denote by Isom(N) the group of isometries of N, by M(N) the mapping class group of N, i.e. the group of homotopy classes of homeomorphisms of N onto itself, and by Aut(K^∗_N ) the group of combinatorial automorphisms of the canonical decomposition of N. Mostow-Prasad’s rigidity Theorem and naturality of K^∗_N imply the following:

Theorem 2.6.8. We have canonical isomorphisms

M(N) ∼= Isom(N) ∼= Aut(K^∗_N ).

2.7 Recognizing the canonical decomposition 65

Definition 2.6.9. A return path in N is a geodesic segment in N intersecting ∂N at right angles in its endpoints.

Let Λ = {ℓ ∈ R : ℓ is the length of a return path in N}. Since the boundary of N is compact it is easily seen that Λ is discrete. We set ℓ_0 = min Λ. We observe that any compact edge of a decomposition of N into partially truncated polyhedra is a return path.

Proposition 2.6.10. Let l ⊂ N be a return path of minimal length ℓ_0. Then l is an edge of the canonical decomposition K^∗_N .

The following result shows that any compact regular partially truncated tetrahedron which is contained in N and whose internal edges are of minimal length is a piece of the canonical decomposition of N.

Proposition 2.6.11. Let Δ^∗_{ℓ0} be a compact partially truncated tetrahedron such that the length of every internal edge of Δ^∗_{ℓ0} is equal to ℓ_0, and let φ : Δ^∗_{ℓ0} → N be a local isometry which sends the truncation triangles of Δ^∗_{ℓ0} into ∂N. Then φ lifts to an isometry ~φ : Δ^∗_{ℓ0} → ~N whose image is a piece of the tessellation K^∗_{~N} .

We also have the following easy:

Remark 2.6.12. By construction, each polyhedron in K^∗_N has at most one ideal vertex.

2.7 Recognizing the canonical decomposition

The general strategy to decide whether a given decomposition of a hyperbolic N is the canonical one is as in [Wee93], i.e. to lift the decomposition first to H^3_{proj} and then to M^{3+1} , and to make sure that the resulting polyhedra bound a convex set. In the setting of the construction described in the previous section, the lift of a polyhedron to M^{3+1} can be performed directly when N does not have toric cusps, because one only has to select which points of B are the vertices of the lift, and B depends on N only. When there are toric cusps, however, we have an arbitrariness for the lifts of the ideal vertices, corresponding to the arbitrariness of the choice of ~Q. In addition, for some choices of ~Q it can happen that K_M ( ~Q) does not bound a convex set. The case of toric cusps must therefore be discussed with some care.

As in the preceding section, we skip all the proofs here, addressing the reader to [FP04] for more details.

Horospherical cross-sections We first show how to reduce the choice of ~Q to a choice that is more intrinsic, but still arbitrary at this stage.

Definition 2.7.1. A family O of disjoint tori in N that lift to horospheres in ~N and bound disjoint cusps of N will be called a horospherical cross-section of N. Given such an O, we define ~Q(O) as the lift of Q where a point q is lifted to the only q̃ ∈ L^3_+ such that π(q̃) = q and the dual to q̃ projects in N to a component of O. We also define K_M (O) as K_M ( ~Q(O)).

66 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

Remark 2.7.2. The cross-section O is determined by a sufficiently small positive number assigned to each toric cusp, namely the volume of the region between the cross-section at the cusp and infinity. Insisting all volumes to be equal to each other, one may also determine O by a single number. This number is naturally interpreted as the (inverse of the) height at which the cross-section should be taken —the smaller the volume, the higher the cross-section.

Augmented convex hull Before proceeding, we need to define a set of which K_M (O) gives the visible boundary. Namely, we set: C^′(O) = C ∪ ⋃ { Conv ( {q̃} ∪ (F (q) ∩ C) ) : q ∈ Q, q̃ = ~Q(O) ∩ π^{−1}(q) } . (2.11)

The fact that indeed the visible boundary of C^′(O) is K_M (O) easily follows from point (1) of Proposition 2.6.5.

Definition 2.7.3. Let P_1, P_2 be finite 3-dimensional convex polyhedra in M^{3+1} \{0} which project injectively to P(M^{3+1} ). Assume P_1 and P_2 share a 2-face F , and for i = 1, 2 let H_i be the half-hyperplane in M^{3+1} such that H_i ⊃ P_i and ∂H_i ⊃ F . We say P_1 and P_2 form a convex angle at F if the connected component not containing 0 of M^{3+1} \ (H_1 ∪ H_2) is convex. The angle is called strictly convex if it is convex and H_1 ∪ H_2 is not a hyperplane.

Lemma 2.7.4. The following facts are equivalent:

1. C^′(O) ∩ π^{−1}( ~N) is convex;

2. The 3-faces of C^′(O) meeting π^{−1}( ~N) form convex angles with each other.

Definition 2.7.5. We say that a horospherical cross-section O is sufficiently small if the set C^′(O) ∩ π^{−1}( ~N) is convex.

Lemma 2.7.4 easily implies that if O is sufficiently small and O^′ is contained in O, then O^′ is also sufficiently small.

Proposition 2.7.6. There exists a sufficiently small O.

Recognizing the canonical decomposition Assume now that we have some decomposition D^∗ of N into partially truncated polyhedra, and let us ask ourselves whether D^∗ coincides with Kojima’s canonical K^∗_N . We fix as above the universal covering ~N → N with ~N ⊂ H^3_{proj} and a horospherical cross-section O of N. Now we can first lift D^∗ to a decomposition D^∗_{~N} of ~N, then we can consider the associated non-truncated family of polyhedra D_P in Π^3, and finally we can lift D_P to a D_M (O) in M^{3+1} by lifting each ultra-ideal vertex to its representative in B and each ideal vertex q ∈ Q to ~Q(O) ∩ π^{−1}(q).

Proposition 2.7.7. Let D^∗ be a geometric decomposition of a hyperbolic N and let O be a sufficiently small horospherical cross-section for N. Let D_M (O) be the lift of D^∗ to M^{3+1} just described. Then:

2.7 Recognizing the canonical decomposition 67

• D^∗ is the canonical decomposition K^∗_N if and only if the 3-faces of D_M (O) form strictly convex angles with each other;

• D^∗ is a subdivision of the canonical decomposition K^∗_N if and only if the 3-faces of D_M (O) form convex angles with each other.

Proposition 2.7.8. Let D^∗ be a geometric decomposition of a hyperbolic N and let O be a horospherical cross-section for N. Suppose the 3-faces of D_M (O) form strictly convex angles with each other. Then O is sufficiently small and D^∗ is the canonical decomposition K^∗_N .

Propositions 2.7.7 and 2.7.8 show that, to determine whether a geometric decomposition of a hyperbolic manifold is Kojima’s canonical one, we must lift the decomposition to Minkowski 4-space and then check convexity of all the angles at the 2-faces of the lift. We will now provide the explicit formula that allows to check convexity. This formula, already obtained by Ushijima [Ush02] in more implicit terms, extends Weeks’ tilt formula [Wee93, SW95].

Tilts and convexity Let ^Δ be a tetrahedron in M^{3+1} that projects in Π^3 to a tetrahedron Δ with vertices outside H^3_{proj} or on its boundary, and edges meeting ∂H^3_{proj} or tangent to it. Let ^F be a face of ^Δ with image F in Δ. Let H be the unique half-space in H^3_{proj} such that H ⊃ Δ ∩ H^3_{proj} and ∂H ⊃ F ∩ H^3_{proj}. Let m ∈ H^3_+ be the dual to H, and let p ∈ M^{3+1} be the unique vector such that ⟨p, x⟩ = −1 for every x ∈ ^Δ. We define the tilt of ^Δ relative to ^F as the real number ⟨m, p⟩. The next result shows how tilts relate to convexity. For a proof see [Ush02] or [Wee93].

Proposition 2.7.9. Let ^Δ and ^Δ^′ be tetrahedra in M^{3+1} sharing a 2-face ^F . Assume that ^Δ ∪ ^Δ^′ projects injectively to Π^3, and let t and t^′ be the tilts of ^Δ and ^Δ′ relative to ^F . Then the angle formed by ^Δ and ^Δ′ at ^F is convex (respectively, strictly convex) if and only if t + t^′ ⩽ 0 (respectively, t + t^′ < 0).

From moduli to tilts Our task is now to compute the tilts of the lift of a partially truncated tetrahedron from the intrinsic geometry of the tetrahedron itself. Recall that the lift of a non-ideal vertex u is uniquely determined by the requirement that it should belong to H^3_+. However, when u is ideal, to get uniqueness we must choose a horosphere at u and lift u to the dual in L^3_+ to this horosphere. We begin by fixing some notation and recalling how horospheres are encoded [Wee93].

Let Δ be an abstract partially truncated tetrahedron. Fix θ : Δ^{(1)} → [0, π) as in Theorem 2.2.1 and denote by Δ^{θ,∗} the corresponding geometric realization (up to isometry) of Δ^∗ in H^3_{proj}. Let Δ^θ be the associated tetrahedron with ideal and ultra-ideal vertices in Π^3.

Remark 2.7.10. If u is an ideal vertex of Δ^θ, the set of horospheres at u is parameterized by the positive reals, with a horosphere O corresponding to r > 0 if r is the radius of the smallest Euclidean disc on O containing O ∩ Δ^θ.

So we fix a function r : I → (0, ∞), where I is the set of ideal vertices of Δ, and we denote by O^{θ,r} the associated family of horospheres at the ideal vertices of Δ^θ.

68 Geometric triangulations of hyperbolic 3-manifolds with geodesic boundary

Now O^{θ,r} determines a unique lift ^Δ^{θ,r} ⊂ M^{3+1} of Δ^θ, and (Δ^θ, ^Δ^{θ,r}) is well-defined up to isometry of pairs. Denoting by u_1, . . . , u_4 the vertices of Δ and by F_i the face opposite to u_i, we can then define t^{θ,r}_i as the tilt of ^Δ^{θ,r} relative to ^F^{θ,r}_i . The tilt is unchanged under isometry, so t^{θ,r}_i is indeed well-defined.

To compute t^{θ,r}_i explicitly in terms of θ and r we must introduce certain positive real numbers D^{θ,r}_i . To this end, we denote by H^θ_i the plane in H^3_{proj} containing F^{θ,∗}_i . When u_i is non-ideal we denote by T^θ_i the truncation plane for Δ^{θ,∗} corresponding to u_i, and when u_i is ideal we denote by O^{θ,r}_i the horosphere at u_i determined by θ and r. Then we define D^{θ,r}_i as D(H^θ_i , T^θ_i ) or D(H^θ_i , O^{θ,r}_i ) depending on the type of u_i, where D is the function defined as follows:

• If H and T are planes in H^3 and H ∩ T = ∅, we set D(H, T ) = cosh d(H, T ) where d is the usual distance in H^3 ; if H ∩T ≠ ∅ we set D(H, T ) = cos ∠(H, T ) where ∠(H, T ) ∈ (0, π/2] is the angle formed by H and T ;

• If H is a plane in H^3 and O is a horosphere not centred at a point of H, we set D(H, O) = exp ±ℓ, where ℓ is the length of the unique geodesic arc that joins H to O and is orthogonal to both, with negative sign taken when H ∩ O ≠ ∅.

Remark 2.7.11. The choice of ∠(H, T ) in (0, π/2] may look artificial at first sight, and indeed one could extend the definition to half-spaces rather than planes, and choose ∠(H, T ) in (0, π). However it is easy to show that, in our situation, the dihedral angle at H and T that contains Δ^{θ,∗} is always the acute one, so the definition of D would remain the same.

The following result is proved in [Ush02].

Theorem 2.7.12. Let θ and r determine the geometry and a family of horospheres at the ideal vertices of a partially truncated tetrahedron Δ with vertices u_1, . . . , u_4. Let ^Δ^{θ,r} be the tetrahedron in M^{3+1} determined by θ and r. Let t^{θ,r}_i be the tilt of ^Δ^{θ,r} relative to the face opposite to u_i. Set θ_{ij} = θ([u_i, u_j]) and let D^{θ,r}_i be the number just introduced. Then: t^{θ,r}_1 t^{θ,r}_2 t^{θ,r}_3 t^{θ,r}_4 = 1 − cos θ_{34} − cos θ_{24} − cos θ_{23} − cos θ_{34} 1 − cos θ_{14} − cos θ_{13} − cos θ_{24} − cos θ_{14} 1 − cos θ_{12} − cos θ_{23} − cos θ_{13} − cos θ_{12} 1

1/D^{θ,r}_1 1/D^{θ,r}_2 1/D^{θ,r}_3 1/D^{θ,r}_4 .

To make the calculation of tilts explicit, we are left to compute the D^{θ,r}_i ’s. For ideal u_i we denote r(u_i) by r_i, and we have:

Proposition 2.7.13. If u_1 is ideal then:

D^{θ,r}_1 = 1 2r_1 · sin θ_{12} cos θ_{34} + sin θ_{13} cos θ_{24} + sin θ_{14} cos θ_{23} sin θ_{12} sin θ_{13} sin θ_{14} .

2.7 Recognizing the canonical decomposition 69

For non-ideal u_i we denote D^{θ,r}_i by D^θ_i , because it is independent of r. To compute it we need to introduce the following constant g^θ > 0:

g^θ = −1 + ∑ { cos^2 θ(e) : e ∈ Δ^{(1)} } + 2 ∑ { cos θ(e^′) cos θ(e^{′′}) cos θ(e^{′′′}) : v ∈ Δ^{(0)}, v = e^′ ∩ e^{′′} ∩ e^{′′′} } + 2 ∑ {^∏_{{cos θ(e): e∈Δ}(1)_} cos θ(e^′)cosθ(e^{′′}) : {e ′, e^{′′}} ⊂ Δ^{(1)}, e^′ ∩ e^{′′} = ∅ } − ∑ { cos^2 θ(e^′) cos^2 θ(e^{′′}) : {e^′, e^{′′}} ⊂ Δ^{(1)}, e^′ ∩ e^{′′} = ∅ } . (2.12) Of course g^θ is well-defined. Moreover:

Proposition 2.7.14. If u_i is non-ideal and d^θ is as in formula (2.3) of Section 2.2 then D^θ_i = √ g^θ/d^θ(u_i).

Chapter 3

Similar fillings and isolation of cusps

This chapter is devoted to the description of certain classes M_{g,k} of hyperbolic 3- manifolds with geodesic boundary. Such classes were first introduced in [FMP03b], where they were studied in detail both from the topological and from the geometric point of view. In particular, using the technology of spines [Mat03] and results from [Gor99] we completely described in [FMP03b] the non-hyperbolic Dehn fillings of each M in M_{g,k}: namely, we showed that on any cusp of any hyperbolic manifold obtained by partially filling M, there are precisely 3 boundary-reducing fillings, 3 annular fillings and no toroidal fillings, thus answering a question posed by Wu in [Wu98].

After recalling some results proved in [FMP03b], we concentrate here on small deformations of the complete hyperbolic structure defined on each manifold in M_{g,k}. This approach will allow us to study some interesting geometric properties of hyperbolic manifolds obtained by filling elements in M_{g,k} along “sufficiently complicated” curves. Namely, we will prove that several elements in M_{g,k} admit different hyperbolic Dehn fillings sharing the same volume, homology, cusp volume, cusp shape, Heegaard genus, complex length of the shortest geodesic, length of the shortest return path, and Turaev-Viro invariants. Manifolds which share all these invariants are called geometrically similar, and were first studied in [HMW92], where it was shown that the Whitehead link complement admits an infinite sequence of pairs of non-homeomorphic geometrically similar Dehn fillings (the definition of geometric similarity introduced in [HMW92] is actually a bit different from ours, and regards cusped manifolds without geodesic boundary). The elements of any pair of geometrically similar manifolds described in [HMW92] are both obtained by filling one cusp of the Whitehead link complement, and they are commensurable to each other. We show here that if M ∈ M_{g,k} is generic, i.e. if it does not admit too many isometries, then for any h ⩽ k we can construct different geometrically similar manifolds by filling M along slopes on any chosen set of h cusps of M. Moreover, the manifolds thus obtained are typically non-commensurable to each other (however, examples are also provided of non-homeomorphic geometrically similar commensurable Dehn fillings of the same element of M_{g,k}).

72 Similar fillings and isolation of cusps

Neumann and Reid introduced in [NR93] the notion of geometric isolation for cusps in a hyperbolic manifold: roughly speaking, if N is a complete finite-volume hyperbolic manifold with (possibly empty) geodesic boundary and cusps C_1, . . . , C_h, C_{h+1}, . . . , C_k, then C_1, . . . , C_h are geometrically isolated from C_{h+1}, . . . , C_k if any small deformation of the hyperbolic structure on N induced by Dehn filling C_{h+1}, . . . , C_k while keeping C_1, . . . , C_h complete does not affect the Euclidean structure at C_1, . . . , C_h. Calegary described in [Cal01] several different ways of constructing manifolds with isolated cusps, also providing explanations for all the previously known examples of isolation phenomena. We show here that the cusps of any manifold M ∈ M_{g,k} are geometrically isolated from each other. Apparently, isolation of cusps in our examples arises for different reasons from those described in [Cal01].

In Section 3.5 we describe how the metric on the geodesic boundary of an element M ∈ M_{g,k} is affected by Dehn filling along sufficiently complicated slopes on the boundary tori of M. Examples of isolation of the geodesic boundary from the cusps in hyperbolic 3-manifolds were first provided in [NR93, Fuj93]. On the other hand, non-isolation phenomena were described in [Fuj92, FK97]. We show here that any element in M_{g,k} admits an infinite family of hyperbolic Dehn fillings inducing nontrivial deformations of the hyperbolic structure on the geodesic boundary.

3.1 Definition of M_{g,k}, triangulations and hyperbolicity

Let Σ_g be the closed orientable surface of genus g. The following result [FMP03b] motivates our definition of M_{g,k}.

Proposition 3.1.1. An ideal triangulation of a manifold whose boundary is the union of Σ_g and k tori contains at least g + k tetrahedra.

We then define M_{g,k} for all g ⩾ 2, k ⩾ 0 as follows: M_{g,k} = { compact orientable manifolds M having an ideal triangulation

with g + k tetrahedra, and ∂M = Σ_g ⊔ ( k ⊔_{i=1} T_i ) with T_i ∼= Σ_1 } . The sets M_g = M_{g,0} were studied in [FMP03a].

Let N be a compact manifold with boundary. When this does not create ambiguities, in what follows we will denote by N also the (possibly non-compact) manifold obtained by removing the boundary tori from the original N. Thus the natural compactification of a hyperbolic manifold will be usually denoted by the same symbol as the manifold itself.

Growth of M_{g,k} The following result [FMP03b] shows that the cardinality of M_{g,k} grows very fast as g goes to infinity. We say that a numerical sequence ( a_n )_∞ n=1 has growth type n^n if there exist constants C > c > 0 such that n^{c·n} < a_n < n^{C·n} for n ≫ 0.

Theorem 3.1.2. M_{g,k} ≠ ∅ if and only if either g > k or g = k is even. Moreover, for any fixed k the sequence ( #M_{g,k} )_∞ g=2 has growth type g^g.

3.1 Definition of M_{g,k}, triangulations and hyperbolicity 73

For any compact 3-manifold M, an N-valued invariant c(M) was defined by Matveev in [Mat90] and called the complexity of M. Matveev also proved that, when M is hyperbolic, c(M) equals the minimal number of tetrahedra in an ideal triangulation of M. Theorem 3.1.2 and an easy upper bound also established in [FMP03b] readily imply the following:

Corollary 3.1.3. The number of hyperbolic 3-manifolds of complexity c has growth type c^c.

Triangulations In order to construct a hyperbolic structure on a manifold M ∈ M_{g,k}, we choose a suitable triangulation of M and we solve the corresponding hyperbolicity equations. The following result is proved in [FMP03b] and implies Proposition 3.1.1. We recall that the valence of an edge in a triangulation is the number of tetrahedra incident to it (with multiplicity).

Proposition 3.1.4. Let M be connected with ∂M = Σ_g ⊔ ( k ⊔_{i=1} T_i ) and suppose that T is an ideal triangulation of M with g + k tetrahedra. Then the following holds: • g ⩾ k; • For any i = 1, . . . , k there are exactly two tetrahedra of T with 3 vertices on Σ_g and one on T_i; the remaining g − k tetrahedra have all 4 vertices on Σ_g;

• T has k + 1 edges e_0, . . . , e_k such that e_0 has both its endpoints on Σ_g and valence 6g, while e_i connects Σ_g to T_i and has valence 6 for any i = 1, . . . , k.

Geometric tetrahedra Let now M be a manifold in M_{g,k}, and let T be a triangulation of M with g + k tetrahedra. We try to give M a hyperbolic structure with geodesic boundary by solving the hyperbolicity equations described in Chapter 2. More precisely, we know from Proposition 3.1.4 that T consists of 2k tetrahedra with one vertex on the boundary tori and g − k tetrahedra with all the vertices on Σ_g. If we suppose M to be hyperbolic and T to be geometric, than the edges of the tetrahedra with all the vertices on Σ_g should have all the same length. This would force the compact tetrahedra in T to be regular and isometric to each other. Moreover, all the finite edges of the tetrahedra with one vertex on the boundary tori should also have the same length, and this seems to suggest that the non-compact tetrahedra of T should be as symmetric as possible. These remarks are very helpful in order to guess the desired solutions of hyperbolicity equations.

Let us now fix some notation we will use extensively later on. Let T_1, . . . , T_k be the boundary tori of M. We denote by Δ_{2i−1}, Δ_{2i} the tetrahedra of T incident to T_i and by F^1_{2i−1}, F^2_{2i−1}, F^3_{2i−1}, F^1_{2i}, F^2_{2i}, F^3_{2i} the exceptional hexagons of Δ_{2i−1}, Δ_{2i}, in such a way that F^j_{2i−1} is glued to F^j_{2i} for j = 1, 2, 3. For l = 1, . . . , 2k we also suppose that F^1_l , F^2_l , F^3_l are positively arranged around the ideal vertex of Δ_l, and we call e^j_l the only internal finite edge of F^j_l , and f^j_l the edge of Δ_l opposite to e^j_l . We now consider a geometric realization θ of the tetrahedra of T such that compact tetrahedra are regular and isometric to each other, and for l = 1, . . . , 2k, j = 1, 2, 3

74 Similar fillings and isolation of cusps

e^2_l f^1_l

α^3_l α^1_l γ^2_l γ^3_l

e^3_l e^1_l f^2_l f^3_l γ^1_l

α^2_l

Figure 3.1: Dihedral angles along the edges of a non-compact tetrahedron of T .

we set α^j_l = θ(e^j_l ), and γ^j_l = θ(f^j_l ) (see Fig. 3.1). We finally set β to be the dihedral angle along the edges of the g − k compact tetrahedra of T .

We now refer to Theorem 2.2.12 and discuss hyperbolicity equations. Since γ^1_l + γ^2_l + γ^3_l = π for l = 1, . . . , 2k, the total angle along any half-infinite edge of T is automatically forced to be equal to 2π, so conditions (1) actually translate into the following equation only: 6 · (g − k) · β + 2k∑ l=1 (α^1_l + α^2_l + α^3_l ) = 2π. (3.1)

It is easily seen that conditions (2) of Theorem 2.2.12 are satisfied if and only if all the compact lateral hexagons of the tetrahedra in T are regular and isometric to each other, or equivalently if and only if the lengths of all the boundary edges on the compact lateral hexagons are equal to each other. Using equation (2.1) this condition translates into the following set of equations:

cos α^j_l · cos α^{j+1}_l + cos α^{j+2}_l sin α^j_l · sin α^{j+1}_l = cos^2 β + cos β sin^2 β , l = 1, . . . , 2k, j = 1, 2, 3. (3.2) (Actually, if g = k then there are no compact tetrahedra, so β is not even defined, and equations (3.2) take the form (cos α^j_l · cos α^{j+1}_l + cos α^{j+2}_l )/(sin α^j_l · sin α^{j+1}_l ) = (cos α^{j′}_{l′} · cos α^{j′+1}_{l′} + cos α^{j′+2}_{l′} )/(sin α^{j′}_{l′} · sin α^{j′+1}_{l′} ), l, l^′ ∈ {1, . . . , 2k}, j, j^′ ∈ {1, 2, 3}). Finally, Proposition 2.2.10 and Remark 2.2.4 imply that, under the assumption that equations (3.2) are in force, conditions (3) of Theorem 2.2.12 are equivalent to the following set of equations:

sin α^1_{2i} sin α^1_{2i−1} sin γ^1_{2i} sin γ^1_{2i−1} = sin α^2_i sin α^2_{i−1} sin γ^2_i sin γ^2_{i−1} = sin α^3_{2i} sin α^3_{2i−1} sin γ^3_{2i} sin γ^3_{2i−1}, i = 1, . . . , k.

(3.3)

Consistency Due to the symmetries of the the equations obtained, it seems quite reasonable to look for symmetric solutions. Let us fix constants α, β ∈ (0, π/3) and set β = β, α^j_l = α, γ^j_l = π/3, l = 1, . . . , 2k, j = 1, 2, 3. (3.4)

3.2 Further topological properties 75

Suppose first that 1 ⩽ k ⩽ g − 1. In this case the length conditions (3.2) translate into the equation f(α, β) = 0, where f(α, β) = cos^2 α + 1/2 sin^2 α − cos^2 β + cos β sin^2 β . The total dihedral angle condition (3.1) gives the equation 6k · α + 6(g − k) · β = 2π. Now let β(α) =^{π−3k·α}_{3(g−k)} be the solution of this equation. Setting ϕ(α) = f(α, β(α)) we easily get that lim_{α→0} ϕ(α) = +∞, lim_{α→π/3k} ϕ(α) = −∞. Moreover, ϕ is

strictly monotonic on (0, π/3k) so equations (3.1) and (3.2) have a unique solution (α_{g,k}, β_{g,k}) in (0, π/3) × (0, π/3). Since under our assumption (3.4) equations (3.3) are trivially satisfied, we have found a solution of the whole set of consistency equations, which determines a hyperbolic structure with geodesic boundary on M.

When k = 0 or k = g the situation is even simpler, and the scheme just described easily extends. More precisely, when k = 0 only compact geometric polyhedra arise, so the shape of the tetrahedra of T is parameterized by β and the hyperbolicity condition is verified for β_{g,0} = π/3g. On the other hand, when k = g every tetrahedron of T has a vertex on a boundary torus, so the geometric realizations of T satisfying the assumption (3.4) are parameterized by α and the hyperbolicity condition gives α_{g,g} = π/3g. Completeness To check completeness of the hyperbolic structure just described we have to determine the similarity structure it induces on the boundary tori. By construction, each torus in ∂M is tiled by two equilateral Euclidean triangles. This shows that the structures on the boundary tori are indeed Euclidean, so the hyperbolic structure constructed in the previous paragraph is complete, and corresponds by Mostow-Prasad’s rigidity Theorem to the unique complete finite-volume hyperbolic structure with geodesic boundary on the topological manifold M with the boundary tori removed. Of course the volume of M is the sum of volumes of the geometric realizations of the tetrahedra in T , so it depends on g and k only. We have eventually proved the following:

Theorem 3.1.5. Let M ∈ M_{g,k}. Then M is hyperbolic, and its volume depends only on g and k.

Remark 3.1.6. It follows from [Miy94] that M_{g,0} is precisely the set of hyperbolic 3-manifolds having minimal volume among those with boundary equal to Σ_g (see [FMP03a]). So M_{g,k} is a natural candidate for the set of minimal-volume hyperbolic manifolds with boundary given by Σ_g ⊔ ( ⊔^k_{i=1}T_i ) . 3.2 Further topological properties

In this section we briefly describe some topological properties of the manifolds in M_{g,k}. All the results listed here are taken from [FMP03b].

76 Similar fillings and isolation of cusps

We first recall that a surface in a compact 3-manifold M is essential if it is properly embedded, connected, and either a reducing sphere, or a boundary-reducing disc, or an incompressible and ∂-incompressible surface not parallel to the boundary.

If M is a compact 3-manifold with ∂M = ∂_0M ⊔ ∂_1M, one can define the Heegaard genus of (M, ∂_0M, ∂_1M) as the minimal genus of a surface that splits M as C_0 ⊔ C_1, where C_i is obtained by attaching 1-handles on one side of a collar of ∂_iM. For any compact 3-manifold M and integer r ⩾ 2, after fixing in C a primitive 2r-th root of unity, a real-valued invariant TV_r(M) for compact 3-manifolds with boundary was defined by Turaev and Viro in [TV92].

The following theorem is taken from [FMP03b]. A sketch of the proof will be given in the following paragraphs.

Theorem 3.2.1. Let M ∈ M_{g,k} with ∂M = Σ_g ⊔ ( k ⊔_{i=1} T_i ) . Then the following holds:

1. M has a unique triangulation with g + k tetrahedra, which gives the canonical Kojima decomposition of M;

2. Every essential surface in M has non-empty boundary which intersects Σ_g;

3. M has complexity g + k;

4. The Heegaard genus of ( M, Σ_g,^k⊔_{i=1} T_i ) is g + 1;

5. H_1(M; Z) = Z^{g+k};

6. The Turaev-Viro invariant TV_r(M) depends only on r, g and k.

Canonical decomposition We now establish Theorem 3.2.1-(1). Let M ∈ M_{g,k}, let T be a geometric triangulation of M by g + k partially truncated tetrahedra as described above and let O be a fixed neighbourhood of the cusps of M. It was shown in Remark 2.7.10 that O determines a real number r(v) > 0 for any ideal vertex v of any tetrahedron Δ in T . This number r(v) represents the “height” of the trace of ∂O near v in Δ (except that r(v) ≪ 1 means that ∂O is “very” high).

Looking at the geometry of the gluings between the tetrahedra in T , one can easily see that r(v) has one and the same value r(O) whenever v is an ideal vertex of some tetrahedron in T . Using the formulae given in Section 2.7 we can now easily compute the tilts of the geometric blocks of T .

• Let v_0 be the ideal vertex of some Δ in T and let r = r(O) = r(v_0) be the parameter associated to the intersection of Δ with O. If F_0 is the face of Δ opposite to v_0 and F_1 is any other face of Δ, then

t(Δ, F_0) = r/(2 cos α_{g,k}) − √ 4 cos^2 α_{g,k} − 1,

t(Δ, F_1) = −r/2;

3.2 Further topological properties 77

• If Δ is any compact regular tetrahedron of T and F is any face of Δ, then

t(Δ, F ) = − (3 cos β^{g,k} − 1)(2 cos β^{g,k} − 1) cos β_{g,k} + 1 .

If r is small enough, we then get t(Δ_1, F_1) + t(Δ_2, F_2) < 0 for any pair (F_1, F_2) of matching faces of T , and Proposition 2.7.8 implies that T is the Kojima canonical decomposition of M. Therefore there is only one triangulation of M with g + k tetrahedra. We have proved Theorem 3.2.1-(1).

Normal surfaces Theorem 3.2.1-(2) can be proved using Haken’s theory of normal surfaces [Mat90]. Since this technique is not used elsewhere in this thesis, we do not reproduce the strategy of the proof here, addressing the reader to [FMP03b].

Matveev complexity Theorem 3.2.1-(3), which states that c(M) = g + k for M ∈ M_{g,k}, is an easy consequence of Proposition 3.1.1 together with the fact [Mat90] that, because of hyperbolicity, c(M) equals the minimal number of tetrahedra in an ideal triangulation of M.

Heegaard genus We need now to fix some notation which will be used extensively later on. For g ⩾ 2 we denote by H_g the handlebody of genus g and for 0 ⩽ k ⩽ g we introduce another manifold H_{g,k}. We do this noting that H_g can be viewed as the ∂-connected sum of g solid tori, and defining H_{g,k} to be H_g minus open tubes around the cores of k of these solid tori. So H_{g,k} is obtained from H_g by drilling out k tunnels along k different 1-handles. Of course H_{g,k} is well-defined and H_{g,0} = H_g. Moreover, H_{g,k} is not hyperbolic because it is ∂-reducible.

The genus of ( M, Σ_g,^k⊔_{i=1} T_i ) is of course at least g, and it is actually at most g + 1 because, if e is the only edge of the minimal triangulation of M having both ends in Σ_g, the boundary of a regular neighborhood of Σ_g ∪ e is easily seen to be a Heegaard surface. The next result [FMP03b], together with the fact that H_{g,k} is not hyperbolic, shows that the genus is indeed g + 1.

Lemma 3.2.2. If M is compact with ∂M = Σ_g ⊔ (^k⊔_{i=1} T_i) and ( M, Σ_g,^k⊔_{i=1} T_i ) has genus g then M = H_{g,k}.

Turaev-Viro invariants As pointed out in [MN94], Turaev-Viro invariants depend only on incidence numbers between edges and tetrahedra in a triangulation. In our context, let us consider the minimal triangulation T of some M in M_{g,k}. If we assign the colour 0 to the edge having both endpoints in Σ_g, and colours {1, . . . , k} to the other edges, then the 6 edges of each of the g +k tetrahedra in T are coloured. It is clear that this set of g + k coloured tetrahedra is the same for each M ∈ M_{g,k}. This implies that all such M’s have the same Turaev-Viro invariants.

78 Similar fillings and isolation of cusps

Figure 3.2: From an ideal triangulation to a special spine.

Spines and homology We prove here Theorem 3.2.1-(5). To do this, we switch from the viewpoint of ideal triangulations to the dual viewpoint of special spines, suggested in Fig. 3.2. Recall that a spine of a manifold is a subpolyhedron onto which the manifold collapses. A polyhedron is special if it is locally homeomorphic to that of Fig. 3.2-right and its natural stratification consists of 0-, 1-, and 2-cells.

Let us then fix M ∈ M_{g,k} and the spine P dual to the triangulation of M with g + k tetrahedra. Note that P has a cellularization into vertices, edges, and faces corresponding to tetrahedra, faces, and edges of the triangulation. We denote in particular by S(P ) the 1-skeleton of P (a 4-valent graph). By Proposition 3.1.4 the spine P contains k (open) hexagonal faces E_1, . . . , E_k and one big face G with 6g vertices (with multiplicity). For i = 1, . . . , k the closure E_i of E_i is a torus which bounds a collar of the i-th toric component T_i of ∂M, and the rest of P lies outside this collar.

Suppose k > 0. Since M collapses onto P , we have H_1(M; Z) ∼= H_1(P ; Z), and we can use cellular homology to compute H_1(P ; Z). Since E_i intersects S(P ) in a θ-shaped graph, there is a maximal tree Y in the 4-valent graph S(P ) intersecting each E_i in an edge. Then S(P ) \ Y consists of g + k + 1 edges e_1, . . . , e_{g+k+1}, where e_{2i−1} and e_{2i} are contained in E_i for i = 1, . . . , k, while e_{2k+1}, . . . , e_{g+k+1} are contained in G. Choosing an orientation on each e_j, E_i, and G, we get a presentation for H_1(P ; Z) with generators e_1, . . . , e_{g+k+1} and relators given by the incidence numbers of G and the E_i’s on the e_j ’s. Each E_i contributes with the trivial relator e_{2i−1} + e_{2i} − e_{2i−1} − e_{2i}, while G contributes with a big relator w containing ±e_1 once. Therefore H_1(P ; Z) = Z^{g+k+1}/⟨w⟩ ∼= Z^{g+k}, and we are done. The case in which k = 0 is simpler, and is treated in [FMP03a].

The following refinement of Theorem 3.2.1-(5) will prove useful later:

Proposition 3.2.3. Suppose g > k. Then we have the exact sequence 0 −→ H_1 (_k ⊔_{i=1} T_i; Z )_{i∗} −→ H_1(M; Z) −→ Z^{g−k} −→ 0,

where i_∗ is the map naturally induced by the inclusion i :^k⊔_{i=1} T_i → M.

Proof: We keep the notation from the preceding paragraph. Since g > k a vertex v of P exists which corresponds to a partially truncated tetrahedron without ideal

3.2 Further topological properties 79

Figure 3.3: A tangle in a ball (left); a positive and a negative gluing of tangles (right).

vertices. Notice that G is the only face incident to v. Moreover, an easy analysis of the local structure of P near v shows that the number of edges emanating from v on which G passes three times with the same orientation is at most two. Let us also observe that any finite graph has an even number of vertices with odd valence, whence the number of connected components of S(P ) \ {v} is at most two. These facts easily imply that a maximal tree Y^′ in S(P ) exists with the following properties: S(P ) \ Y^′ consists of g + k + 1 edges e^′_1, . . . , e^′_{g+k+1}, where e^′_{2i−1} and e^′_{2i} represent generators of H_1(T_i; Z) for i = 1, . . . , k, and G passes three times on e^′_{g+k+1} with different orientations. Therefore we get a presentation for H_1(P ; Z) with generators e^′_1, . . . , e^′_{g+k+1} and one relator w containing ±e^′_{g+k+1} once. This implies in turn that the classes of e^′_1, . . . , e^′_{g+k} give a free basis of Z^{g+k+1}/⟨w⟩ ∼= Z^{g+k} ∼= H_1(P ; Z), whence the conclusion at once. □

Remark 3.2.4. It can be shown that the requirement g > k is essential for the conclusion of Proposition 3.2.3 to be true. Namely, if g = k is even, then M_{g,g} contains only one manifold M_{g,g}, and a careful analysis of the minimal triangulation of M_{g,g} shows that if T_1, . . . , T_g are the boundary tori of M_{g,g} and i :^g⊔_{i=1} T_i → M_{g,g} is the natural inclusion then we have H_1(M_{g,g}; Z)/Im i_∗ ∼= Z/_3.

Knots giving M_{g,1} It turns out that the elements of M_{g,1} are knot exteriors in H_g, and the knots can be exhibited explicitly, as we now explain. Consider a ball B as in Fig. 3.3-left with the tangle τ ⊂ B as shown, the 12 ends of τ being arranged in four groups of three, each group contained in a disc. Now take g − 1 copies of (B, τ) and glue together the 4(g −1) discs, matching the ends of the τ’s. Each gluing should be of one of the two types suggested in Fig. 3.3-right. A gluing as in the top part of Fig. 3.3-right will be called positive, one as in the bottom part will be called negative. The result of the 2(g − 1) gluings is a link in H_g, and one readily sees that if all the gluings are positive then the link is parallel to ∂H_g. The following result is proved in [FMP03b].

Proposition 3.2.5. If a knot K in H_g is realized from g − 1 copies of (B, τ) with 2g − 3 positive gluings and one negative gluing then the exterior of K belongs to M_{g,1}. Every manifold in M_{g,1} arises like this.

80 Similar fillings and isolation of cusps

3.3 Dehn filling

Recall that a slope on a torus T is an isotopy class of simple closed essential curves, and that, after choosing a Z-basis of H_1(T ; Z), a slope is represented by two pairs of coprime integers (p, q), (−p, −q) ∈ Z^2, or, equivalently, by an element in Q ∪{∞}. In what follows we will often represent slopes as indivisible elements in H_1(T ; Z) without emphasizing the fact that each slope corresponds in fact to two such elements. If s, s^′ are two slopes on a torus, we denote by Δ(s, s^′) their distance, that is their geometric intersection number. Let s_1, s_2 be a basis of H_1(T ; Z). Then Δ(s_1, s_2) = 1 and, if s = p · s_1 + q · s_2 and s^′ = p^′ · s_1 + q^′ · s_2, then Δ(s_1, s_2) = |pq^′ − p^′q|. It is easily seen that s and s^′ represent the same slope if and only if Δ(s, s_1) = Δ(s^′, s_1), Δ(s, s_2) = Δ(s^′, s_2) and Δ(s, s_1 + s_2) = Δ(s^′, s_1 + s_2). Note that the distances of a slope from s_1 and s_2 are not sufficient to determine the slope itself.

If M is a manifold with k boundary tori, and s_1, . . . , s_h are slopes in some h ⩽ k of these tori, we denote by M(s_1, . . . , s_h) the result of Dehn filling M along s_1, . . . , s_h. Boundary slopes of manifolds in M_{g,k} Let now T be a fixed boundary torus of a manifold M ∈ M_{g,k}, and recall that the unique complete finite-volume hyperbolic structure on M induces on T a Euclidean structure defined up to similarity. For the sake of simplicity, we endow T with a fixed Euclidean structure choosing the scale factor such that Area(T ) = √ 3/2. As described in the preceding section, this structure can be constructed by realizing T as the gluing of two isometric Euclidean equilateral triangles. This readily implies that T is isometric to C /Γ, where C is endowed with the standard Euclidean metric, and Γ = ⟨τ_1, τ_2⟩ is the discrete additive subgroup of C with generators τ_1 = 1, τ_2 = −1/2 + i √ 3/2. Let an isometric identification T ∼= C /Γ be fixed from now on, and let ∗ be the point of T corresponding to 0 in C /Γ. We denote by Isom(T ) the group of isometries of T , by Isom_0(T ) the group of isometries of T fixing ∗, and by M(T ) the group of isotopy classes of elements in Isom(T ). Of course we have a canonical injection i : Isom_0(T ) → Isom(T ) and a canonical projection p : Isom(T ) → M(T ). Moreover each of these groups acts on the set of slopes on T , and the actions are preserved by the homomorphisms i and p. The following lemma is straight-forward, and does not depend on the particular isometry type of T .

Lemma 3.3.1. The composition p ∘ i : Isom_0(T ) → M(T ) is an isomorphism.

Let now H = {e^{ikπ/3} : k = 0, . . . , 5} ⊂ C be the regular unitary Euclidean hexagon and let D_6 be the group of isometries of C which preserve H. Of course D_6 is the dihedral group with 12 elements, generated by the rotation r : C → C , r(z) = e^{iπ/3} · z and the reflection s : C → C , s(z) = z.

Proposition 3.3.2. There is a canonical isomorphism Isom_0(T ) ∼= D_6.

Proof: Let Ψ : Isom_0(T ) → Isom(C ) be the map which takes any φ ∈ Isom_0(T ) to the unique lift of φ that fixes 0. It is easily seen that Ψ is an injective group homomorphism whose image is given by the isometries of C that fix 0 and leave Γ

3.3 Dehn filling 81

invariant. Since H = Γ ∩ S^1 ⊂ C it follows that Ψ(Isom_0(T )) = D_6, and we are done. □ Since the projection C → C /Γ = T is a universal covering, we have a natural isomorphism between Γ = ⟨τ_1, τ_2⟩ and H_1(T ; Z) ∼= π_1(T, ∗). We denote by s_1, s_2 the elements in H_1(T ; Z) which correspond under this identification to τ_1, τ_2 respectively, and we choose s_1, s_2 as our preferred Z-basis of H_1(T ; Z). For the sake of clarity, in the statement and the proof of the following corollary we denote by ±v the slope corresponding to an indivisible element v of H_1(T ; Z).

Corollary 3.3.3. Let s = ±(p · s_1 + q · s_2) and s^′ = ±(p^′ · s_1 + q^′ · s_2) be slopes on T . Then s is Isom_0(T )-equivalent to s^′ if and only if {|p|, |q|, |p−q|} = {|p^′|, |q^′|, |p^′−q^′|}.

Proof: Note that the set of slopes S = {±s_1, ±s_2, ±(s_1 + s_2)} is left invariant by the action of Isom_0(T ). Moreover, Isom_0(T ) acts on S as the full group of permutations on three elements. Now we have |p| = Δ(s, ±s_2), |q| = Δ(s, ±s_1), |p − q| = Δ(s, ±(s_1 + s_2)), and a slope is completely determined by its distances from ±s_1, ±s_2 and ±(s_1 + s_2), whence the conclusion. □ Any slope s on T determines a well-defined isotopy class of geodesics on T , and we denote by L(s) the Euclidean length of such geodesics. An elementary calculation gives the following:

Lemma 3.3.4. Let s = p · s_1 + q · s_2 be a slope on T . Then L(s) = √ p^2 + q^2 − pq.

The following result is easily deduced from Lemma 3.3.4 and Corollary 3.3.3. Let {ℓ_1 < ℓ_2 < . . . < ℓ_n < . . .} be the set of lengths of slopes on T .

Proposition 3.3.5. The following holds:

• There are exactly three slopes of length ℓ_1 = 1. They are represented by s_1, s_2 and s_1 + s_2, and they are Isom_0(T )-equivalent to each other.

• There are exactly three slopes of length ℓ_2 = √ 3. They are are represented by s_1 − s_2, s_1 + 2 · s_2 and 2 · s_1 + s_2, and they are Isom_0(T )-equivalent to each other.

• There are exactly six slopes of length ℓ_3 = √ 7. They are represented by 2 · s_1 − s_2, s_1 − 2 · s_2, 3 · s_1 + s_2, s_1 + 3 · s_2, 3 · s_1 + 2 · s_2, 2 · s_1 + 3 · s_2, and they are Isom_0(T )-equivalent to each other.

• If s is a slope with L(s) ⩾ ℓ_3, then there exist exactly six slopes Isom_0(T )- equivalent to s.

Remark 3.3.6. Let s and s^′ be slopes on T . Of course if s^′ is Isom_0(T )-equivalent to s then L(s^′) = L(s), but the converse is not true. For example, the slopes s = 19s_1 + 11s_2 and s^′ = 16s_1 − s_2 have the same length L(s) = L(s^′) = √ 273, even if they are not Isom_0(T )-equivalent as Corollary 3.3.3 shows.

82 Similar fillings and isolation of cusps

Dehn fillings The following result, which is proved in [FMP03b], completely classifies the Dehn fillings of elements in M_{g,k}. Recall that certain manifolds H_g′_{,k}′ have been defined on page 77.

Theorem 3.3.7. Let M ∈ M_{g,k} with ∂M = Σ_g ⊔ ( k ⊔_{i=1} T_i ) , let h ⩽ k, let s_i be a slope on T_i for any i = 1, . . . , h and N = M(s_1, . . . , s_h). Then:

• If L(s_i) = ℓ_1 = 1 for some i then N = H_{g,k−h}, so it is not hyperbolic;

• If L(s_i) = ℓ_2 = √ 3 for some i then N contains a Möbius strip or nonseparating annulus R with ∂R ⊂ Σ_g, and cutting N along R one gets H_{g,k−h}; also in this case N is not hyperbolic;

• If L(s_i) > ℓ_2 = √ 3 for all i then N is hyperbolic, and the Heegaard genus of ( N, Σ_g, T_{h+1} ⊔ . . . ⊔ T_k )

is g + 1;

• If L(s_i) = ℓ_3 = √ 7 for all i then N belongs to M_{g,k−h}.

Moreover every essential surface in N has non-empty boundary intersecting Σ_g.

The following result is an easy consequence of Proposition 3.2.3.

Proposition 3.3.8. Suppose g > k and let N be as in the statement of Theorem 3.3.7. Then H_1(N; Z) ∼= Z^{g+k−h}.

Theorem 3.3.7 gives the following:

Corollary 3.3.9. For any g ⩾ 2 there exist infinitely many hyperbolic manifolds N with ∂N = Σ_g ⊔ Σ_1 and with 6 slopes s^1, . . . , s^6 on Σ_1, such that N(s^i) = H_g for i ∈ {1, 2, 3} and N(s^i) is annular for i ∈ {4, 5, 6}. We have Δ(s^i, s^{i+3}) = 2 for i = {1, 2, 3}, and Δ(s^j , s^{j′} ) = 3 for j, j^′ ∈ {4, 5, 6}, j ≠ j^′.

Proof. Take N = M(s) where M ∈ M_{g,2}, ∂M = Σ_g ⊔ T_1 ⊔ T_2 and s is a slope on T_1 with L(s) > ℓ_2. This gives infinitely many hyperbolic manifolds because the volume grows to vol(M) as L(s) tends to infinity. Now let s^1, s^2, s^3 be the three slopes on T_2 of length 1 and s^4, s^5, s^6 the three slopes on T_2 of length √ 3 (we are considering lengths with respect to the Euclidean structure induced on T_2 by the hyperbolic metric on M). Then N(s^i) = H_g for i ∈ {1, 2, 3}. For i ∈ {4, 5, 6} the manifold N(s^i) is not hyperbolic, so by Thurston’s hyperbolization Theorem and the last assertion of Theorem 3.3.7 it contains either an essential disc or an essential annulus. Since a hyperbolic manifold admits at most 3 boundary-reducible fillings [Wu92], we conclude that N(s_i) is annular for i ∈ {4, 5, 6}.

3.4 Isolation of cusps 83

Distances between exceptional slopes Let N be a hyperbolic 3-manifold, and T_i ⊂ ∂N be a chosen boundary torus. A slope s on T_i is called exceptional if N(s) is not hyperbolic. Assuming N has either some other cusp or non-empty geodesic boundary, s is exceptional if and only if M(s) contains an essential sphere, disc, annulus, or torus. In these cases we say that s is respectively of type S, D, A, or T . For X_1, X_2 ∈ {S, D, A, T }, we define a number Δ^{hyp}(X_1, X_2) as the maximal distance of two slopes of type X_1 and X_2 in a boundary torus of a hyperbolic manifold [Gor99]. Wu pointed out [Wu98] that in most cases Δ^{hyp} is considerably lower when considering only large manifolds, i.e. manifolds with H_2(N, ∂N \ T_i) ≠ {0}. He thus defined Δ^{large}(X_1, X_2) as the maximal distance of two slopes of type X_1 and X_2 in a boundary torus of a large hyperbolic manifold. Among other inequalities, he proved that 1 ⩽ Δ^{large}(D, A) ⩽ 2. Since every hyperbolic manifold N with χ(N) < 0 is large, Corollary 3.3.9 implies that Δ^{large}(D, A) = 2. This result leaves Δ^{large}(T, T ) as the only unknown value for Δ^{hyp} and Δ^{large}, as shown in the following tables (which are taken from [Gor99] with the insertion of Δ^{large}(D, A) = 2).

Δ^{hyp} S D A T

S 1 0 2 3

D 1 2 2

A 5 5 T 8

Δ^{large} S D A T

S 0 0 1 1

D 1 2 1

A 4 4

T 4–5

Knots in handlebodies Corollary 3.3.9 leads to infinitely many examples of knots in a handlebody H_g having non-meridinal surgeries that give back H_g (more precisely, two such surgeries) for all g ⩾ 2. Recall now that a knot K in a manifold X is 1-bridge if it can be isotoped to the form γ_0 ∪γ_1 where the γ_i’s are simple arcs with common ends, γ_0 lies in ∂X and γ_1 is properly embedded and parallel to ∂X. For g = 1, i.e. for the solid torus H_1, knots in H_1 with non-meridinal surgeries giving H_1 were shown to be 1-bridge [Gab89] and then classified by Gabai [Gab90] and Berge [Ber91]. In particular, there is a unique knot in H_1 with two non-meridinal surgeries giving H_1. A knot in H_2 with one non-meridinal surgery giving H_2 was also shown in [Gab90], and in the same paper other examples in H_g for any g were attributed to Berge, together with the following question: if K is a knot in a ∂- reducible manifold M with ∂-irreducible exterior and a ∂-reducible non-meridinal surgery, is K boundary-parallel or 1-bridge in M? We showed in [FMP03b] that the answer is positive for all the hyperbolic examples one can construct from M_{g,k}:

Proposition 3.3.10. Every knot in H_g whose complement is a hyperbolic manifold obtained from k − 1 Dehn fillings on a manifold in M_{g,k} is a 1-bridge knot.

3.4 Isolation of cusps

Let M be a fixed manifold in M_{g,k} and let T be the unique partially truncated triangulation of M with g + k tetrahedra. We now study small deformations of the

84 Similar fillings and isolation of cusps

complete hyperbolic structure of M by analyzing deformations of the shapes of the geometric tetrahedra of T . To save some words, from now on we will also suppose that g > k, unless otherwise stated.

The deformation space Let T_1, . . . , T_k be the boundary tori of M and for i = 1, . . . , k let Δ_{2i−1}, Δ_{2i} be the tetrahedra of T incident to T_i. As in Section 3.1, we also denote by F^1_{2i−1}, F^2_{2i−1}, F^3_{2i−1}, F^1_{2i}, F^2_{2i}, F^3_{2i} the exceptional hexagons of Δ_{2i−1}, Δ_{2i}, in such a way that F^j_{2i−1} is glued to F^j_{2i} for i = 1, . . . , k, j = 1, 2, 3. For each l = 1, . . . , 2k, we suppose that F^1_l , F^2_l , F^3_l are positively arranged around the ideal vertex of Δ_l, and we call e^j_l the only finite edge of F^j_l , and f^j_l the edge of Δ_l opposite to e^j_l . We say that a geometric realization of the tetrahedra of T is reasonable if it assigns the same angle to all the edges of all the compact tetrahedra of T , and note that any realization satisfying the consistency equations is automatically reasonable. So let θ be a reasonable realization of the tetrahedra of T and set α^j_l = θ(e^j_l ), γ^j_l = θ(f^j_l ) for any l = 1, . . . , 2k, j = 1, 2, 3. We also denote by β the dihedral angle along the edges of the compact tetrahedra of T . Let N = 12k + 1 (resp. N = 12k if g = k) and set

W = {x ∈ R^N : 0 < x_i < π, x_{6j+4} + x_{6j+5} + x_{6j+6} = π, i = 1, . . . , N, j = 0, . . . , 2k − 1}. Then the map

θ −→ (α^1, α^2_1, α^3_1, γ^1 , γ^2_1 , γ^3_1 , . . . , α^1_{2k}, α^2_k, α^3_{2k}, γ^1_{2k}, γ^2_k, γ^3_{2k}, β)

(resp. θ → (α^1, α^2_1, α^3_1, γ^1 , γ^2_1 , γ^3_1 , . . . , α^1_{2k}, α^2_k, α^3_{2k}, γ^1_{2k}, γ^2_k, γ^3_{2k}) if g = k) defines a bijection between the space of reasonable realizations of the tetrahedra of T and W. In what follows we will denote by x_0 = (α_{g,k}, α_{g,k}, α_{g,k}, π/3, π/3, π/3, . . . , α_{g,k}, α_{g,k}, α_{g,k}, π/3, π/3, π/3, β_{g,k}) (resp. x_0 = (α_{g,k}, α_{g,k}, α_{g,k}, π/3, π/3, π/3, . . . , α_{g,k}, α_{g,k}, α_{g,k}, π/3, π/3, π/3) if g = k) the point of W corresponding to the unique solution of consistency and completeness equations and by Ω_{g,k} ⊂ W the set corresponding to the solutions of consistency equations. Let us observe that Ω_{g,k} really depends only on g and k, since these natural numbers are the only relevant combinatorial data which are involved in the consistency equations.

Computing infinitesimal deformations In this paragraph we will give explicit equations for the tangent space T_{x0} Ω_{g,k}. These equations will prove useful later in order to discuss isolation of cusps in manifolds in M_{g,k}. By Corollary 2.4.20, infinitesimal deformations of the complete structure only affect non-compact tetrahedra of T , thus it makes sense to concentrate our attention on consistency equations involving this type of tetrahedra.

So fix a smooth arc φ : (−ε, ε) → Ω_{g,k} and for any smooth f : Ω_{g,k} → R let us denote by ḟ the derivative of f ∘ φ at t = 0. Consider the tetrahedra Δ_1, Δ_2 ∈ T with edges e^j_i , f^j_i , i = 1, 2, j = 1, 2, 3 as described above, and denote by b^j_i , i =

3.4 Isolation of cusps 85

1, 2, j = 1, 2, 3 the boundary edge of the compact face of Δ_i which does not meet e^j_i . If θ(t) is the geometric realization of T parameterized by φ(t) ∈ Ω_{g,k}, we set α^j_l (t) = θ(t)(e^j_l ), γ^j_l (t) = θ(t)(f^j_l ). For any compact edge a of Δ_1, Δ_2 we also denote by L(a) : Ω_{g,k} → R the map which associates to x ∈ Ω_{g,k} the length of a in the geometric realization of the Δ_i’s corresponding to x.

Recall that

L(b^j_i )(φ(t)) = cos α^{j+1}_i (t) · cos α^{j+2}_i (t) + cos γ^j_i (t)

sin α^{j+1}_i (t) · sin α^{j+2}_i (t) , where apices are considered mod 3. Moreover, by Corollary 2.4.19 we have L̇(b^j_i ) = 0, so differentiating at 0 the equation above we easily get √ 3(α̇^{j+1}_i + α̇^{j+2}_i ) cos α_{g,k} + γ̇^j_i sin α_{g,k} = 0.

Summing up these equations for j = 1, 2, 3 and observing that γ̇^1_i + γ̇^2_i + γ̇^3_i = 0 we obtain α̇^1_i + α̇^2_i + α̇^3_i = 0, (3.5) whence √ 3α̇^j_i cos α_{g,k} = γ̇^j_i sin α_{g,k}. (3.6) We now deal with equations arising from conditions (3) in Theorem 2.2.12, which in our setting take the form (3.3). Evaluating these equations along φ and differentiating at 0 we get √ 3(α̇^1 + α̇^1_2) cos α_{g,k} + (γ̇^1 + γ̇^1_2 ) sin α_{g,k} = √ 3(α̇^2_1 + α̇^2) cos α_{g,k} + (γ̇^2_1 + γ̇^2 ) sin α_{g,k} = √ 3(α̇^3_1 + α̇^3_2) cos α_{g,k} + (γ̇^3_1 + γ̇^3_2 ) sin α_{g,k}.

By equations (3.6) these relations are equivalent to the following ones:

α̇^1 + α̇^1_2 = α̇^2_1 + α̇^2 = α̇^3_1 + α̇^3_2,

which by equations (3.5) imply in turn

α̇^1 = −α̇^1_2, α̇^2_1 = −α̇^2, α̇^3_1 = −α̇^3_2. (3.7)

We can now summarize all these computations giving explicit equations for T_{x0} Ω_{g,k}. To this aim let us fix some more notation. Let Z be the linear subspace of R^{12} defined by the following equations: ( √ 3 cos α_{g,k})x_1 = (sin α_{g,k})x_4 ( √ 3 cos α_{g,k})x_2 = (sin α_{g,k})x_5 ( √ 3 cos α_{g,k})x_3 = (sin α_{g,k})x_6 x_1 + x_7 = x_2 + x_8 = x_3 + x_9 = x_4 + x_{10} = x_5 + x_{11} = x_6 + x_{12} = 0 x_1 + x_2 + x_3 = 0.

Observe that dim_R Z = 2. Let N = 12k + 1 (resp. N = 12k if g = k) as before, and for i = 1, . . . , k let r_i : R^N → R^{12} be the map defined as follows: r_i(x) = (x_{12i−11}, x_{12i−10}, . . . , x_{12i−1}, x_{12i}). Let

Z = {x ∈ R^N : x_{12k+1} = 0 if N = 12k + 1, r_i(x) ∈ Z for i = 1, . . . , k}

be the product of one copy of the linear space Z for each cusp (so dim_R Z = 2k).

86 Similar fillings and isolation of cusps

Proposition 3.4.1. We have T_{x0} Ω_{g,k} = Z.

Proof: If g > k, Corollary 2.4.20 ensures that a vector in T_{x0} Ω_{g,k} has N-coordinate equal to 0. Together with equations (3.5), (3.6) and (3.7), this fact implies that T_{x0} Ω_{g,k} ⊆ Z. But dim_R Z = 2k = dim_R T_{x0} Ω_{g,k}, whence the conclusion. □

Isolation of cusps The following definition is taken from [NR93]:

Definition 3.4.2. Let N be a complete finite-volume hyperbolic 3-manifold with geodesic boundary and with cusps C_1, . . . , C_h, C_{h+1}, . . . , C_k. For any i = 1, . . . , k let T_i be the boundary torus of N corresponding to C_i. We say that C_1, . . . , C_h are geometrically isolated from C_{h+1}, . . . , C_k if any small deformation of the hyperbolic structure on N induced by Dehn filling C_{h+1}, . . . , C_k while keeping C_1, . . . , C_h complete does not affect the Euclidean structure at C_1, . . . , C_h. More precisely, C_1, . . . , C_h are geometrically isolated from C_{h+1}, . . . , C_k if the following holds: for any i = h + 1, . . . , k a finite set S_i of slopes on T_i exists such that if N^′ is obtained from N by Dehn filling C_{h+1}, . . . , C_k along slopes outside S_{h+1}, . . . , S_k then N^′ is complete hyperbolic with geodesic boundary and the Euclidean structures induced by N and N^′ on T_1, . . . , T_h are equal.

Let now C_1, . . . , C_k be the cusps of our fixed manifold M ∈ M_{g,k} corresponding to the boundary tori T_1, . . . , T_k. The goal of this section is to prove the following:

Theorem 3.4.3. Let h ⩽ k. Then the cusps C_1, . . . , C_h are geometrically isolated from the cusps C_{h+1}, . . . , C_k.

In order to prove Theorem 3.4.3 we look for nice equations defining the set of structures in Ω_{g,k} which are complete at C_1, . . . , C_h. To this aim we denote by J_h the subspace of R^N defined by the following equations:

J_h = {x ∈ R^N : x_{12i+1} = x_{12i+2} = x_{12i+3} for all i = 0, . . . , h − 1}. (3.8)

Lemma 3.4.4. There exists a neighbourhood V of x_0 in Ω_{g,k} such that J_h ∩ V is a smooth submanifold of V of real dimension 2(k − h).

Proof: It is easily seen that T_{x0} J_h + T_{x0} Ω_{g,k} = J_h + Z = T_{x0} R^N = R^N , so basic results about transverse intersections of submanifolds ensure that J_h ∩V is a submanifold of V . Moreover dim_R(J_h∩V ) = dim_R J_h+dim_R V −dim_R R^N = (N−2h)+2k−N. □ Let Δ be a topological partially truncated tetrahedron with one ideal vertex v_0, and take ϑ ∈ (0, π/3). Then there exists, up to isometry, exactly one geometric realization of Δ with dihedral angles π/3 along the internal edges emanating from v_0, and angle ϑ along the other internal edges. We denote this geometric tetrahedron by Δ^ϑ.

Proposition 3.4.5. For each l = 1, . . . , 2h let Δ^∗_l (p) be the geometric realization of Δ_l parameterized by p ∈ J_h ∩ Ω_{g,k}. Then a real number ϑ(p) ∈ (0, π/3) exists such that Δ^∗_l (p) is isometric to Δ^{ϑ(p)} for l = 1, . . . , 2h.

3.4 Isolation of cusps 87

Proof: For l = 1, . . . , 2h, j = 1, 2, 3 let T^j_l (p) be the truncation triangle of Δ^∗_l (p) having a vertex on the edge f^j_l . Fix i ∈ {0, . . . , h − 1} and consider the tetrahedron Δ^∗_{2i+1}(p). The compact face of such tetrahedron is a regular right-angled hexagon, so condition x_{12i+1}(p) = x_{12i+2}(p) = x_{12i+3}(p) implies that T^1_{2i+1}(p), T^2_{2i+1}(p) and T^3_{2i+1}(p) are isometric to each other. This gives x_{12i+4}(p) = x_{12i+5}(p) = x_{12i+6}(p), whence Δ^∗_{2i+1} is isometric to Δ^{ξ2i+1} for some ξ_{2i+1} = x_{12i+1}(p) ∈ (0, π/3). Moreover, since the non-compact faces of Δ^∗_{2i+1} are isometrically glued to the noncompact faces of Δ^∗_{2i+2} we easily see that the truncation triangles T^1_{2i+2}(p), T^2_{2i+2}(p) and T^3_{2i+2}(p) are isosceles and isometric to each other. This forces x_{12i+7}(p) = x_{12i+8}(p) = x_{12i+9}(p) = ξ_{2i+2} and x_{12i+10}(p) = x_{12i+11}(p) = x_{12i+12}(p) = π/3, whence Δ^∗_{2i+2} is isometric to Δ^{ξ2i+2} for some ξ_{2i+2} ∈ (0, π/3).

We have thus shown that for each l = 1, . . . , 2h a real number ξ_l ∈ (0, π/3) exists such that Δ^∗_l (p) is isometric to Δ^{ξl} . But the length of the compact internal edges of the Δ^∗_l ’s does not depend on l, whence ξ_1 = . . . = ξ_{2h}. □

Corollary 3.4.6. Let p be a point in J_h ∩ Ω_{g,k} and denote by M(p) the hyperbolic structure defined by p on M. Then for all i = 1, . . . , h the following holds:

• M(p) induces a complete metric on the cusp C_i;

• The Euclidean structure induced on T_i by M(p) is isometric to the regular hexagonal structure induced on T_i by the complete hyperbolic structure M(x_0).

The corollary just stated says that the Euclidean structures on T_1, . . . , T_h are not affected by deformations of the hyperbolic metric on M which correspond to points in J_h ∩ Ω_{g,k}. Therefore to conclude the proof of Theorem 3.4.3 we only need the following:

Proposition 3.4.7. Let K_h be the subset of Ω_{g,k} corresponding to structures inducing complete metrics on cusps C_1, . . . , C_h. Then there exists a neighbourhood V of x_0 in Ω_{g,k} with K_h ∩ V = J_h ∩ V .

Proof: By Lemma 2.4.1, Corollary 2.4.3 and Lemma 3.4.4 there exists a neighbourhood W of x_0 in Ω_{g,k} such that both K_h ∩ W and J_h ∩ W are smooth submanifolds of Ω_{g,k} of real dimension 2(k − h). Moreover Corollary 3.4.6 shows that J_h ∩W ⊂ K_h ∩W , whence J_h ∩V = K_h ∩V for some (maybe smaller) neighbourhood V of x_0 in Ω_{g,k}. □

Remark 3.4.8. Theorem 3.4.3 shows that Dehn fillings along sufficiently complicated slopes on some boundary tori of M do not affect the Euclidean structure on the non-filled boundary tori. Using SnapPea we have checked in a number of cases that the same isolation phenomenon still holds when filling along short non-exceptional slopes. We are now going to explain why we expect the Euclidean structure on the non-filled tori to remain unchanged under all the partial hyperbolic Dehn fillings of M. Let T^{geod}_h (M) be the space of equivalence classes of good structures (see Sections 1.3, 1.4 for the definition) which induce complete metrics on cusps C_1, . . . , C_h and let X^{geod}_h (π_1(M)) ⊂ X^{geod}(π_1(M)) be the subset corresponding to characters of

88 Similar fillings and isolation of cusps

holonomies of structures in T^{geod}_h (M). Let also Teich(T_1 ⊔. . .⊔T_h) be the Teichmüller space of (similarity classes of) the Euclidean structures on T_1 ⊔ . . . ⊔ T_h. It is easily seen that the a well-defined algebraic map B : X^{geod}_h (π_1(M)) → Teich(T_1 ⊔ . . . ⊔ T_h) exists which associates to χ ∈ X^{geod}_h (π_1(M)) the Euclidean structure on T_1 ⊔. . . ⊔T_h induced by a structure with character χ. We have shown that B is constant in a neighbourhood of the character χ_0 := χ_{ρ0} of the complete structure, and this implies that B is actually constant on the irreducible component of X^{geod}_h (π_1(M)) containing χ_0. On the other hand it is conjectured in [HK98] that X^{geod}_h (π_1(M)) is connected (with respect to the Euclidean topology) and that every point of X^{geod}_h (π_1(M)) is smooth. If this were true, then X^{geod}_h (π_1(M)) would be irreducible, the map B would be constant, and the Euclidean structure on T_1 ⊔ . . . ⊔ T_h would not change under any hyperbolic Dehn filling of T_{h+1}, . . . , T_k.

3.5 Non-isolation of the boundary

We now study how deformations given by points in Ω_{g,k} close to x_0 affect the hyperbolic structure on the geodesic boundary.

Deforming the geodesic boundary Let Teich(∂M) be the Teichmüller space of hyperbolic structures on ∂M, i.e. the space of equivalence classes of hyperbolic metrics on ∂M, where two such metrics are considered equivalent if they are isometric through a diffeomorphism isotopic to the identity of ∂M. Since ∂M is compact, it is well-known that for any γ ∈ π_1(∂M) and any metric h ∈ Teich(∂M) there exists a unique closed h-geodesic in the free homotopy class of γ. We denote the h-length of this geodesic by L^h(γ). An easy computation shows that if

ρ_h : π_1(∂M) → PSL(2, R) ∼= Isom^+(H^2 )

is a holonomy representation for the hyperbolic structure h then for any γ ∈ π_1(∂M) we have tr ρ_h(γ) = ±2 cosh(L^h(γ)/2), (3.9)

where ρ_h(γ) is a lift in SL(2, R) of ρ_h(γ) ∈ PSL(2, R).

Let now [M(x_0)] ∈ T^{geod}(M) be the point corresponding to the complete hyperbolic structure on M, let χ_0 ∈ X^{geod}(π_1(M)) be the character corresponding to [M(x_0)], and [∂M(x_0)] ∈ Teich(∂M) be the equivalence class of the hyperbolic structure induced by M(x_0) on ∂M. By Theorem 1.4.11, there exist a neighbourhood V of [M(x_0)] in T^{geod}(M) and a neighbourhood Z of χ_0 in X^{geod}(π_1(M)) such that Z is naturally bianalytic to an open subset of C^k and the natural map Hol^′ : T^{geod}(M) → X^{geod}(π_1(M)) restricts to a homeomorphism between V and Z. Thus V is naturally endowed with a differentiable structure. Let ∂ : T^{geod}(M) → Teich(∂M) be the map which associates to any equivalence class of good hyperbolic structures the induced equivalence class of hyperbolic metrics on ∂M (we recall that a hyperbolic structure on M is good if it induces either a complete metric or a Dehn filling singularity on any end of M, see Sections 1.3, 1.4 for more details).

3.5 Non-isolation of the boundary 89

It is well-known that Teich(∂M) admits a structure of differentiable manifold with the following properties:

• Teich(∂M) is diffeomorphic to the Euclidean space R^{6g−6} ;

• For any γ ∈ π_1(M) the map L_γ : Teich(∂M) → R given by L_γ (h) = L^h(γ) is smooth;

• The restriction ∂|_V is a smooth map.

The rest of this section is devoted to the proof of the following:

Theorem 3.5.1. The map ∂ : T^{geod}(M) → Teich(∂M) has non-trivial differential at the complete structure [M(x_0)] ∈ T^{geod}(M).

Let us assume the theorem and draw some consequences.

Corollary 3.5.2. There exists a sequence {y_n}_{n∈N} of points in T^{geod}(M) with the following properties:

• lim_{n→∞} y_n = [M(x_0)];

• For any n ∈ N the metric completion of any good structure representing y_n is a non-singular hyperbolic manifold;

• For any n ∈ N we have ∂(y_n) ≠ ∂([M(x_0)]) in Teich(∂M).

Proof: Up to resizing V we can choose smooth coordinates φ : V → C^k ∼= R^{2k} with φ([M(x_0)]) = 0. Let v ∈ R^{2k} ∼= T_0R^{2k} be a unit vector with d(∂ ∘ φ^{−1})_0(v) ≠ 0. We choose an infinite sequence {y_n}_{n∈N} ⊂ V such that the following conditions hold: y_n determines integral indivisible Dehn filling coefficients on any end of M for any n ∈ N, and lim_{n→∞} φ(y_n)/||φ(y_n)|| = v in S^{2k−1} ⊂ R^{2k} . □ Since the mapping class group of ∂M acts properly discontinuously on Teich(∂M) we also have the following:

Corollary 3.5.3. There exists an infinite set {N_i}_{i∈N} of complete finite-volume hyperbolic manifolds with geodesic boundary such the the following holds: each N_i is obtained by Dehn filling M, and the hyperbolic surfaces ∂M, ∂N_1, . . . , ∂N_i, . . . are pairwise non-isometric.

Proof: We define N_i to be the metric completion of any good structure representing y_i, where {y_n}_{n∈N} ⊂ T^{geod}(M) is the sequence described in the previous corollary. Let MCG(∂M) be the mapping class group of ∂M and take a neighbourhood U of ∂([M(x_0)]) in Teich(∂M) such that the set {ψ ∈ MCG(∂M) : ψ(U) ∩ U ≠ ∅} is finite. Up to passing to a subsequence, we may suppose that the equivalence classes of the ∂N_j ’s are pairwise distinct as elements in Teich(∂M), and that ∂N_i ∈ U for all i ∈ N. This readily implies that among the ∂N_j ’s there are infinitely many pairwise non-isometric hyperbolic surfaces. □

90 Similar fillings and isolation of cusps

An alternative formulation We will now prove Theorem 3.5.1, providing first an alternative statement. Let π : Ω_{g,k} → X^{geod}(π_1(M)) be the natural projection. Then there exists a neighbourhood U of x_0 in Ω_{g,k} such that π|_U is a smooth branched covering of degree 2^k (see Corollary 2.4.4). Let ∂^′ : Ω_{g,k} → Teich(∂M) be the map which associates to any x ∈ Ω_{g,k} the equivalence class of the hyperbolic structure induced by x on ∂M. Of course we have ∂^′ = ∂ ∘ π, so since dπ_{x0} = 0 we have

d∂^′_{x0} = 0. (3.10)

Thus in order to prove Theorem 3.5.1 we need to analyze the map ∂^′ up to the second order in a neighbourhood of x_0. More precisely, we obtain Theorem 3.5.1 as a consequence of Corollary 2.4.4 and the following:

Proposition 3.5.4. There exist a smooth path ς : (−ε, ε) → Ω_{g,k} and an element γ ∈ π_1(∂M) with the following properties:

• ς(0) = x_0;

• If ∂^′(ς(t)) is the hyperbolic structure induced by ς(t) on ∂M, then the map t → L^{∂′(ς(t))}(γ) has non-zero second derivative at 0.

So let ς : (−ε, ε) → Ω_{g,k} ⊂ R^N be a fixed smooth path with ς(0) = x_0 and for any smooth function f : Ω_{g,k} → R let ḟ(t) (resp. f̈(t)) denote the first (resp. second) derivative of f ∘ ς in t. To lighten a bit our notation we will denote simply by ḟ (resp. f̈) the value of ḟ(0) (resp. f̈(0)). For x ∈ Ω_{g,k} let M(x) be the hyperbolic structure on M corresponding to x. For any x ∈ Ω_{g,k}, all the boundary edges lying on compact faces of T have the same M(x)-length; such a length will be denoted by ℓ(x). We recall that ℓ̇ = ẋ_{12k+1} = 0 by Corollaries 2.4.19, 2.4.20.

Lemma 3.5.5. We have ℓ̈ = ẍ_{6l+1} +ẍ_{6l+2} +ẍ_{6l+3} = ẍ_{12k+1} = 0 for l = 0, . . . , 2k−1.

Proof: By Lemma 2.2.2 we have ℓ(x) = (cos x_1 cos x_2 + cos x_6)/(sin x_1 sin x_2). Differentiating this equality along ς we get

(sin^2 x_1(t) sin^2 x_2(t))ℓ̇(t) = −(sin x_2(t) cos x_2(t) + cos x_1(t) sin x_2(t) cos x_6(t))ẋ_1(t) − (sin x_1(t) cos x_1(t) + sin x_1(t) cos x_2(t) cos x_6(t))ẋ_2(t) − (sin x_1(t) sin x_2(t) sin x_6(t))ẋ_6(t),

so differentiating again and evaluating at 0 we get

(2 sin^4 α_{g,k})ℓ̈ = (−3 cos α_{g,k} sin α_{g,k})(ẍ_1 + ẍ_2) − √ 3 sin^2 α_{g,k}ẍ_6 + (5 cos^2 α_{g,k} + 1)(ẋ^2_1 + ẋ^2) − sin^2 α_{g,k}ẋ^2_6 + (2 cos^2 α_{g,k} + 4)ẋ_1ẋ_2 + 2 √ 3 cos α_{g,k} sin α_{g,k}(ẋ_1ẋ_6 + ẋ_2ẋ_6).

(3.11)

Observe now that on Ω_{g,k} we also have

ℓ(x) = (cos x_1 cos x_3 + cos x_5)/(sin x_1 sin x_3) = (cos x_2 cos x_3 + cos x_4)/(sin x_2 sin x_3).

3.5 Non-isolation of the boundary 91

Differentiating two times these equalities along ς, evaluating at 0 as above and summing up with equality (3.11) we get

(6 sin^4 α_{g,k})ℓ̈ = −6 cos α_{g,k} sin α_{g,k}(ẍ_1 + ẍ_2 + ẍ_3) − √ 3 sin^2 α_{g,k}(ẍ_4 + ẍ_5 + ẍ_6) + (10 cos^2 α_{g,k} + 2)(ẋ^2_1 + ẋ^2 + ẋ^2_3) − sin^2 α_{g,k}(ẋ^2_4 + ẋ^2_5 + ẋ^2_6) + (2 cos^2 α_{g,k} + 4)(ẋ_1ẋ_2 + ẋ_1ẋ_3 + ẋ_2ẋ_3) + 2 √ 3 cos α_{g,k} sin α_{g,k}(ẋ_1ẋ_5 + ẋ_1ẋ_6 + ẋ_2ẋ_4 + ẋ_2ẋ_6 + ẋ_3ẋ_4 + ẋ_3ẋ_5). (3.12) Since ẋ belongs to T_{x0} Ω_{g,k} we have (sin α_{g,k})ẋ_{i+3} = ( √ 3 cos α_{g,k})ẋ_i for i = 1, 2, 3 and ẋ_1 + ẋ_2 + ẋ_3 = 0. Substituting these relations in (3.12) we (rather strikingly) get ℓ̈ = − cos α^{g,k}(ẍ^1 + ẍ^2 + ẍ^3) sin^3 α_{g,k}

. (3.13)

By the very same argument it follows that

ℓ̈ = − cos α^{g,k}(ẍ^{6l+1} + ẍ^{6l+2} + ẍ^{6l+3}) sin^3 α_{g,k}

(3.14)

for l = 0, . . . , 2k−1, whence ẍ_{6l+1}+ẍ_{6l+2}+ẍ_{6l+3} = ẍ_{6h+1}+ẍ_{6h+2}+ẍ_{6h+3} for any h, l ∈ {0, . . . , 2k − 1}. Thus the condition forcing the dihedral angle along the compact edge of T to be constantly equal to 2π gives 2k(ẍ_1 + ẍ_2 + ẍ_3) + 6(g − k)ẍ_{12k+1} = 0, whence ẍ_1 + ẍ_2 + ẍ_3 and ẍ_{12k+1} have opposite signs. Moreover condition ℓ(x) = cos x_{12k+1}/(1 − cos x_{12k+1}) implies ℓ̈ = −(sin β_{g,k}/(1 − cos β_{g,k})^2)ẍ_{12k+1}. Together with equation (3.13), this forces ẍ_1 + ẍ_2 + ẍ_3 and ẍ_{12k+1} to have the same sign, so ẍ_1 + ẍ_2 + ẍ_3 = 0, whence ẍ_{6l+1} + ẍ_{6l+2} + ẍ_{6l+3} = 0 for l = 0, . . . , 2k − 1 and ℓ̈ = 0.

When g = k, the variable x_{12k+1} is not involved, and the same proof works with an obvious modification at the last step. □

The chosen curve Let us now concentrate our attention on a special curve in the deformation space Ω_{g,k}. To this aim, let H be the subspace of R^N defined by the following equations:

H = {x ∈ R^N : x_2 = x_3, x_{12i+1} = x_{12i+2} = x_{12i+3} for all i = 1, . . . , k − 1}.

Let v_0 be the tangent vector to Ω_{g,k} at x_0 defined as follows:

v_0 = (2 sin α_{g,k}, − sin α_{g,k}, − sin α_{g,k}, 2 √ 3 cos α_{g,k}, − √ 3 cos α_{g,k}, − √ 3 cos α_{g,k}, −2 sin α_{g,k}, sin α_{g,k}, sin α_{g,k}, −2 √ 3 cos α_{g,k}, √ 3 cos α_{g,k}, √ 3 cos α_{g,k}, 0, . . . , 0). Using Proposition 3.4.1 one one can easily prove that T_{x0} Ω_{g,k} ∩ H = Span⟨v_0⟩, so H intersects Ω_{g,k} transversely near x_0 in the support of a smooth curve ς : (−ϵ, ϵ) → Ω_{g,k} with ς(0) = x_0 and ς̇(0) = v_0. As before, for any smooth f : Ω_{g,k} → R we set f(t) := f(ς(t)) and we denote by ḟ(t) (resp. f̈(t)) the first (resp. second) derivative of f ∘ ς in t. We also denote simply by ḟ, f̈ the values ḟ(0), f̈(0) respectively.

An immediate application of the chain rule for smooth maps gives the following:

92 Similar fillings and isolation of cusps

Lemma 3.5.6. Let ψ : (−ϵ^′, ϵ^′) → (−ϵ, ϵ) be a local diffeomorphism with ψ̇(0) = 1. Then ¨(ς ∘ ψ)(0) = ς̈(0) + ψ̈(0) · v_0.

Thus, up to reparameterizing ς without changing its tangent vector at 0 we can assume that the following condition holds:

ẍ_1 = ẍ_7. (3.15)

A very similar argument to the proof of Proposition 3.4.5 gives the following:

Proposition 3.5.7. For any t ∈ (−ϵ, ϵ) we have

x_2(t) = x_3(t), x_5(t) = x_6(t), x_8(t) = x_9(t), x_{11}(t) = x_{12}(t), and x_{12i+1}(t) = x_{12i+2}(t) = x_{12i+3}(t), x_{12i+4}(t) = x_{12i+5}(t) = x_{12i+6}(t) = π/3, x_{12i+7}(t) = x_{12i+8}(t) = x_{12i+9}(t), x_{12i+10}(t) = x_{12i+11}(t) = x_{12i+12}(t) = π/3

for i = 1, . . . , k − 1.

Proof: For i = 1, . . . , 2k let Δ^∗_i (t) be the geometric realization of Δ_i parameterized by ς(t) ∈ Ω_{g,k}. Let T_1(t), T^′_1(t) be the truncation triangles of Δ^∗_1(t) having a vertex on the edge e^1, and T_2(t), T^′_2(t) be the truncation triangles of Δ^∗_2(t) having a vertex on the edge e^1_2. Recall that the compact face of Δ^∗_1 and Δ^∗_2 is a regular right-angled hexagon, so condition x_2(t) = x_3(t) implies that T_1(t) and T^′_1(t) are isometric to each other, which gives x_5(t) = x_6(t). Moreover the faces F^1_1 and F^1_2 are glued to each other, and this ensures that also T_2(t) and T^′_2(t) are isometric to each other, so x_8(t) = x_9(t) and x_{11}(t) = x_{12}(t).

Since for all i = 1, . . . , k − 1 we have x_{12i+1}(t) = x_{12i+2}(t) = x_{12i+3}(t), the argument just described applies to the pair of tetrahedra Δ^∗_{2i+1}(t), Δ^∗_{2i+2}(t) giving

x_{12i+4}(t) = x_{12i+5}(t) = x_{12i+6}(t), x_{12i+7}(t) = x_{12i+8}(t) = x_{12i+9}(t), x_{12i+10}(t) = x_{12i+11}(t) = x_{12i+12}(t).

Now the conclusion follows since x_{12i+4}(t) + x_{12i+5}(t) + x_{12i+6}(t) = x_{12i+10}(t) + x_{12i+11}(t) + x_{12i+12}(t) = π. □ We are now ready to prove the following:

Proposition 3.5.8. We have

ς̈(0) = (8 cos α_{g,k} sin α_{g,k}, −4 cos α_{g,k} sin α_{g,k}, −4 cos α_{g,k} sin α_{g,k}, 2 √ 3, − √ 3, − √ 3, 8 cos α_{g,k} sin α_{g,k}, −4 cos α_{g,k} sin α_{g,k}, −4 cos α_{g,k} sin α_{g,k}, 2 √ 3, − √ 3, − √ 3, 0, . . . , 0). Proof: Since x_4(t)+x_5(t)+x_6(t) = x_{10}(t)+x_{11}(t)+x_{12}(t) = π, by Proposition 3.5.7 we have ẍ_5 = ẍ_6 = −(1/2)ẍ_4 and ẍ_{11} = ẍ_{12} = −(1/2)ẍ_{10}, while by Lemma 3.5.5

3.5 Non-isolation of the boundary 93

and Proposition 3.5.7 we get ẍ_2 = ẍ_3 = −(1/2)ẍ_1 and ẍ_8 = ẍ_9 = −(1/2)ẍ_7. Substituting these relations in equation (3.11) and recalling that ℓ̈ = 0 we have after some computations √ 3 cos α_{g,k}ẍ_1 − sin α_{g,k}ẍ_4 = 2 √ 3 sin α_{g,k}(4 cos^2 α_{g,k} − 1). (3.16)

The very same argument also gives √ 3 cos α_{g,k}ẍ_7 − sin α_{g,k}ẍ_{10} = 2 √ 3 sin α_{g,k}(4 cos^2 α_{g,k} − 1). (3.17)

In the same way, differentiating two times the equality

sin x_1(t) sin x_4(t) sin x_7(t) sin x_{10}(t) = sin x_2(t) sin x_5(t) sin x_8(t) sin x_{11}(t),

evaluating at 0 and substituting in the result the relations ẍ_2 = −(1/2)ẍ_1, ẍ_5 = −(1/2)ẍ_4, ẍ_8 = −(1/2)ẍ_7 and ẍ_{11} = −(1/2)ẍ_{10} we get √ 3 cos α_{g,k}(ẍ_1 + ẍ_7) + sin α_{g,k}(ẍ_4 + ẍ_{10}) = 4 √ 3 sin α_{g,k}(4 cos^2 α_{g,k} + 1). (3.18)

Solving equations (3.15), (3.16), (3.17) and (3.18) we get the desired result for ẍ_1, . . . , ẍ_{12}.

Let now i = 1, . . . , k − 1. By Proposition 3.5.7 and Lemma 3.5.5 we get

ẍ_{12i+1} = ẍ_{12i+2} = ẍ_{12i+3} = ẍ_{12i+1} + ẍ_{12i+2} + ẍ_{12i+3} 3 = 0,

ẍ_{12i+7} = ẍ_{12i+8} = ẍ_{12i+9} = ẍ_{12i+7} + ẍ_{12i+8} + ẍ_{12i+9} 3 = 0.

Moreover, Proposition 3.5.7 forces

ẍ_{12i+4} = ẍ_{12i+5} = ẍ_{12i+6} = ẍ_{12i+10} = ẍ_{12i+10} = ẍ_{12i+11} = ẍ_{12i+12} = 0,

and if g > k Lemma 3.5.5 also gives ẍ_{12k+1} = 0. □

The final step The smooth path ς : (−ε, ε) → Ω_{g,k} determines a smooth family of developing maps D_t : ~∂M → H^2 , which gives in turn a smooth path of holonomy representations ρ_t : π_1(∂M) → PSL(2, R) lifting to a smooth path of representations ρ_t : π_1(∂M) → SL(2, R). For any γ ∈ π_1(∂M) we set

tr_γ : (−ε, ε) → R, tr_γ (t) = trace ρ_t(γ).

Of course tr_γ is a smooth map for any γ ∈ π_1(∂M). Moreover, by equations (3.9) and (3.10) we have ṫr_γ (0) = 0. Together with equation (3.9), the following result readily implies Proposition 3.5.4, whence Theorem 3.5.1.

Proposition 3.5.9. There exists an element γ ∈ π_1(∂M) such that ẗr_γ (0) ≠ 0.

In order to find the element γ ∈ π_1(∂M) mentioned in Proposition 3.5.9 we have to describe in some detail a particular portion of the triangulation induced on ∂M by the canonical decomposition T of M. So we fix our attention on the

94 Similar fillings and isolation of cusps

b a a b

Δ_2

Δ_1

x_{11} x_5 x_4 x_{10}

x_{12} x_6 x_3 x_9 b b a a a a b b x_8 x_7 x_1 x_2

b a

b a x_1 x_2 x_8

x_1 x_2

x_7 x8 x_9 x_3 x_3 x_9 x_7

a

b a a b

Δ_2

Δ_1

x_{11} x_5 x_4 x_{10}

x_{12} x_6 x_3 x_9

a a b b x_8 x_7 x_1 x_2 a b a b l_1 l_1

l_2 b a

b

b x_1 x_2 x_8

x_1 x_2

x_7 x8 x_9 x_3 x_3 x_9 x_7 l_2 a

a

b

Figure 3.4: Up to cyclic reorderings of the internal edges e^1, e^2_1, e^3_1 of Δ_1, we show here the only possible identifications of the vertices of the hexagon tessellated by the truncation triangles of Δ_1 and Δ_2.

geodesic hexagon (with identifications on edges and vertices) which results from the gluing of the truncation triangles of Δ_1, Δ_2 ∈ T . Let l_1, l_2 be the oriented edges of this hexagon described in Fig. 3.4 and observe that the starting point of l_1 and the endpoint of l_2 both coincide with the same point b ∈ ∂M. Thus the loop l_2 ∗ l_1 defines an element γ of π_1(∂M, b). Our next aim is to give an explicit description of the isometry ρ_t(γ) ∈ PSL(2, R) in terms of angles and lengths of edges of the triangulation of ∂M. Let us fix two consecutive lifts ~l_1, ~l_2 of l_1, l_2 in ~∂M and let ~l′_1 = γ(~l_1) ⊂ ~∂M be the lift of l_1 starting at the endpoint of ~l_2. Then it is easily seen that ρ_t(γ) is the unique orientation-preserving isometry of H^2 taking the oriented geodesic segment D_t(~l_1) onto the oriented geodesic segment D_t(~l^′_1).

Let η(t) be the angle formed by D_t(~l_1) and D_t(~l_2) at the endpoint of D_t(~l_1) and ζ(t) the angle formed by D_t(~l_2) and D_t(~l^′_1) at the endpoint of D_t(~l_2) (see Fig. 3.5). Of course we have η(t) = x_3(t) + x_9(t), while

ζ(t) = (x_2(t) + x_8(t)) + (x_1(t) + x_7(t)) + δ(x_3(t) + x_9(t)) + r(t),

where δ ∈ {0, 1} is determined by the combinatorics of T and r(t) ∈ (0, 2π) is given by the sum (with multiplicity) of some of the x_i(t)’s with i ⩾ 13. The definition of the tangent vector v_0 of ς(t) at 0 and Proposition 3.5.8 give the following:

Lemma 3.5.10. We have η̇(0) = ζ̇(0) = 0 and η̈(0) ≠ 0. Moreover, if δ = 0 then ζ̈(0) = −η̈(0); if δ = 1 then ζ̈(0) = 0.

Let now H = {z ∈ C : ℑ(z) > 0} be the upper half-plane model of H^2 . Without loss of generality we may assume that for any t ∈ (−ε, ε) the developing

3.5 Non-isolation of the boundary 95

x3(t) x9(t)

D_t(b)

x1(t) η(t)

D_t(~l_1)

D_t(~l_2) x2(t) x8(t) x7(t) D_t(~l^′_1)

D_t(b) x1(t) ζ(t)

x7(t)

Figure 3.5: Notation for the proof of equation (3.21).

96 Similar fillings and isolation of cusps

map D_t : ~∂M → H sends ~l_1 onto the geodesic segment starting at i ∈ H and ending at λ(t)·i ∈ H , where λ(t) is a real number greater than 1. For 1 < λ ∈ R, θ ∈ (0, 2π) we now set A(λ, θ) = [( √ λ sin(θ/2) − √ λ cos(θ/2) (1/ √ λ) cos(θ/2) (1/ √ λ) sin(θ/2) )] ∈ PSL(2, R). It is easily seen that A(λ, θ) sends the half-geodesic s starting at i ∈ H and ending at ∞ onto the half-geodesic s^′ starting at λ · i such that s and s^′ define at λ · i an angle equal to θ. Now the length of D_t(~l_2) is equal to the length of D_t(~l_1), and the isometry ρ_t(γ) takes the oriented geodesic segment D_t(~l_1) onto the oriented geodesic segment D_t(~l^′_1), so ρ_t(γ) = A(λ(t), η(t)) · A(λ(t), ζ(t)). (3.19) Since λ(t) = exp ℓ(t), (3.20)

by Corollary 2.4.19 and Lemma 3.5.5 we have λ̇(0) = λ̈(0) = 0. Moreover we have η̇(0) = ζ̇(0) = 0, so differentiating two times equality (3.19), evaluating at 0 and taking the trace we obtain

2ẗr_γ (0) = η̈(0) · ((λ(0) + λ(0)^{−1}) cos(η(0)/2) sin(ζ(0)/2) +2 sin(η(0)/2) cos(ζ(0)/2)) + ζ̈(0) · ((λ(0) + λ(0)^{−1}) sin(η(0)/2) cos(ζ(0)/2) +2 cos(η(0)/2) sin(ζ(0)/2)).

(3.21)

We now consider separately the cases ζ̈(0) = −η̈(0) ≠ 0 and ζ̈(0) = 0. In the first case, from equation (3.21) we obtain

ẗr_γ (0) = (η̈(0)/2)(λ(0) + λ(0)^{−1} − 2)(sin((ζ(0)/2) − (η(0)/2))) ≠ 0.

In order to prove that ẗr_γ (0) ≠ 0 also in the latter case we will show that

(λ(0) + λ(0)^{−1}) cos(η(0)/2) sin(ζ(0)/2) + 2 sin(η(0)/2) cos(ζ(0)/2) > 0. (3.22)

First of all for any g ⩾ 2 we define β_{g,g} to be the unique real number β_{g,g} ∈ (0, π/2) such that cos β_{g,g} 1 − cos β_{g,g} = cos^2 β_{g,g} + cos β_{g,g}

sin^2 β_{g,g} = cos^2 α_{g,g} + 1/2 sin^2 α_{g,g}

. (3.23)

We notice that this definition naturally extends to the case g = k the usual definition of β_{g,k}, g > k ⩾ 1. Solving equation (3.23) (or the corresponding consistency equation when g > k ⩾ 1) with respect to β_{g,k} we obtain

cos β_{g,k} = (1 + 2 cos^2 α_{g,k})/3 = (2 + cos 2α_{g,k})/3, sin β_{g,k} = ( 2 sin α_{g,k} √ 2 + cos^2 α_{g,k} ) /3, g ⩾ 2, k ⩾ 1, g ⩾ k. (3.24)

Lemma 3.5.11. For any g ⩾ 2, k ⩾ 1 with g ⩾ k we have α_{g,k} < β_{g,k} < 2α_{g,k} ⩽ π/3.

3.6 Symmetries of Ω_{g,k} and return paths 97

Proof: By equation (3.24) we have cos β_{g,k} = (2 + cos 2α_{g,k})/3 > cos 2α_{g,k}, whence β_{g,k} < 2α_{g,k}. Moreover, since α_{g,k} < π/3 we have 2 cos^2 α_{g,k} − 3 cos α_{g,k} + 1 < 0, whence cos β_{g,k} = (2 cos^2 α_{g,k} + 1)/3 < cos α_{g,k} and α_{g,k} < β_{g,k}. This inequality also implies 2π = 6(g − k) · β_{g,k} + 6k · α_{g,k} ⩾ 6g · α_{g,k}, whence α_{g,k} ⩽ π/6. □ Since η(0) = 2α_{g,k}, if ζ(0) ⩽ π then inequality (3.22) is trivially satisfied, so we may assume π ⩽ ζ(0). By Lemma 3.5.11 we deduce π ⩽ ζ(0) ⩽ 2π − β_{g,k}, whence sin(ζ(0)/2) ⩾ sin(β_{g,k}/2) and cos(ζ(0)/2) ⩾ − cos(β_{g,k}/2). Thus we have

(λ(0) + λ(0)^{−1}) cos(η(0)/2) sin(ζ(0)/2) + 2 sin(η(0)/2) cos(ζ(0)/2) ⩾ (λ(0) + λ(0)^{−1}) cos α_{g,k} sin(β_{g,k}/2) − 2 sin α_{g,k} cos(β_{g,k}/2) > cos(β_{g,k}/2) · ((λ(0) + λ(0)^{−1}) cos α_{g,k} sin(β_{g,k}/2) − 2 sin α_{g,k} cos(β_{g,k}/2)) = (1/2)(λ(0) + λ(0)^{−1}) cos α_{g,k} sin β_{g,k} − sin α_{g,k}(1 + cos β_{g,k}). (3.25) By equation (3.20) we have

λ(0) + λ(0)^{−1} = 2 cosh ℓ(0) = (2 cos^2 α_{g,k} + 1)/(sin^2 α_{g,k}). (3.26)

Substituting equalities (3.24), (3.26) in (3.25) and recalling that α_{g,k} ⩽ π/6 we now deduce, after some computations:

(1/2)(λ(0) + λ(0)^{−1}) cos α_{g,k} sin β_{g,k} − sin α_{g,k}(1 + cos β_{g,k}) = ( (2 cos^2 α_{g,k} + 1) cos α_{g,k} √ 2 + cos^2 α_{g,k} + 2 cos^4 α_{g,k} + 2 cos^2 α_{g,k} − 4 ) /(3 sin α_{g,k}) ⩾ (5 √ 33 − 11)/12 > 0.

This finally proves inequality (3.22), thus concluding the proof of Proposition 3.5.9 and Theorem 3.5.1.

3.6 Symmetries of Ω_{g,k} and return paths

We now prove some results which will prove useful in the last section. We begin by analyzing in detail the symmetries of the deformation space Ω_{g,k}, and explaining how these symmetries act on the space of Dehn filling coefficients. After that we will describe how the length of the shortest return path (see Definition 2.6.9) changes under deformation of the complete structure.

Symmetries of Ω_{g,k} Let Aut(Ω_{g,k}) denote the set of diffeomorphisms of Ω_{g,k} onto itself, fix i ∈ {1, . . . , k} and take an element σ of the symmetric group S_3. Since the group of combinatorial automorphisms of a partially truncated tetrahedron with exactly one ideal vertex is isomorphic to S_3, we can make σ act on the dihedral angles of Δ_{2i−1} and of Δ_{2i}. In this way σ defines an automorphism σ̂_i ∈ Aut(Ω_{g,k}) which acts on these angles according to σ and leaves all the other angles unchanged. More formally, if x ∈ Ω_{g,k} we set:

(σ̂_i(x))_j = x_{12(i−1)+σ}−1_{(l)} if j = 12(i − 1) + l, l = 1, 2, 3; x_{12(i−1)i+3+σ}−1_{(l)} if j = 12(i − 1) + 3 + l, l = 1, 2, 3; x_{12(i−1)+6+σ}−1_{(l)} if j = 12(i − 1) + 6 + l, l = 1, 2, 3; x_{12(i−1)+9+σ}−1_{(l)} if j = 12(i − 1) + 9 + l, l = 1, 2, 3; x_j otherwise.

(3.27)

98 Similar fillings and isolation of cusps

The fact that σ̂_i takes indeed Ω_{g,k} into itself is a consequence of the symmetries of the consistency equations (3.1), (3.2), (3.3), which are clearly invariant under the permutation of indices described in (3.27). Another symmetry ζ_i : Ω_{g,k} → Ω_{g,k} exists which corresponds to interchanging the rôles of the tetrahedra Δ_{2i−1} and Δ_{2i}. This symmetry is defined by the following formulae:

(σ̂_i(x))_j = x_{12(i−1)+6+l} if j = 12(i − 1) + l, l = 1, . . . , 6; x_{12(i−1)+l} if j = 12(i − 1) + 6 + l, l = 1, . . . , 6; x_j otherwise.

(3.28)

Also in this case the fact that ζ_i(Ω_{g,k}) = Ω_{g,k} easily follows from a straight-forward analysis of the consistency equations. We can now define a map

φ_i : S_3 × Z/_2 → Aut(Ω_{g,k}), φ_i(σ, ϵ) = σ̂_i ∘ ζ^ϵ_i , σ ∈ S_3, ϵ = 0, 1. (3.29)

Using that ζ_i commutes with σ̂_i for all σ ∈ S_3 it is easily seen that φ_i is an injective homomorphism with image a certain subgroup Sym_i(Ω_{g,k}) of Aut(Ω_{g,k}).

Let now κ be an element of the symmetric group S_k on k elements. We define a symmetry ~κ ∈ Aut(Ω_{g,k}) which induces the permutation of cusps corresponding to κ. Namely for any x ∈ Ω_{g,k} we set

(κ̂(x))_j = x_{12(κ}−1_{(h)−1)+l} j = 12(h − 1) + l, h = 1, . . . , k, l = 1, . . . , 12. (3.30)

It is easily seen that the map κ → κ̂ defines an injective homomorphism ν : S_k → Aut(Ω_{g,k}).

Let us denote by Sym(Ω_{g,k}) the subgroup of Aut(Ω_{g,k}) generated by ν(S_k) ∪ (⋃_k i=1 Sym_i(Ω_{g,k}) ) . It is easily seen that elements in Sym_i(Ω_{g,k}) commute with elements in Sym_j (Ω_{g,k}) whenever i ≠ j, thus the group generated by the Sym_i(Ω_{g,k})’s is actually isomorphic to the product ∏_k i=1 Sym_i(Ω_{g,k}). Moreover if π : Sym(Ω_{g,k}) → S_k is the natural homomorphism which maps each symmetry to the corresponding permutation of cusps we have Ker π = ∏_k i=1 Sym_i(Ω_{g,k}) and π ∘ ν = Id : S_k → S_k.

Thus

Sym(Ω_{g,k}) = ν(S_k) ⋉ (Sym_1(Ω_{g,k}) × · · · × Sym_k(Ω_{g,k})) ∼= S_k ⋉ (_k ∏ i=1 S_3 × Z/_2 ) . (3.31) Our next task is to investigate how symmetries in Sym(Ω_{g,k}) act on the space of Dehn filling coefficients parameterizing a small neighbourhood of x_0 in Ω_{g,k}.

Action on Dehn filling coefficients Recall that for j = 1, . . . , k and x ∈ Ω_{g,k} the hyperbolic structure on M parameterized by x induces on the torus T_j a well-defined similarity structure, which will be denoted by T_j (x). As described in Section 3.4, the structure T_j (x_0) can by realized as the gluing of two isometric Euclidean equilateral triangles, and is therefore similar to C /Γ, where C is endowed with the standard Euclidean metric, and Γ = ⟨τ_1, τ_2⟩ is the discrete additive subgroup of C with generators τ_1 = 1, τ_2 = −1/2 + i √ 3/2. Once an isometric identification T_j (x_0) ∼= C /Γ is fixed, we have a natural isomorphism between Γ and H_1(T_j ; Z) ∼= π_1(T_j ). We denote

3.6 Symmetries of Ω_{g,k} and return paths 99

by μ_j, λ_j the elements in π_1(T_j ) which correspond under this identification to τ_1, τ_2 respectively, and we choose them also as our preferred positively oriented Z-basis of H_1(T ; Z). With notation as in Section 3.3, we denote by M(T_j ) the group of isotopy classes of isometries of T_j(x_0), and by M(T_1 ⊔ . . . ⊔ T_k) the group of isotopy classes of isometries of T_1(x_0) ⊔ . . . ⊔ T_k(x_0). For any σ ∈ S_k we now define an element η(σ) ∈ M(T_1 ⊔ . . . ⊔ T_k) which permutes the marked tori T_1, . . . , T_k according to σ. Namely, η(σ) is the isotopy class of any element σ^′ ∈ Isom^+(T_1(x_0) ⊔ . . . ⊔ T_k(x_0)) with the following properties: σ^′(T_j ) = T_{σ(j)}, σ^′_∗(μ_j ) = μ_{σ(j)}, σ^′_∗(λ_j ) = λ_{σ(j)} for i = 1, . . . , k. It is easily seen that the map η : S_k → M(T_1 ⊔ . . . ⊔ T_k) is a welldefined injective homomorphism. Let now π^′ : M(T_1 ⊔. . .⊔T_k) → S_k be the natural projection which associates to any element in M(T_1 ⊔ . . . ⊔ T_k) the induced permutation of the T_j ’s. Of course we have π^′ ∘ η = Id : S_k → S_k, and the kernel of π^′ is canonically isomorphic to M(T_1) × . . . × M(T_k). Therefore we have

M(T_1 ⊔ . . . ⊔ T_k) = η(S_k) ⋉ (M(T_1) × . . . × M(T_k)) ∼= S_k ⋉ (_k ∏ i=1 D_6 ) , (3.32)

where D_6 ∼= S_3 × Z/_2 is the dihedral group with 12 elements.

Recall now that functions u_j, v_j : Ω_{g,k} → C were defined in Section 2.4 by formulae (2.10) with the property that u_j (x) (resp. v_j(x)) is equal to the complex logarithm of the dilation coefficient of ρ^j_x(μ_j ) (resp. ρ^j_x(λ_j )), where ρ^j_x : π_1(T_j ) → Aff(C ) is a holonomy representation for the structure T_j(x) on T_j . For any x in a sufficiently small neighbourhood U of x_0 in Ω_{g,k} we also denote by (p_j (x), q_j (x)) the Dehn filling coefficient for x at the end E_j , i.e. the unique point in S^2 = R^2 ∪ {∞} with (p_j(x), q_j (x)) = ∞ if u_j (x) = v_j(x) = 0, p_j(x)u_j (x) + q_j(x)v_j (x) = 2πi otherwise.

We set

d = (d_1, . . . , d_k) : U → k∏ i=1 S^2, d_j (x) = (p_j (x), q_j (x)) ∈ S^2. (3.33)

By Corollary 2.4.3 and Proposition 2.5.3 there exists a small neighbourhood V ⊂ U of x_0 in Ω_{g,k} with the following properties:

• The map u = (u_1, . . . , u_k) : Ω_{g,k} → C^k restricts to a diffeomorphism of V onto an open neighbourhood of 0 in C^k ;

• The restriction of d to V defines a diffeomorphism of V onto an open neighbourhood of {∞} × . . . × {∞} in S^2 × . . . × S^2;

• ψ(V ) = V for any ψ ∈ Sym(Ω_{g,k}).

We now observe that M(T_1 ⊔ . . . ⊔ T_k) naturally acts on small neighbourhoods of {∞} × . . . × {∞} in S^2 × . . . × S^2 in the following way. Any element h ∈ M(T_1 ⊔ . . . ⊔ T_k) decomposes into isotopy classes of isometries h_j : T_j → T_{π(h)(j)}, i = 1, . . . , k, where π^′ : M(T_1 ⊔ . . . ⊔ T_k) → S_k is the projection introduced above.

100 Similar fillings and isolation of cusps

Thus we have isomorphisms (h_j )_∗ : H_1(T_j ; R) → H_1(T_{π(h)(j)}; R) and we can define h_∗ : S^2 × . . . × S^2 → S^2 × . . . × S^2 as follows:

h_∗((p_1, q_1), . . . , (p_k, q_k)) = ((p^′_1, q^′_1), . . . , (p^′_k, q^′_k)),

where

p^′_{π(h)(j)}μ_{π(h)(j)} + q^′_{π(h)(j)}λ_{π(h)(j)} = (h_j )_∗(p_j μ_j + q_jλ_j ) if (p_j, q_j ) ≠ ∞, (p^′_{π(h)(j)}, q^′_{π(h)(j)}) = ∞ if (p_j, q_j ) = ∞.

Our next aim is to prove the following:

Proposition 3.6.1. For any ψ ∈ Sym(Ω_{g,k}) there exists a unique h(ψ) ∈ M(T_1 ⊔ . . . ⊔ T_k) such that d(ψ(x)) = h(ψ)_∗(d(x)) for all x ∈ V . Moreover the map Sym(Ω_{g,k}) → M(T_1 ⊔ . . . ⊔ T_k), ψ → h(ψ) is a group isomorphism (which preserves decompositions (3.31), (3.32)). Thus the action of M(T_1 ⊔ . . . ⊔ T_k) on S^2 × . . . × S^2 restricts to an action on d(V ).

Proof: We need to describe as explicitly as possible how the maps d_j : V → S^2, i = 1, . . . , k change under precompositions with elements in Sym(Ω_{g,k}). First of all we fix x ∈ V , i ∈ {1, . . . , k} and compute u_j(x), v_j(x). In order to clarify a bit our argument we come back to the notation described at the beginning of the section, i.e we set γ^l_{2j−1} = x_{12(j−1)+3+l}, γ^l_{2j} = x_{12(j−1)+9+l}, l = 1, 2, 3.

To compute u_j(x) and v_j (x) we look at the decomposition of T_j(x) into Euclidean triangles defined by x and use formulae (2.10) (see Fig. 3.6 where the tessellation of T_1 is developed on C ). Also recalling that γ^1_{2j−1} +γ^2_{j−1} +γ^3_{2j−1} = γ^1_{2j} +γ^2_j +γ^3_{2j} = π we obtain

u_j (x) = ln((sin γ^1_{2j−1} sin γ^2_j )/(sin γ^2_{j−1} sin γ^1_{2j})) + i(γ^3_{2j−1} − γ^3_{2j} ), v_j (x) = ln((sin γ^2_{j−1} sin γ^3_{2j} )/(sin γ^3_{2j−1} sin γ^2_j)) + i(γ^1_{2j−1} − γ^1_{2j} ).

We now consider the action of S_3 × Z/_2 on Ω_{g,k} via the representation φ_j : S_3 × Z/_2 → Sym_j(Ω_{g,k}) defined in equation (3.29). By definition the element (σ, 0) ∈ S_3 ×Z/_2 acts on the γ^l_{2j−1}’s and the γ^l_{2j} ’s just by applying σ to the apices, while the action of (Id, 1) ∈ S_3×Z/_2 interchanges indices 2j−1, 2j. Let now r = ((123), 1), s = ((12), 0) be fixed elements of S_3 × Z/_2. The description of the action of φ_j (r), φ_j (s) given above implies (after some computations) that

u_j(φ_j (r)(x)) = −v_j (x), v_j(φ_j (r)(x)) = u_j(x) + v_j (x), (3.34) u_j(φ_j (s)(x)) = −u_j (x), v_j(φ_j (s)(x)) = u_j (x) + v_j (x). (3.35)

We can now compute the action of h(φ_j (r)) and h(φ_j (s)) on Dehn filling coefficients. Using equations (3.34), (3.35) and the very definition of Dehn filling coefficients we get 2πi = p_j(φ_j (r)(x))u_j (φ_j (r)(x)) + q_j(φ_j (r)(x))v_j (φ_j (r)(x)) = p_j(φ_j (r)(x))(−v_j (x)) + q_j(φ_j (r)(x))(u_j (x) + v_j(x)) = q_j(φ_j (r)(x))u_j (x) + (q_j(φ_j (r)(x)) − p_j(φ_j (r)(x)))v_j (x),

3.6 Symmetries of Ω_{g,k} and return paths 101

γ^3_1 γ^2_2 γ^1_2 γ^2_2 γ^1_2 γ^2_2 γ^1_2

γ^1_1 γ^2_1 γ^1_1 γ^2_1 γ^2_2 γ^1_2 γ^2_2 γ^1_2

γ^1_1 γ^2_1 γ^1_1 γ^2_1 γ^1_1 γ^2_1 γ^2_2 γ^1_2 γ^2_2 γ^1_2 γ^2_2 γ^1_2

γ^1_1 γ^2_1 γ^1_1 γ^2_1 γ^3_2 γ^3_2 γ^3_2

γ^3_2 γ^3_2

γ^3_2 γ^3_2 γ^3_2 γ^3_1 γ^3_1 γ^3_1 γ^3_1 γ^3_1 γ^3_1

μ̂_i λ̂_i

Figure 3.6: If μ̂_j (resp. λ̂_j ) is the image of a lift of μ_j (resp. λ_j ) under a developing map, then −u_j (x) (resp. −v_j (x)) is the product of the moduli of triangles lying on the right side of of μ̂_j (resp. λ̂_j ).

whence p_j (x) = q_j(φ_j (r)(x)), q_j(x) = q_j(φ_j (r)(x)) − p_j (φ_j (r)(x)) by uniqueness of the Dehn filling coefficients, and

p_j(φ_j (r)(x)) = p_j(x) − q_j(x), q_j(φ_j (r)(x)) = p_j(x). (3.36)

A similar computation also gives

p_j(φ_j (s)(x)) = p_j(x) − q_j(x), q_j(φ_j (s)(x)) = −q_j(x). (3.37)

This easily implies that h(φ_j (r)) and h(φ_j (r)) act on Dehn filling coefficients at the j-th end of M respectively as a rotation of angle π/3 and a reflection with respect to the line R · μ_j (see Proposition 3.3.2). This gives in turn that h restricts to an isomorphism

Sym(Ω_{g,k}) ⊃ Sym_j(Ω_{g,k}) ∼= M(T_j ) ⊂ M(T_1 ⊔ . . . ⊔ T_k).

Moreover, with notation as in formulae (3.31), (3.32), any permutation of cusps in ν(S_k) ⊂ Sym(Ω_{g,k}) is taken by h into the corresponding permutation in η(S_k) ⊂ M(T_1 ⊔ . . . ⊔ T_k), and this concludes the proof. □

Remark 3.6.2. Just as the space Ω_{g,k}, also the groups Sym(Ω_{g,k}), M(T_1 ⊔. . .⊔T_k), the maps u, v : Ω_{g,k} → C^k , d : Ω_{g,k} → S^2 × . . . × S^2, the neighbourhood V of x_0 in Ω_{g,k} and the homomorphism h : Sym(Ω_{g,k}) → M(T_1 ⊔ . . . ⊔ T_k) depend only on g and k, and not on the fixed manifold M ∈ M_{g,k}.

Return paths We are now interested in describing the shortest return paths (see Definition 2.6.9) in small deformations of the complete structure on M. Let us define

102 Similar fillings and isolation of cusps

three real numbers μ_{g,k}, ν_{g,k}, η_{g,k} as follows: μ_{g,k} is the distance between a truncation triangle and the opposite lateral hexagon in a non-compact tetrahedron of the canonical decomposition of M; ν_{g,k} is the distance between a truncation triangle and the opposite lateral hexagon in a compact tetrahedron of the canonical decomposition of M; η_{g,k} is the length of the compact edge of the canonical decomposition of M.

Lemma 3.6.3. We have 2μ_{g,k} > η_{g,k}, 2ν_{g,k} > η_{g,k}.

Proof: By Proposition 2.7.14 and equations (2.3), (2.12) we have, after some computations:

cosh μ_{g,k} = (3 cos α_{g,k})/ √ (2 cos α_{g,k} − 1)(2 cos α_{g,k} + 1), cosh ν_{g,k} = √ ((cos β_{g,k} + 1)(3 cos β_{g,k} − 1))/(2 cos β_{g,k} − 1),

whence

cosh 2μ_{g,k} = (14 cos^2 α_{g,k} + 1)/((2 cos α_{g,k} − 1)(2 cos α_{g,k} + 1)), cosh 2ν_{g,k} = (6 cos^2 β_{g,k} + 2 cos β_{g,k} − 1)/(2 cos β_{g,k} − 1).

Moreover by Proposition 2.2.6 and equations (2.2), (2.3) we also obtain

cosh η_{g,k} = 2(cos α_{g,k} + 1)^2/(3(2 cos α_{g,k} − 1)(2 cos α_{g,k} + 1)) = cos β_{g,k}/(2 cos β_{g,k} − 1).

We now observe that since cos β_{g,k} ⩾ 1/2 > 1/3 we have

6 cos^2 β_{g,k} + 2 cos β_{g,k} − 1 > cos β_{g,k},

whence 2μ_{g,k} > η_{g,k}. Moreover we always have

3(14 cos^2 α_{g,k} + 1) > 2(cos α_{g,k} + 1)^2, whence 2ν_{g,k} > η_{g,k}. □ Let us set IΩ_{g,k} = {x ∈ Ω_{g,k} : for i = 1, . . . , k the i − th Dehn filling coefficient associated to x is equal either to ∞ or to an indivisible element in H_1(T_i; Z)}.

For any x ∈ Ω_{g,k} we denote by M(x) the hyperbolic structure induced on M by x, and by M̂(x) the metric completion of M(x). If x ∈ IΩ_{g,k} then M̂(x) is a complete finite-volume hyperbolic manifold with geodesic boundary. In this case the unique compact edge in the geometric triangulation of M(x) defines a return path l_x in M̂(x). Of course we have lim y∈IΩ_{g,k}, y→x_0 L^y(l_y) = L^{x0} (l_{x0} ) = η_{g,k},

where L^y denotes the length with respect to the hyperbolic metric on M̂(y) for any y ∈ IΩ_{g,k}. The following lemma can be thought as an extension of Proposition 2.6.10 to manifolds obtained by Dehn filling M along sufficiently long slopes.

3.6 Symmetries of Ω_{g,k} and return paths 103

Lemma 3.6.4. There exist δ > 0 and a neighbourhood V^′ ⊂ V of x_0 in Ω_{g,k} such that for every x ∈ IΩ_{g,k} ∩V^′ the following holds: if l is a return path in M̂ (x) having length less than L^{x0} (l_{x0} ) + δ = η_{g,k} + δ, then l = l_x.

Proof: We suppose by contradiction that a sequence {y_n}_{n∈N} ⊂ IΩ_{g,k} exists with the following properties:

• lim_{n→∞} y_n = x_0;

• A return path l^′_n in M̂(y_n) exists such that l^′_n ≠ l_{yn} for any n ∈ N and lim sup_{n→∞} L^{yn} (l^′_n) ⩽ η_{g,k}.

Since the distance between the added geodesics M̂(y)\M(y) and the geodesic boundary of M(y) approaches ∞ as y tends to x_0, we can suppose l^′_n ⊂ M(y_n) for any n ∈ N. Let now p_n, q_n be the endpoints of l^′_n and Δ^{pn} , Δ^{qn} the geometric tetrahedra containing p_n, q_n respectively. We denote by l^′_{pn} (resp. l^′_{qn} ) the connected component of l^′_n ∩ Δ^{pn} (resp. l^′_n ∩ Δ^{qn} ) containing p_n (resp. q_n). Since l^′_n ≠ l_{yn} and l^′_n intersect ∂M(y_n) at right angles, by Lemma 3.6.3 we easily get

lim sup n→∞ L^{yn} (l^′_n) ⩾ lim inf_{n→∞} L^{yn} (l^′_n) ⩾ lim inf_{n→∞} L^{yn} (l^′_{pn} ) + lim inf_{n→∞} L^{yn} (l^′_{qn} ) ⩾ 2 min{μ_{g,k}, ν_{g,k}} > η_{g,k}, a contradiction. □ Let V^′ be a neighbourhood of x_0 in Ω_{g,k} as in the statement of Lemma 3.6.4.

Corollary 3.6.5. For every x ∈ IΩ_{g,k} ∩ V^′ the arc l_x is the unique shortest return path in M̂(x).

For any x ∈ IΩ_{g,k} ∩V we denote by U(x) the universal covering of the hyperbolic manifold M̂ (x). We have the following easy:

Corollary 3.6.6. The minimal distance between distinct connected components of ∂U(x) is equal to L^x(l_x) for all x ∈ IΩ_{g,k} ∩ V^′. Moreover, if S_1, S_2 are distinct connected components of ∂U(x), then the distance between S_1 and S_2 equals L^x(l_x) if and only if the shortest path joining S_1 with S_2 projects onto l_x ⊂ M̂(x).

The following proposition relates the intrinsic geometry of U(x) to properties of the geometric triangulation of M(x), when x ∈ IΩ_{g,k}.

Proposition 3.6.7. There exists a neighbourhood V^{′′} ⊂ V^′ of x_0 in Ω_{g,k} with the following property. Let x ∈ IΩ_{g,k} ∩ V^{′′} and S_1, . . . , S_4 be pairwise distinct connected components of ∂U(x). Then the distance between S_i and S_j equals L^x(l_x) for all i ≠ j if and only if there exists a lift of a compact tetrahedron in the geometric triangulation of M(x) ⊂ M̂(x) whose truncation triangles lie on S_1, . . . , S_4.

Proof: We concentrate our attention on the “only if” part of the statement, the “if” part being obvious.

Let x ∈ IΩ_{g,k} ∩ V^′. Since M(x), M(x_0) are both homeomorphic to M, the local isometry i_x : ~M(x) → ~M̂(x) = U(x) induced by the inclusion M(x) → M̂(x) defines

104 Similar fillings and isolation of cusps

a (neither injective nor locally isometric) immersion p_x : U(x_0) = ~M(x_0) → U(x) with p_x(∂U(x_0)) = ∂U(x), p^{−1}_x (∂U(x)) = ∂U(x_0). (Note that p_x is not uniquely defined, since it depends on the identification of U(x_0) with the Riemannian universal covering of M(x)). Let δ be as in the statement of Lemma 3.6.4. Then there exist ε > 0 and a small neighbourhood V^{′′} ⊂ V^′ of x_0 in Ω_{g,k} such that for every y ∈ IΩ_{g,k} ∩ V^{′′} we have

(1 + ε)L^y(l_y) < L^{x0} (l_{x0} ) + δ.

Recall that the distance between the added geodesics M̂(y) \ M(y) and the geodesic boundary of M(y) approaches ∞ as y tends to x_0, so, up to resizing V^{′′}, for every y ∈ IΩ_{g,k} ∩ V^{′′} a compact set K_y ⊂ M(y) exists with the following properties:

1. K_y contains all the points of M̂(y) whose distance from ∂M̂(y) is smaller than the diameter of the regular truncated tetrahedron with edge-length equal to L^y(l_y);

2. If ~K_y is the preimage of K_y under the covering map U(y) → M̂(y), then we can choose the map p_y : U(x_0) → U(y) in such a way that p_y|_p−1_{y ( ~Ky)} : p^{−1}_y ( ~K_y) → ~K_y is locally (1 + ε)-biLipschitz.

Let now x ∈ IΩ_{g,k} ∩ V^{′′} and S_1, . . . , S_4 be pairwise distinct connected components of ∂U(x) such that the distance between S_i and S_j equals L^x(l_x) for all i ≠ j. Let Δ be a topological partially truncated tetrahedron with truncation triangles B_1, B_2, B_3, B_4 and internal edges e_{ij} joining B_i with B_j, i, j ∈ {1, 2, 3, 4}, i ≠ j. We consider a geometric realization r : Δ → U(x) ⊂ H^3 with r(B_i) ⊂ S_i, i = 1, 2, 3, 4, and we observe that r(e_{ij}) is the shortest geodesic arc joining S_i with S_j. Since r(Δ) ⊂ K_x ⊂ M(x), it is easily seen that r lifts to a map r^′ : Δ → U(x_0) with p_x ∘ r^′ = r. (Notice that since p_x is not a local isometry, the map r^′ does not necessarily define a geometric realization of Δ.) For i = 1, 2, 3, 4 let S^′_i be the component of ∂U(x_0) containing r^′(B_i), so that r^′(e_{ij} ) is a (not necessarily geodesic) arc joining S^′_i with S^′_j for i, j = 1, 2, 3, 4, i ≠ j. By Corollary 3.6.6 we know that r(e_{ij} ) projects onto the return path l_x ⊂ M̂ (x), and this easily implies that the arc r^′|_{eij} : e_{ij} → U(x_0) is not null-homotopic relatively to ∂M(x_0). Thus S^′_i ≠ S^′_j for i ≠ j. Moreover by property (2) above we have L^{x0} (r^′(e_{ij} )) ⩽ (1 + ε)L^x(l_x), whence

d_{x0} (S^′_i, S^′_j) ⩽ (1 + ε)L^x(l_x) ⩽ L^{x0} (l_{x0} ) + δ, i, j ∈ {1, 2, 3, 4}, i ≠ j,

where we denote by d_{x0} the hyperbolic metric on U(x_0). Thus by Lemma 3.6.4 and Proposition 2.6.11 the hyperbolic planes S^′_1, S^′_2, S^′_3, S^′_4 bound a compact geodesic regular partially truncated tetrahedron which projects onto a piece of the Kojima decomposition of M(x_0). This easily implies that r(Δ) projects onto a compact partially truncated tetrahedron in the geometric triangulation of M(x), whence the conclusion. □

3.7 Similar fillings

Before stating our results about fillings which yield geometrically similar manifolds some definitions are needed.

3.7 Similar fillings 105

Definition 3.7.1. Let N be a complete finite-volume hyperbolic 3-manifold with geodesic boundary and k cusps. The cusp shape of N is the set of Euclidean structures (up to a scale factor) induced on the boundary tori of N. A regular horocusp neighbourhood for N is a set O_1 ⊔ . . . ⊔ O_k ⊂ N, where O_i is an open embedded horospherical neighbourhood of the i-th cusp of N, O_i ∩ O_j = ∅ for i ≠ j and vol(O_i) = vol(O_j ) for i, j ∈ {i, . . . , k}. The cusp volume of N is the volume of a maximal regular horocusp neighbourhood for N (where this volume is intended to be 0 if N is compact).

Definition 3.7.2. Let N be a complete finite-volume hyperbolic 3-manifold with geodesic boundary and cusps C_1, . . . , C_k. A set of slopes S for N is a set S = {s_{i1} , . . . , s_{ih} } of either 0 or 1 slope per cusp. If S = {s_{i1} , . . . , s_{ih} } is a set of slopes for N we denote by N(S) the manifold obtained by filling N along s_{i1} , . . . , s_{ih} .

The following definition is taken (with minor modifications) from [HMW92].

Definition 3.7.3. Let N, N^′ be complete finite-volume hyperbolic 3-manifolds with geodesic boundary and the same number of cusps. We say that N and N^′ are geometrically similar if the following conditions hold:

• N and N^′ have the same volume;

• H_1(N; Z) ∼= H_1(N^′; Z);

• N and N^′ have the same cusp volume;

• N and N^′ have the same cusp shape;

• The shortest return paths of N and N^′ have the same length;

• The shortest closed geodesics of N and N^′ have the same complex length;

• N and N^′ have the same Turaev-Viro invariants;

• Manifolds obtained by sufficiently complicated Dehn fillings on N can be paired to manifolds obtained by sufficiently complicated Dehn fillings on N^′ in such a way that the elements in each pair share the same volume, first homology group, cusp volume, cusp shape, length of the shortest return path, complex length of the shortest geodesic and Turaev-Viro invariants.

Let now M and M^′ be elements in M_{g,k} (we do not exclude the case M = M^′) with boundary tori T_1, . . . , T_k and T^′_1, . . . , T^′_k. We endow each of these tori with the Euclidean metric defined on them by the hyperbolic structures on M, M^′ together with the requirement that Area(T_i) = Area(T^′_i ) = √ 3/2 for i = 1, . . . , k. We say that a set of slopes S for M is equivalent to the set of slopes S^′ for M^′ if there exists an orientation-preserving isometry ψ : T_1 ⊔ . . . ⊔ T_k → T^′_1 ⊔ . . . ⊔ T^′_k taking S onto S^′. Of course if S is equivalent to S^′ then the lengths of the slopes in S are equal to the lengths of the slopes in S^′. We recall however that the converse is not true (see Remark 3.3.6).

106 Similar fillings and isolation of cusps

Theorem 3.7.4. Suppose g > k, let M, M^′ be elements of M_{g,k} and S (resp. S^′) be a set of slopes for M (resp. M^′). Then there exists a positive constant C depending only on M and M^′ such that the following holds: if all the slopes of S are longer than C and S is equivalent to S^′, then M(S) is geometrically similar to M^′(S^′).

Proof: Let V^′ be a neighbourhood of x_0 in Ω_{g,k} as in the statement of Lemma 3.6.4 and d : V^′ → S^2 × . . . × S^2 the map defined in equation (3.33). We can choose a positive constant C depending only on g and k such that the following holds: if S = {s_{i1} , . . . , s_{ih} } is a set of slopes for M with L(s_{il} ) > C for l = 1, . . . , h, then any k-uple of Dehn filling coefficients corresponding to S lie in d(V^′) (due to the choice of signs, there exist exactly 2^h such k-uples).

Let now S be a set of slopes for M whose elements are longer than C and let S^′ be a set of slopes for M^′ which is equivalent to S. Choose also points x, x^′ ∈ V^′ ⊂ Ω_{g,k} such that d(x) (resp. d(x^′)) gives a k-uple of Dehn filling coefficients corresponding to S (resp. S^′). By Proposition 3.6.1 it follows that a symmetry φ ∈ Sym(Ω_{g,k}) exists with φ(x) = x^′. Let M(x) (resp. M^′(x^′)) be the hyperbolic structure defined by x on M (resp. by x^′ on M^′). Recall that M(S) (resp. M^′(S^′)) is isometric to the metric completion of M(x) (resp. of M^′(x^′)), and that M(S)\M(x) (resp. M^′(S^′)\M^′(x^′)) is the union of h disjoint geodesics in M(S) (resp. in M(S^′)). Notice that since x is Sym(Ω_{g,k})-equivalent to x^′, the geometric partially truncated tetrahedra in the decomposition of M(x) are isometric to the geometric tetrahedra in the decomposition of M^′(x^′). Together with Corollary 3.6.5, this readily implies that the shortest return paths of M(S) and M(S^′) have the same length. Moreover, M(x) and M^′(x^′) have the same volume, whence volume(M(S)) = volume(M^′(S^′)).

The fact that H_1(M(S); Z) is isomorphic to H_1(M^′(S^′); Z) is an immediate consequence of Proposition 3.3.8.

By Theorem 3.4.3 the bases of the cusps of M(S) and M^′(S^′) are all isometric to regular hexagonal tori, whence M(S) and M^′(S^′) share the same cusp shape.

Consider now the shape of the geometric tetrahedra in the triangulations T = {Δ_1, . . . , Δ_{g+k}}, T^′ = {Δ^′_1, . . . , Δ^′_{g+k}} of M, M^′ respectively. Without loss of generality we can order the tetrahedra of these triangulations in such a way that Δ_l, Δ^′_l are asymptotic to the cusps of M(S), M^′(S^′) for l = 2h + 1, . . . , 2k (this is equivalent to requiring that the slopes in S and S^′ lie on tori T_1, . . . , T_h and T^′_1, . . . , T^′_h). Then by Proposition 3.4.5 a real number ϑ(x) = ϑ(x^′) ∈ (0, π/3) exists such that Δ_l and Δ^′_l are isometric to Δ^{ϑ(x)} for l = 2h + 1, . . . , 2k. For l = 2h + 1, . . . , 2k let now v_l, v^′_l be the ideal vertices of Δ_l, Δ^′_l respectively. Due to the symmetric shape of Δ^{ϑ(x)}, a unique horocusp neighbourhood H_l of v_l in Δ_l exists which is tangent to the truncation triangles of Δ_l. Moreover H_{2i−1} and H_{2i} glue up in M(S) giving a horocusp neighbourhood O_i of the i-th cusp for i = h + 1, . . . , k. Also notice that the total horocusp neighbourhood O_{h+1} ⊔ . . . ⊔ O_k is regular (since the H_l’s are isometric to each other) and maximal (since each O_i is tangent to the boundary of M(S)). The very same construction also leads to a horocusp neighbourhood O^′_{h+1} ⊔ . . . ⊔ O^′_k for M^′(S^′). Since Δ_l is isometric to Δ^′_l for l = 2h + 1, . . . , 2k we have vol(O_{h+1} ⊔ . . . ⊔ O_k) = vol(O^′_{h+1} ⊔ . . . ⊔ O^′_k), whence M(S) and M^′(S^′) share the same cusp volume.

Recall now that Thurston’s hyperbolic Dehn filling Theorem ensures that if for

3.7 Similar fillings 107

all l = 1, . . . , h we have L(s_l) > C^′ > 0 for some sufficiently large C^′, then the shortest geodesics of M(S) and M^′(S^′) are exactly the geodesics added to M(x) and M^′(x^′). Thus under the hypothesis that L(s_l) > C^′ for all l = 1, . . . , h, in order to prove that the shortest geodesics of M(S) and M^′(S^′) have the same complex length we only have to compute the complex length of these added geodesics. Up to reordering T_1, . . . , T_h and T^′_1, . . . , T^′_h we can assume that the orientation preserving isometry ψ : T_1 ⊔ . . . ⊔ T_k → T^′_1 ⊔ . . . ⊔ T^′_k such that ψ(S) = S^′ takes T_i onto T^′_i for i = 1, . . . , h. We denote by ℓ_i, ℓ^′_i the added geodesics corresponding to T_i, T^′_i respectively, and by C L^x (ℓ_i), C L^{x′} (ℓ^′_i) the complex lengths (with respect to the complete structure on M(S), M^′(S^′)) of ℓ_i, ℓ^′_i. Recall that on H_1(T_i; Z), H_1(T^′_i ; Z) we have fixed positively oriented bases (μ_i, λ_i), (μ^′_i, λ^′_i) which provide isomorphisms H_1(T_i; C ) ∼= C^2 , H_1(T^′_i ; C ) ∼= C^2 . Let (p_i(x), q_i(x)) (resp. (p^′_i(x^′), q^′_i(x^′))) be the coefficients of a representative for s_i (resp. s^′_i) in H_1(T_i; Z) (resp. in H_1(T^′_i ; Z)) with respect to these bases and take integers r_i(x), s_i(x), r^′_i(x^′), s^′_i(x^′) with

p_i(x)s_i(x) − q_i(x)r_i(x) = p^′_i(x^′)s^′_i(x^′) − q^′_i(x^′)r^′_i(x^′) = −1.

Let R_i ∈ M(T^′_i ) be the isotopy class of isometries corresponding to the rotation of angle π/3 according to the isomorphism M(T^′_i ) ∼= D_6.

If f_i is the only isotopy class of isometries between T_i and T^′_i with (f_i)_∗(μ_i) = μ^′_i, (f_i)_∗(λ_i) = λ^′_i, then since ψ and f_i are orientation-preserving we have ψ_i := ψ|_{Ti} = R^n_i ∘ f_i for some n ∈ {0, . . . , 5}. Let us consider the natural action (R^n_i )_∗ : C^2 ∼= H_1(T^′_i ; C ) → H_1(T^′_i ; C ) ∼= C^2 . By the very definitions we have (R^n_i )_∗(p_i(x), q_i(x)) = (p^′_i(x^′), q^′_i(x^′)). Moreover, since det (R^n_i )_∗ = 1 we can choose r^′_i(x^′), s^′_i(x^′) in such a way that (R^n_i )_∗(r_i(x), s_i(x)) = (r^′_i(x^′), s^′_i(x^′)). Let now u_i, v_i, u^′_i, v^′_i : V^′ → C be the Neumann-Zagier parameters corresponding to the bases (μ_i, λ_i), (μ^′_i, λ^′_i) respectively. By equations (3.34), (3.36) we easily deduce that ( u^′_i(x^′) v^′_i(x^′) ) =^t(R^{−n}_i )_∗ ( u_i(x) v_i(x) ) , whence

C L^{x′} (ℓ^′_i) = ⟨( u^′_i(x^′) v^′_i(x^′) ) , ( r^′_i(x^′) s^′_i(x^′) )⟩ = ⟨ t(R^{−n}_i )_∗ ( u_i(x) v_i(x) ) , (R^n_i )_∗ ( r_i(x) s_i(x) )⟩

= ⟨( u_i(x) v_i(x) ) , ( r_i(x) s_i(x) )⟩ = C L^x (ℓ_i).

In order to prove our statement about Turaev-Viro invariants we need to construct special spines for M(S) and M^′(S^′). Let P ⊂ M be the special spine of M dual to the canonical decomposition T of M, and recall that for j = 1, . . . , k a hexagonal face E_j of P exists which is parallel to the j-th boundary torus of M. Let E_1, . . . , E_h be the faces corresponding to the filled tori in M(S) and for l = 1, . . . , h let m_l be a loop on E_l which represents the slope s_l ∈ S and is in general position with respect to the singular locus S(P ) of P . The complement of P ⊂ M ⊂ M(S) inside M(S) consists of the disjoint union of an open collar of ∂M(S) and h open solid tori. Take meridinal discs D_1, . . . , D_h of these solid tori with ∂D_l = m_l for l = 1, . . . , h. The complement of P ∪ D_1 ∪ . . . ∪ D_h is as above, with h open balls

108 Similar fillings and isolation of cusps

instead of the h open solid tori. Fix now l ∈ {1, . . . , h}. The loop ∂D_l ⊂ E_l cuts E_l into several discal open faces of P ∪ D_1 ∪ . . . ∪ D_h (these faces are indeed homeomorphic to open discs because the loop m_l is sufficiently complicated with respect to the graph S(P ) ∩ E_l). Each such face separates Σ_g ⊂ ∂M(S) from the open ball corresponding to the l-th added solid torus, so, if we remove from P ∪ D_1 ∪ . . . ∪ D_h a face for each added solid torus we end up with a special spine P (S) of M(S). The very same procedure also provides a special spine P^′(S^′) for M^′(S^′). Let T (S), T^′(S^′) be the triangulations of M(S), M^′(S^′) dual to P (S), P^′(S^′) respectively. It is not difficult to show that since S is equivalent to S^′ the loops representing slopes in S and in S^′ can be chosen so that the incidence numbers between edges and tetrahedra are the same for T (S) and for T^′(S^′). This implies that M(S) and M^′(S^′) share the same Turaev-Viro invariants.

Recall that ψ : T_1 ⊔. . .⊔T_k → T^′_1 ⊔. . .⊔T^′_k is the orientation-preserving isometry taking S onto S^′. Let also S_∗ be a set of sufficiently complicated slopes for M(S). Of course we can think of S_∗ as of a set of slopes for M too. Let S^′_∗ be the set of slopes for M^′ obtained by applying ψ to S_∗. Of course S^′_∗ is a set of slopes for M^′(S^′), and the manifolds M(S)(S_∗) ∼= M(S ∪ S_∗) and M^′(S^′)(S^′_∗) ∼= M^′(S^′ ∪ S^′_∗) share the same volume, homology, cusp volume, cusp shape, length of the shortest return path, complex length of the shortest geodesic and Turaev-Viro invariants. □

Remark 3.7.5. Let M, M^′ be elements of M_{g,k} and suppose that s, s^′ are sufficiently long slopes on the tori T ⊂ ∂M, T^′ ⊂ ∂M^′. Let us give to T, T^′ the usual Euclidean structures induced by the hyperbolic structures on M, M^′ and suppose that there exists an orientation-reversing isometry of T onto T^′ taking s into s^′. Then the complex length of the added geodesic in M(s) is equal to the conjugate of the complex length of the added geodesic in M^′(s^′).

Non-homeomorphic fillings This paragraph is devoted to the proof of the following:

Theorem 3.7.6. For any k > 0 there exists an orientable complete finite-volume hyperbolic 3-manifold Y_k with geodesic boundary and with k toric cusps having the following property. A positive constant C exists such that if S = {s_{j1} , . . . , s_{jh} } is a set of slopes for Y_k with L(s_{jl} ) > C for l = 1, . . . , h, then Y_k(S) is hyperbolic and at least (k! · 3^h)/(h! · (k − h)!) pairwise non-homeomorphic hyperbolic Dehn fillings of Y_k are geometrically similar to Y_k(S).

In order to prove Theorem 3.7.6 we concentrate our attention on a specific manifold X_k ∈ M_{k+1,k} which is defined as follows. Let P_k be the special polyhedron whose 1-skeleton has the regular neighbourhood described in Fig. 3.7. It is easily seen that P_k is the spine of a manifold X_k. Computing the boundary of X_k as explained in [BP95] one can easily prove that X_k belongs to M_{k+1,k}. Recall that P_k is the unique special spine of X_k with k + 1 vertices, so any topological property of P_k readily translates into an intrinsic property of X_k itself. In particular we can fix an ordering on the cusps C_1, . . . , C_k of X_k which is well-defined up to exchanging C_i with C_{k−i} for all i = 1, . . . , k (see Fig. 3.7).

3.7 Similar fillings 109

C_k C1

C1 C_k

Figure 3.7: The regular neighbourhood of the 1-skeleton S(P_k) of P_k . Each pair of vertices joined by three edges in S(P_k ) gives rise to a toric cusp in X_k.

Proposition 3.7.7. If k is odd, then X_k admits no non-trivial isometries. If k is even, then X_k admits exactly one non-trivial isometry ψ_k. Moreover ψ_k is orientation-preserving and ψ_k(C_i) = C_{k−i} for i = 1, . . . , k, where C_1, . . . , C_k is the ordering on the cusps of X_k described in Fig. 3.7.

Proof: By Theorems 2.6.8 and 3.2.1-(1) we only have to compute the group Aut(T_k) of the combinatorial automorphisms of the triangulation T_k dual to P_k. So let Δ be the unique tetrahedron of T_k without ideal vertices and v_1, . . . , v_4 be the vertices of Δ. We denote by F_{ijk} the face of Δ with vertices v_i, v_j , v_k. Without loss of generality we can suppose that the unique pairing between faces of Δ is given by the map φ : F_{234} → F_{132} with φ(v_2) = v_1, φ(v_3) = v_2, φ(v_4) = v_3. Let now ψ be an element in Aut(T_k). Of course ψ leaves Δ invariant, and we have ψ({v_1, v_4}) = {v_1, v_4}, ψ({v_2, v_3}) = {v_2, v_3}. Moreover, if ψ(v_1) = v_1 we should have (φ ∘ ψ)|_{{v2 ,v3,v4}} = (ψ ∘ φ)|_{{v2 ,v3,v4}}, while if ψ(v_1) = v_4 we should have (φ^{−1} ∘ ψ)|_{{v2 ,v3,v4}} = (ψ ∘ φ)|_{{v2 ,v3,v4}}. This readily gives that ψ can act non-trivially on Δ only if ψ(v_1) = v_4, ψ(v_2) = v_3, ψ(v_3) = v_2, ψ(v_4) = v_1. An easy analysis of the combinatorics of T_k shows that the permutation of {v_1, v_2, v_3, v_4} just described extends to an automorphism of T_k if and only if k is even, whence the conclusion. □ For any k ⩾ 2 let us choose a slope s_k on the boundary torus T_k of X_k such that the manifold Y_{k−1} obtained by Dehn filling X_k along s_k is hyperbolic, and the core of the added solid torus gives the shortest geodesic of Y_{k−1} (these conditions hold as long as s_k is complicated enough).

110 Similar fillings and isolation of cusps

Proposition 3.7.8. For every k ⩾ 1 we have Isom(Y_k) = {1}.

Proof: Let ψ be a non-trivial element in Isom(Y_k). Of course ψ leaves the shortest geodesic of Y_k invariant, so it induces a homeomorphism ψ^′ : X_{k+1} → X_{k+1} leaving invariant the (k+1)-th cusp of X_{k+1}. Since ψ is not homotopic to the identity of Y_k it is easily seen that ψ^′ is not homotopic to the identity of X_{k+1}. By Mostow-Prasad’s rigidity Theorem this gives in turn that ψ^′ is homotopic to a non-trivial isometry of X_{k+1} which leaves the (k + 1)-th cusp of X_{k+1} invariant, against Proposition 3.7.7. □ Let now S = {s_{j1} , . . . , s_{jh} }, S^′ = {s^′_{j1} , . . . , s^′_{jh} } be sets of slopes for Y_k. We observe that the natural inclusion ∂Y_k ⊂ ∂X_k allows us to regard S, S^′ also as sets of slopes for X_{k+1}, and we say that S is equivalent to S^′ if S and S^′ are equivalent as sets of slopes for X_{k+1}. Thurston’s hyperbolic Dehn filling Theorem and Theorem 3.7.4 imply that for each i = 1, . . . , k we can choose a finite set S_i of slopes on T_i with the following property. Fix h ⩽ k and let S = {s_{j1} , . . . , s_{jh} } be a set of slopes for Y_k, where s_{jl} is a slope on T_{jl} with s_{jl} /∈ S_{jl} , l = 1, . . . , h. Let also S^′ = {s^′_j′_1 , . . . , s^′_j′_h } be a set of slopes equivalent to S, where s^′_j′_l is a slope on T_j′_l , l = 1, . . . , h. Then: 1. s^′_{jl} /∈ S_j′_l for l = 1, . . . , h; 2. Y_k(S), Y_k(S^′) are geometrically similar hyperbolic 3-manifolds;

3. The cores of the solid tori added to Y_k give the h shortest geodesics of Y_k(S), Y_k(S^′).

In order to conclude the proof of Theorem 3.7.6 we are now left to show the following:

Proposition 3.7.9. Let S be a set of slopes for Y_k whose elements do not belong to S_i, i = 1, . . . , k. Then the number of sets of slopes equivalent to S is greater than or equal to (k! · 3^h)/(h! · (k − h)!). Moreover, if S^′ is a set of slopes equivalent to S and Y_k(S) is homeomorphic to Y_k(S^′), then S = S^′.

Proof: Let S = {s_{j1} , . . . , s_{jh} }, where s_{jl} /∈ S_{jl} is a slope on T_{jl} . It is easily seen that the number of sets of slopes equivalent to S can vary from a minimum of (k! · 3^h)/(h! · (k − h)!) (when for all l, m ∈ {1, . . . , h} there exists an orientationpreserving isometry between T_{jl} and T_{jm} taking s_{jl} into s_{jm} ) to a maximum of (k! · 3^h)/(k − h)! (when for any l, m ∈ {1, . . . , h}, l ≠ m there does not exist any orientation-preserving isometry between T_{jl} and T_{jm} taking s_{jl} into s_{jm} ).

Suppose now S^′ is equivalent to S and let ψ : Y_k(S) → Y_k(S^′) be a homeomorphism. By rigidity ψ is homotopic to an isometry ψ^′, which by property (3) above must take the added geodesics of Y_k(S) to the added geodesics of Y_k(S^′). This gives in turn a homeomorphism of Y_k onto itself taking S onto S^′. By rigidity again, up to homotopy such a homeomorphism restricts to an isometry of Y_k, whence S = S^′ by Proposition 3.7.8.

Remark 3.7.10. Our proof makes clear that in Theorem 3.7.6 we could choose as Y_k any element of M_{g,k} without non-trivial isometries. We are quite confident that for any k > 0 there should exist g > k and an element in M_{g,k} with this property (the manifold X_k provides such an element for any even k).

3.7 Similar fillings 111

Commensurability of similar Dehn fillings Let M, M^′ be elements in M_{g,k} with canonical decompositions T , T^′ respectively. Let N (resp. N^′) be a hyperbolic manifold obtained by Dehn filling M (resp. M^′) along sufficiently complicated slopes, and let x ∈ IΩ_{g,k} (resp. x^′ ∈ IΩ_{g,k}) be such that N ∼= M̂ (x), N^′ ∼= M̂^′(x^′). In this paragraph we describe an explicit criterion which allows us to determine if N is commensurable with N^′ just by looking at x, x^′ and at the combinatorics of T , T^′. We will show that geometrically similar manifolds constructed through the procedure described above in this section are usually non-commensurable. However, examples of commensurable geometrically similar non-homeomorphic Dehn fillings of a specific element of M_{g,k} are also provided.

Definition 3.7.11. Two complete hyperbolic n-manifolds with geodesic boundary M_1, M_2 are commensurable if a hyperbolic manifold with geodesic boundary M_3 exists which is the total space of a finite Riemannian covering both of M_1 and of M_2.

Proposition 3.7.12. Let N_1, N_2 be complete finite-volume hyperbolic n-manifolds with non-empty geodesic boundary and denote by ~N_1, ~N_2 the universal coverings of N_1, N_2 respectively. Then N_1 is commensurable with N_2 if and only if ~N_1 is isometric to ~N_2.

Proof: We concentrate our attention on the “if” part of the statement, the “only if” part being obvious.

For j = 1, 2 we have isometric inclusions i_j : ~N_j → H^n , and our hypothesis implies that we can assume i( ~N_1) = i( ~N_2) = P , where where P is a closed geodesic polyhedron whose boundary is given by the union of a countable set of hyperbolic hyperplanes. Let Γ = Isom(P ) < Isom(H^n ). Using the fact that Γ permutes the connected components of ∂P it is easily seen that Γ is discrete in Isom(H^n ), so P/Γ is a hyperbolic orbifold of positive volume. For j = 1, 2 let Γ_j ∼= π_1(N_j ) be the subgroup of Γ such that P/Γ_j is isometric to N_j . We have [Γ : Γ_j] = vol(P/Γ_j )/vol(P/Γ) < ∞, whence [Γ_1 : (Γ_1 ∩ Γ_2)] < ∞, [Γ_2 : (Γ_1 ∩ Γ_2)] < ∞. Thus the natural projections P/(Γ_1 ∩Γ_2) → P/Γ_1 ∼= N_1, P/(Γ_1 ∩Γ_2) → P/Γ_2 ∼= N_2 define the desired finite Riemannian coverings of N_1, N_2. □ In the previous paragraph we have defined a hyperbolic manifold X_k with k cusps and with a connected geodesic boundary of genus k + 1. We choose one out of the two natural orderings on the cusps of X_k, we denote by T_i the boundary torus of X_k corresponding to its i-th cusp, we let μ_i, λ_i be a fixed basis of H_1(T_i; Z) with the usual properties and u_i, v_i : Ω_{k+1,k} → C be the corresponding Neumann-Zagier parameters.

Let Δ_1, . . . , Δ_{2k+1} be the partially truncated tetrahedra of the canonical decomposition T_k of X_k, and suppose as usual that for i = 1, . . . , k the tetrahedra Δ_{2i−1}, Δ_{2i} are non-compact and glue up to a neighbourhood of the i-th cusp of X_k, while Δ_{2k+1} is compact regular. As in Sections 3.1, 3.4 we denote by F^1_{2i−1}, F^2_{2i−1}, F^3_{2i−1}, F^1_{2i}, F^2_{2i}, F^3_{2i} the exceptional hexagons of Δ_{2i−1}, Δ_{2i}, in such a way that F^j_{2i−1} is glued to F^j_{2i} for i = 1, . . . , k, j = 1, 2, 3. For l = 1, . . . , 2k we also call e^j_l the only finite edge of F^j_l , and f^j_l the edge of Δ_l opposite to e^j_l . We emphasize that here we do not require that F^1_l , F^2_l , F^3_l are positively arranged around the ideal

112 Similar fillings and isolation of cusps

vertex of Δ_l. Recall that a point x ∈ Ω_{k+1,k} determines the geometric realization of T_k with dihedral angle x_{6l−6+j} along e^j_l , angle x_{6l−3+j} along f^j_l , and angle x_{12k+1} along the compact edges of the unique compact tetrahedron. It is easily seen the exceptional lateral hexagons of the non-compact tetrahedra can be ordered around the ideal vertices in such a way that the following condition holds:

• For i = 1, . . . , k − 1 j = 1, 2, 3 the isometry which glues the compact face of Δ_{2i} to the compact face of Δ_{2i+1} sends e^j_{2i} to e^j_{2i+1}. Moreover, if i is odd (resp. even) then F^1_{2i−1}, F^2_{2i−1}, F^3_{2i−1} and F^1_{2i}, F^2_{2i}, F^3_{2i} are positively (resp. negatively) arranged around the ideal vertices of Δ_{2i−1} and Δ_{2i}.

(The fact that these conditions are coherent with each other depends on the combinatorial properties of T_k. The second condition will be taken into account when we will explicitly consider the action of Sym^+(Ω(T_k)) = Sym^+(Ω_{k+1,k}) on Ω(T_k)). Let l ⊂ X_k be the compact edge of T_k. A straight-forward analysis of the combinatorics of T_k shows that the dihedral angles of the tetrahedra of T_k are arranged along l according to the following cyclic ordering:

x_{12k+1}, x_1, x_7, x_{13} . . . , x_{6l+1}, . . . , x_{12k−5}, x_{12k+1}, x_{12k+1}, x_2, x_8, x_{14} . . . , x_{6l+2}, . . . , x_{12k−4}, x_{12k+1}, x_{12k+1}, x_{12k+1}, x_3, x_9, x_{15} . . . , x_{6l+3}, . . . , x_{12k−3}.

For i = 1, . . . , k let a_i, b_i, c_i : Ω_{k+1,k} → R be the functions defined as follows:

a_i(x) = x_{12(j−1)+1} + x_{6(j−1)+7}, b_i(x) = x_{12(j−1)+2} + x_{6(j−1)+8}, c_i(x) = x_{12(j−1)+3} + x_{6(j−1)+9},

and set a, b, c : Ω_{k+1,k} → R, a(x) = k∑ i=1 a_i(x), b(x) = k∑ i=1 b_i(x), c(x) = k∑ i=1 c_i(x).

We now recall that IΩ_{k+1,k} is the subset of Ω_{k+1,k} corresponding to structures with integral indivisible (or infinite) Dehn filling coefficients. For any x ∈ Ω_{k+1,k} we denote by X_k(x) the hyperbolic structure defined on X_k by x, and by X̂_k(x) the metric completion of X_k(x). If x ∈ IΩ_{k+1,k} then X̂_k(x) is a complete finite-volume hyperbolic manifold with geodesic boundary. Let also V^{′′} be a neighbourhood of x_0 in Ω_{k+1,k} as in the statement of Proposition 3.6.7 and for any x ∈ V^{′′} ∩ IΩ_{k+1,k} let us denote by U(x) the universal covering of X̂_k(x). We now show that the real numbers a(x), b(x), c(x) completely determine the isometry type of the universal covering U(x) of M̂(x), whence the commensurability class of M̂ (x).

Proposition 3.7.13. Let x, x^′ be points in IΩ_{k+1,k} ∩ V^{′′}. Then X̂_k(x) is commensurable to X̂_k(x^′) if and only if a(x) = a(x^′), b(x) = b(x^′), c(x) = c(x^′).

3.7 Similar fillings 113

Proof: Let L^x(l_x) be the minimal distance between different connected components of ∂U(x), and let t ⊂ U(x) be a geodesic arc of length L^x(l_x) joining two such components S_1, S_2. By Corollary 3.6.6, if t^′ ⊂ U(x) is any other geodesic arc of length L^x(l_x) connecting different components of ∂U(x), then there exists an isometry of U(x) taking t to t^′. Let us consider the set R ⊂ U(x) given by the union of all the compact regular truncated tetrahedra whose truncation triangles lie on S_1 ∪ S_2 ∪ S^′ ∪ S^{′′} for some connected components S^′, S^{′′} of ∂U(x). Let N_ϵ(t) be the ϵ-neighbourhood of t, and consider the sets A = N_ϵ(t) ∩ R and B = N_ϵ(t) \ R. Both A and B are unions of germs of dihedral sectors whose number, amplitude and cyclic order (up to the choice of a positive orientation around t) only depend on the isometry type of U(x). We will call such sectors A-sectors or B-sectors, according to the fact that they are contained in A or in B. Corollary 3.6.5 implies that t is a lift in U(x) of the unique compact edge of the geometric triangulation of X_k(x), while by Proposition 3.6.7 the set R is the union of the lifts containing t of the geometric tetrahedron Δ_{12k+1} ⊂ X_k(x). Thus A-sectors are in number of three and have angles x_{12k+1}, 2x_{12k+1} and 3x_{12k+1}. Moreover, the B-sector between the A-sectors with angles x_{12k+1}, 2x_{12k+1} has angle a(x); the B-sector between the A-sectors with angles 2x_{12k+1}, 3x_{12k+1} has angle b(x); the B-sector between the A-sectors with angles 3x_{12k+1}, x_{12k+1} has angle c(x). This shows that a(x), b(x), c(x) can be recovered solely from the isometry type of U(x), so if X̂_k(x) is commensurable with X̂_k(x^′) we have a(x) = a(x^′), b(x) = b(x^′), c(x) = c(x^′).

Suppose now that a(x) = a(x^′), b(x) = b(x^′), c(x) = c(x^′). Since a(x) + b(x) + c(x) + 6x_{12k+1} = a(x^′) + b(x^′) + c(x^′) + 6x^′_{12k+1} we have x_{12k+1} = x^′_{12k+1}, so the compact tetrahedron in the decomposition of X_k(x) is isometric to the compact tetrahedron in the decomposition of X_k(x^′). Let now U_∗(x) (resp. U_∗(x^′)) be the complement in U(x) (resp. in U(x^′)) of the preimage of the added geodesics X̂_k(x) \ X_k(x) (resp. X̂_k(x^′) \ X_k(x^′)). The geometric decomposition of X_k parameterized by x (resp. x^′) naturally lifts to a tessellation D_∗(x) of U_∗(x) (resp. D_∗(x^′) of U_∗(x^′)). Let K(x) ⊂ U(x) (resp. K(x^′) ⊂ U(x^′)) be the union of the compact pieces of D_∗(x) (resp. D_∗(x^′)). Let now U(x), U(x^′) be isometrically identified with suitable polyhedra in H^3 . Since the compact tetrahedra of D_∗(x) and D_∗(x^′) are all isometric to each other and a(x) = a(x^′), b(x) = b(x^′), c(x) = c(x^′) it is easily seen that an element ψ ∈ Isom(H^3 ) exists which takes K(x) ⊂ U(x) ⊂ H^3 onto K(x^′) ⊂ U(x^′) ⊂ H^3 . Since any component of ∂U(x) (resp. ∂U(x^′)) meets K(x) (resp. ∂K(x^′)) in a non-empty open subset of a hyperbolic plane, this readily implies that ψ(∂U(x)) = ψ(∂U(x^′)). Now U(x), U(x^′) are the hyperbolic convex hulls of ∂U(x), ∂U(x^′) respectively, so ψ(U(x)) = U(x^′). By Proposition 3.7.12, this implies that X̂_k(x) and X̂_k(x^′) are commensurable with each other. □ Let Sym^+(Ω_{k+1,k}) be the subgroup of Sym(Ω_{k+1,k}) corresponding to the group of isotopy classes of orientation-preserving isometries of T_1 ⊔ . . . ⊔ T_k, under the isomorphism Sym(Ω_{k+1,k}) ∼= M(T_1 ⊔. . .⊔T_k). In order to determine if geometrically similar manifolds obtained by Dehn filling X_k are commensurable to each other, we are now reduced to understand when the functions a, b and c introduced above take different values on Sym^+(Ω_{k+1,k})-equivalent points in Ω_{k+1,k}. Let i ∈ {1, . . . , k} and suppose x^′ ∈ Ω_{k+1,k} is obtained from x ∈ Ω_{k+1,k} just by exchanging the rôles of Δ_{2i−1} and Δ_{2i} (i.e. x^′ = φ_i(r^3)(x) according to the notation of equation (3.34)).

114 Similar fillings and isolation of cusps

Then by equation (3.34) we have u_i(x^′) = −u_i(x) and u_j (x^′) = u_j (x) for j = 1, . . . , k, j ≠ i. By Corollary 2.4.4, this ensures that a_i, b_i, c_i : Ω_{k+1,k} → R induce real maps on a small neighbourhood of the complete structure in the character variety X^{geod}(π_1(X_k)). More precisely, if χ_0 := χ_{ρ0} is the character of the holonomy of the complete structure on X_k, then there exist an open neighbourhood Z of χ_0 in X^{geod}(π_1(X_k)) and analytic maps a_i, b_i, c_i : Z → R with a_i = a_i ∘ π, b = b_i ∘ π, c = c_i ∘ π. For later purpose we slightly modify the definition given in equation (3.8) and set H^′_h = {x ∈ R^{12k+1} : x_{12i+1} = x_{12i+2} = x_{12i+3} for all i = h − 1, . . . , k − 1}.

We recall that in a neighbourhood of x_0 in Ω_{k+1,k} the set Ω^h_{k+1,k} := H^′_h ∩ Ω_{k+1,k} is a smooth manifold of dimension 2h whose points correspond to those structures which induce a complete metric on the last h cusps of X_k (see Lemma 3.4.4 and Proposition 3.4.7). We also set X^{geod}_h (π_1(X_k)) = π(Ω^h_{k+1,k}) ⊂ X^{geod}(π_1(X_k)), where π : Ω_{k+1,k} → X^{geod}(π_1(X_k)) is the natural projection to the character variety.

Lemma 3.7.14. There exists a tangent vector v ∈ T_{χ0} X^{geod}_h (π_1(X_k)) such that

(da_i)_{χ0} (v) > (db_i)_{χ0} (v) > (dc_i)_{χ0} (v) for i = 1, . . . , h. Proof: Let ς : (−ε, ε) → Ω_{k+1,k} be the chosen curve at page 91, Section 3.5. By Proposition 3.5.7 we have that ς(t) belongs to Ω^1_{k+1,k} for any t ∈ (−ε, ε). Moreover, by the very definition of ς and Proposition 3.5.8 we easily get ˙ (a_1 ∘ ς)(0) = ˙(b_1 ∘ ς)(0) = ˙(c_1 ∘ ς)(0) = 0, ¨ (a_1 ∘ ς)(0) = 16 cos α_{k+1,k} sin α_{k+1,k}, ¨ (b_1 ∘ ς)(0) = ¨(c_1 ∘ ς)(0) = −8 cos α_{k+1,k} sin α_{k+1,k},

(3.38)

and ˙(a_i ∘ ς)(0) = ˙(b_i ∘ ς)(0) = ˙(c_i ∘ ς)(0) = ¨(a_i ∘ ς)(0) = ¨(b_i ∘ ς)(0) = ¨(c_i ∘ ς)(0) = 0, i = 2, . . . , k. (3.39) Let us set for any t ∈ [0, ε^2)

^ς^a_1 (t) = π(ς)( √ t) ∈ X^{geod}_1 (π_1(X_k)).

By Corollary 2.4.4 the map ^ς^a_1 is of class C^1 at every point in [0, ε). Moreover by equations (3.38), (3.39) we have ˙ (a_1 ∘ ^ς^a_1 )(0) = 8 cos α_{k+1,k} sin α_{k+1,k}, ˙ (b_1 ∘ ^ς^a_1 )(0) = ˙(c_1 ∘ ^ς^a_1 )(0) = −4 cos α_{k+1,k} sin α_{k+1,k}, ˙ (a_i ∘ ^ς^a_1 )(0) = ˙(b_i ∘ ^ς^a_1 )(0) = ˙(c_i ∘ ^ς^a_1 )(0) = 0, i = 2, . . . , k.

3.7 Similar fillings 115

For every i = 1, . . . , h, the very same procedure also provides C^1-curves ^ς^a_i , ^ς^b_i , ^ς^c_i : [0, ε^2) → X^{geod}_h (π_1(X_k)) with the following properties: ˙ (a_i ∘ ^ς^a_i ) = −2 ˙(b_i ∘ ^ς^a_i ) = −2 ˙(c_i ∘ ^ς^a_i ) ≠ 0, ˙ (b_i ∘ ^ς^b_i ) = −2 ˙(a_i ∘ ^ς^b_i ) = −2 ˙(c_i ∘ ^ς^b_i ) ≠ 0, ˙ (c_i ∘ ^ς^c_i ) = −2 ˙(a_i ∘ ^ς^c_i ) = −2 ˙(b_i ∘ ^ς^c_i ) ≠ 0, ˙ (a_j ∘ ^ς^a_i ) = ˙(b_j ∘ ^ς^a_i ) = ˙(c_j ∘ ^ς^a_i ) = ˙(a_j ∘ ^ς^b_i ) = ˙(b_j ∘ ^ς^b_i ) = ˙(c_j ∘ ^ς^b_i ) = ˙(a_j ∘ ^ς^c_i ) = ˙(b_j ∘ ^ς^c_i ) = ˙(c_j ∘ ^ς^c_i ) = 0, j = 1, . . . , k, j ≠ i.

This easily implies that a suitable linear combination of the starting tangent vectors of these curves provides an element v ∈ T_{χ0} X^{geod}_h (π_1(X_k)) with

(da_i)_{χ0} (v) > (db_i)_{χ0} (v) > (dc_i)_{χ0} (v), i = 1, . . . , h,

as required. □ We are now ready to prove the following:

Theorem 3.7.15. Fix 1 ⩽ h ⩽ k. Then there exists a sequence {W^n_h }_{n∈N} of pairwise non-homeomorphic complete finite-volume hyperbolic manifolds with geodesic boundary with the following properties:

• Each W^n_h is obtained by Dehn filling the first h cusps of X_k;

• For any n ∈ N there exist at least three (including W^n_h itself) pairwise noncommensurable hyperbolic Dehn fillings of X_k which are geometrically similar to W^n_h .

Proof: Let us fix a neighbourhood Z ⊂ π(V^{′′}) of χ_0 in X^{geod}(π_1(X_k)) with a diffeomorphism φ : Z → C^k ∼= R^{2k} such that φ(χ_0) = 0 and φ(Z ∩X^{geod}_h (π_1(X_k))) = C^{k−h} × {0} ∼= R^{2(k−h)} . Let w ∈ R^{2(k−h)} ∼= T_0R^{2(k−h)} be a unit vector with d(a_i ∘ φ^{−1})_0(w) > d(b_i ∘ φ^{−1})_0(w) > d(c_i ∘ φ^{−1})_0(w) for i = 1, . . . , h. We choose an infinite sequence {y_n}_{n∈N} ⊂ V^{′′} ∩ Ω^h_{k+1,k} such that the following conditions hold: lim_{n→∞}y_n = x_0, for any n ∈ N the point y_n determines integral indivisible Dehn filling coefficients on every end of X_k, and lim_{n→∞} φ(π(y_n))/||φ(π(y_n))|| = w in S^{2(k−h)−1} ⊂ R^{2(k−h)} . We then set W^n_h = X̂_k(y_n) for any n ∈ N.

We first observe that W^n_h is obtained from X_k by Dehn filling the first h cusps of X_k: since y_n belongs to Ω^h_{k+1,k} the last k −h cusps of X_k(y_n) have to be complete; moreover, up to extracting a subsequence we can suppose a_i(y_n) > b_i(y_n) > c_i(y_n) for all i = 1, . . . , h, whence the angles along the compact edges of Δ_{2i−1}, Δ_{2i} are not equal to each other, and the i-th cusp of X_k(y_n) is not complete.

Let now r ∈ M(T_1 ⊔. . .⊔T_k) be the element acting as a positive (resp. negative) rotation by an angle of π/3 on T_i for i ∈ {1, . . . , k}, i odd (resp. even), and let Θ : M(T_1 ⊔ . . . ⊔ T_k) → Sym(Ω_{k+1,k}) be the isomorphism described in Proposition 3.6.1. We set y^′_n = Θ(r)(y_n) and y^{′′}_n = Θ(r^2)(y_n). It is readily seen that Θ(r), Θ(r^2) belong to Sym^+(Ω_{k+1,k}), whence W^n_h = X̂_k(y_n), X̂_k(y^′_n) and X̂_k(y^{′′}_n) are pairwise

116 Similar fillings and isolation of cusps

geometrically similar. Moreover an easy computation shows that for every x ∈ Ω_{k+1,k} we have a_i(Θ(r^2)(x)) = c_i(Θ(r)(x)) = b_i(x), b_i(Θ(r^2)(x)) = a_i(Θ(r)(x)) = c_i(x), c_i(Θ(r^2)(x)) = b_i(Θ(r)(x)) = a_i(x),

whence a_i(y_n) > a_i(y^{′′}_n) > a_i(y^′_n), and W^n_h = X̂_k(y_n), X̂_k(y^′_n), X̂_k(y^{′′}_n) are pairwise non-commensurable by Proposition 3.7.13. □

Remark 3.7.16. Let M be an element of M_{g,k} with canonical decomposition T . Suppose that the arrangement of compact and non-compact tetrahedra around the compact edge of T is sufficiently irregular and let S = {s_{i1} , . . . , s_{ih} } be a set of slopes for M such that s_{il} is not equivalent to s_{im} for l ≠ m. The same argument used to prove Theorem 3.7.15 shows that typically the Dehn fillings of M which are geometrically similar to M(S) are expected to be non-commensurable with each other.

We conclude the section with some examples of non-homeomorphic geometrically similar commensurable Dehn fillings of elements in M_{g,k}.

Theorem 3.7.17. Let k ⩾ 4. Then there exists an infinite sequence of pairs {Y^n_1 , Y^n_2 }_{n∈N} of complete finite-volume hyperbolic manifolds with geodesic boundary such that for every n ∈ N the following conditions hold:

• Y^n_1 is obtained by Dehn filling the first cusp of X_k;

• Y^n_2 is obtained by Dehn filling the third cusp of X_k;

• Y^n_1 is geometrically similar to Y^n_2 ;

• Y^n_1 is commensurable with Y^n_2 ;

• Y^n_1 is not homeomorphic to Y^n_2 .

Proof: Let us fix a neighbourhood Z ⊂ π(V^{′′}) of χ_0 in X^{geod}(π_1(X_k)) with a diffeomorphism φ : Z → C^k ∼= R^{2k} such that φ(χ_0) = 0 and φ(Z ∩X^{geod}_1 (π_1(X_k))) = C^{k−1} × {0} ∼= R^{2(k−1)} . Let w ∈ R^{2(k−1)} ∼= T_0R^{2(k−1)} be a unit vector with d(a_1 ∘ φ^{−1})_0(w) > d(b_1 ∘ φ^{−1})_0(w) > d(c_1 ∘ φ^{−1})_0(w). We choose an infinite sequence {y_n}_{n∈N} ⊂ V^{′′} ∩ Ω^1_{k+1,k} such that the following conditions hold: lim_{n→∞}y_n = x_0, for any n ∈ N the point y_n determines integral indivisible Dehn filling coefficients on every end of X_k, and lim_{n→∞} φ(π(y_n))/||φ(π(y_n))|| = w in S^{2(k−1)−1} ⊂ R^{2(k−1)} .

Let now τ_{13} ∈ Sym^+(Ω_{k+1,k}) be the element which exchanges the first cusp of X_k with the third one and let y^′_n = τ_{13}(y_n). We set Y^n_1 = X̂_k(y_n) and Y^n_2 = X̂_k(y^′_n). It is easily seen that Y^n_1 is obtained by Dehn filling the first cusp of X_k, while Y^n_2 is obtained by Dehn filling the third one. Of course Y^n_1 is geometrically similar to Y^n_2 . Moreover an easy computation shows that for every x ∈ Ω_{k+1,k} we have

a_1(τ_{13}(x)) = a_3(x), b_1(τ_{13}(x)) = b_3(x), c_1(τ_{13}(x)) = c_3(x), a_3(τ_{13}(x)) = a_1(x), b_3(τ_{13}(x)) = b_1(x), c_3(τ_{13}(x)) = c_1(x), a_j(τ_{13}(x)) = a_j (x), b_j(τ_{13}(x)) = b_j (x), c_j (τ_{13}(x)) = c_j (x), j = 2, 4, 5, 6, . . . , k.

3.7 Similar fillings 117

This easily implies a(y_n) = a(y^′_n), b(y_n) = b(y^′_n), c(y_n) = c(y^′_n), so Y^n_1 is commensurable with Y^n_2 by Proposition 3.7.13.

Let us prove that Y^n_1 is not homeomorphic to Y^n_2 . Up to passing to a subsequence we can suppose that the added geodesic Y^n_1 \ X_k (resp. Y^n_2 \ X_k) is the shortest geodesic of Y^n_1 (resp. Y^n_2 ). Let f_n : Y^n_1 → Y^n_2 be a homeomorphism. By Mostow- Prasad’s rigidity Theorem we may assume that f_n is an isometry, which implies f_n(Y^n_1 \ X_k) = Y^n_2 \ X_k. Thus f_n restricts to a homeomorphism f^′_n : X_k → X_k taking the first cusp onto the third one. By rigidity again we can homotope f^′_n into an isometry. This isometry should take the first cusp of X_k onto the third one, against Proposition 3.7.7. □

Appendix A

Cohomology theory of representations

In this appendix we briefly recall some general results relating the local properties of representation spaces to suitably defined cohomology groups, and we outline how these results, together with classical theorems by Weil and Garland [Wei64, Gar67], provide a nice description of neighbourhoods of holonomy representations for complete hyperbolic structures.

The tangent space to a representation Let G be a Lie group with associated Lie algebra g and Γ be any group. We say that a path of representations {ρ_t ∈ R(Γ, G) : t ∈ (−ε, ε)} is smooth if ρ_t(γ) is a smooth function of t for any γ ∈ Γ. If {ρ_t} is a smooth path of representations, the tangent vector to the map t → ρ_t(γ) at 0 gives an element in T_{ρ0(γ)}G. Identifying this tangent space with g = T_1G by right translation we get an element ρ̇(γ) of the Lie algebra g:

ρ̇(γ) = d dt | |_{t=0} ( ρ_t(γ)ρ_0(γ)^{−1} ) . Differentiating the homomorphism relation ρ_t(γ_1γ_2) = ρ_t(γ_1)ρ_t(γ_2) we see that ρ̇ : Γ → g satisfies the so-called cocycle relation

ρ̇(γ_1γ_2) = ρ̇(γ_1) + Ad(ρ_0(γ_1))(ρ̇(γ_2)),

where Ad : G → End(g) is the usual adjoint representation.

Now consider a trivial deformation of ρ_0, i.e. let t → g_t be a smooth path in G starting at the identity and set ρ_t(γ) = g_tρ_0(γ)g^{−1}_t for any γ ∈ Γ. Then differentiation shows that

ρ̇(γ) = ġ − Ad(ρ_0(γ))(ġ)

for any γ ∈ Γ, where ġ ∈ g is the tangent vector to t → g_t at t = 0. We are now ready to give the following:

120 Cohomology theory of representations

Definition A.1. Let Γ be a group and M be an Abelian group. Let also φ : Γ → Aut(M) be an action of Γ on M. Then we define 1-cocycles and 1-coboundaries with respect to φ to be respectively the groups:

Z^1(Γ; M; φ) = {c : Γ → M : c(γ_1γ_2) = c(γ_1) + φ(γ_1)(c(γ_2))}, B^1(Γ; M; φ) = {b : Γ → M : c(γ) = m − φ(γ)(m) for some m ∈ M}.

Since B^1(Γ; M; φ) is contained in Z^1(Γ; M; φ) it makes sense to define the first cohomology group of Γ with respect to φ to be the quotient module:

H^1(Γ; M; φ) = Z^1(Γ; M; φ)/B^1(Γ; M; φ).

The above discussion shows that Z^1(Γ; g; Ad ∘ ρ_0) should correspond to the tangent space of R(Γ, G) at ρ_0 (however this holds true only in a quite sophisticated sense). Under this identification the group B^1(Γ; g; Ad ∘ ρ_0) should represent the tangent space to trivial deformations of ρ_0. Thus it makes sense to expect H^1(Γ; g; Ad ∘ ρ_0) to be something similar to the tangent space of R(Γ, G)/G at [ρ_0]. However in general there could be cocycles in Z^1(Γ; g; Ad ∘ ρ_0) which do not arise as tangent vectors to smooth deformations of ρ_0. Moreover, both R(π_1(N), G) and R(π_1(N), G)/G need not be smooth manifolds in a neighbourhood of ρ_0 (the latter space could in general be even non-Haussdorff). When G is algebraic, these difficulties can be overcome by considering the algebraic scheme R(π_1(N), G) rather than the algebraic set R(π_1(N), G), and the algebraic quotient R(π_1(N), G)//G rather than the set-theoretic quotient R(π_1(N), G)/G. We do not go into details here, addressing the reader to [LM85, Por97] for a thorough description of this technique.

Two easy lemmas Let Γ be a group, M be an Abelian group and φ be an action of Γ on M. Fix also a cocycle c ∈ Z^1(Γ; M; φ), and set Γ_0 = {γ ∈ Γ : φ(γ) = Id_M , c(γ) = 0}.

Lemma A.2. Γ_0 is a normal subgroup of Γ.

Lemma A.3. The map

c : Γ/Γ_0 → M, c([γ]) = c(γ)

is well-defined and gives a cocycle c ∈ Z^1(Γ/Γ_0; M; φ), where φ : Γ/Γ_0 → Aut(M) is the action naturally induced by φ. Moreover, we have c ∈ B^1(Γ/Γ_0; M; φ) if and only if c ∈ B^1(Γ; M; φ).

Classical rigidity results Let now N be a smooth 3-manifold without boundary and suppose ρ_0 : π_1(N) → PSL(2, C ) is the holonomy representation for an (H^3 , Isom^+(H^3 ))-structure on N. The following result is due to Weil [Wei64]:

Theorem A.4. Suppose N is compact. Then H^1(π_1(N); sl(2, C ); Ad ∘ ρ_0) = 0.

An easy analysis of the local structure of R(π_1(N), PSL(2, C )) (essentially based on the implicit function theorem) now leads to the following result [Wei64, Hod86], which can be considered as a local version of Mostow’s rigidity Theorem:

Theorem A.5. If N is compact, then there exists a neighbourhood U of ρ_0 in R(π_1(N), G) such that any ρ ∈ U is conjugated to ρ_0.

Let now N be the interior of a compact 3-manifold N whose boundary ∂N = T_1 ⊔. . .⊔T_k consists of tori. Suppose N supports a complete finite-volume hyperbolic structure and let ρ_0 : π_1(N) → PSL(2, C ) be a holonomy representation for this structure. We know that ρ_0 admits non-trivial deformations (see Theorem 1.3.3), so we cannot expect H^1(π_1(N); sl(2, C ); Ad ∘ ρ_0) to be trivial in this case.

For any j = 1, . . . , k and any cyclic subgroup W of π_1(T_j ) the natural injection i_W : W → π_1(N) induces a map on cohomology

i^∗_W : H^1(π_1(N); sl(2, C ); Ad ∘ ρ_0) → H^1(W ; sl(2, C ); Ad ∘ ρ_0 ∘ i_W ).

Let now

P = {W ⊂ π_1(N) : W is a cyclic subgroup of π_1(T_j ) for some j = 1, . . . , k}

and set H^1_{par}(π_1(N); sl(2, C ); Ad ∘ ρ_0) = ⋂ W ∈P Ker i^∗_W .

The naïve correspondence between H^1(π_1(N); sl(2, C ); Ad ∘ ρ_0) and the tangent space of R(π_1(N), PSL(2, C ))/PSL(2, C ) at ρ_0 induces an identification of H^1_{par}(π_1(N); sl(2, C ); Ad ∘ ρ_0) with the space of infinitesimal deformations of ρ_0 through holonomies for complete structures on N. Thus the following result [Gar67, Rag72] can be considered an infinitesimal version of Mostow-Prasad’s rigidity Theorem for complete finite-volume hyperbolic 3-manifolds:

Theorem A.6. We have H^1_{par}(π_1(N); sl(2, C ); Ad ∘ ρ_0) = 0.

It is maybe worth mentioning that a priori there is not any obvious reason for which H^1_{par}(π_1(N); sl(2, C ); Ad ∘ ρ_0) should be equal to the intersection ⋂_k j=1 Ker i^∗_{π1(Tj )} (by Theorem A.6, however, these vector spaces are both trivial).

Under the identification between H^1(π_1(N); sl(2, C ); Ad ∘ ρ_0) and the tangent space of R(π_1(N), PSL(2, C ))/PSL(2, C ) at ρ_0, the intersection ⋂_k j=1 Ker i^∗_{π1(Tj )} should in fact correspond to the subspace of H^1_{par}(π_1(N); sl(2, C ); Ad ∘ ρ_0) representing those infinitesimal deformations of ρ_0 which do not affect the similarity class of the Euclidean structure on the cusps of N.

Bibliography

[Apa00] B. N. Apanasov, Conformal geometry of discrete groups and manifolds, de Gruyter expositions in Mathematics, Walter de Gruyter, Berlin, New York, 2000.

[Bea95] A. Beardon, The geometry of discrete groups, Graduate Texts in Mathematics, no. 91, Springer-Verlag, Berlin-New York, 1995.

[Ber91] J. Berge, The knots in D^2 × S^1 which have nontrivial Dehn surgeries that yield D^2 × S^1, Topology Appl. 39 (1991), 1–19.

[BP92] R. Benedetti and C. Petronio, Lectures on hyperbolic geometry, Universitext, Springer-Verlag, Berlin, 1992.

[BP95] R. Benedetti and C. Petronio, A finite graphic calculus for 3-manifolds, Manuscripta Math. 88 (1995), 291–310.

[BP01] M. Boileau and J. Porti, Geometrization of 3-orbifolds of cyclic type, Astérisque (2001), no. 272.

[Cal01] D. Calegari, Napoleon in isolation, Proc. Amer. Math. Soc. 129 (2001), 3109–3119.

[CEG87] R. D. Canary, D. B. A. Epstein, and P. Green, Notes on notes of Thurston, Analytical and geometric aspects of hyperbolic space (Coventry/Durham, 1984) (Cambridge Univ. Press, ed.), London Math. Soc. Lecture Note Ser., vol. 111, 1987.

[Cho04] Y. E. Choi, Positively oriented ideal triangulations on hyperbolic threemanifolds, Topology 43 (2004), 1345–1371.

[CHW99] P. J. Callahan, M. V. Hildebrandt, and J. R. Weeks, A census of cusped hyperbolic 3-manifolds, Math. Comp. 68 (1999), 321–332, with microfiche supplement.

[CS83] M. Culler and P. B. Shalen, Varieties of group representations and splitting of 3-manifolds, Ann. of Math. 117 (1983), 109–146.

[Cul86] M. Culler, Lifting representations to covering groups, Adv. Math. 59 (1986), 64–70.

124 BIBLIOGRAPHY

[EP88] D. B. A. Epstein and R. C. Penner, Euclidean decompositions of noncompact hyperbolic manifolds, J. Differential Geom. 27 (1988), 67–80.

[FK97] M. Fujii and S. Kojima, Flexible boundaries in deformations of hyperbolic 3-manifolds, Osaka J. Math. 34 (1997), 541–551.

[FMP03a] R. Frigerio, B. Martelli, and C. Petronio, Complexity and Heegaard genus of an infinite class of compact 3-manifolds, Pacific J. Math. 210 (2003), 283–297.

[FMP03b] , Dehn filling of cusped hyperbolic 3-manifolds with geodesic boundary, J. Differential Geom. 64 (2003), 425–456.

[FMP04] , Small hyperbolic 3-manifolds with geodesic boundary, Experiment.

Math. 13 (2004), 177–190.

[FP04] R. Frigerio and C. Petronio, Construction and recognition of hyperbolic 3-manifolds with geodesic boundary, Trans. Amer. Math. Soc. 356 (2004), 3243–3282.

[Fri04] R. Frigerio, Hyperbolic manifolds with geodesic boundary which are determined by their fundamental group, Topology Appl. 145 (2004), 69–81.

[Fuj90] M. Fujii, Hyperbolic 3-manifolds with totally geodesic boundary which are decomposed into hyperbolic truncated tetrahedra, Tokyo J. Math. 13 (1990), 353–373.

[Fuj92] , On totally geodesic boundaries of hyperbolic 3-manifolds, Kodai Math. J. 15 (1992), 244–257.

[Fuj93] , Deformations of a hyperbolic 3-manifold not affecting its totally geodesic boundary, Kodai Math. J. 16 (1993), 441–454.

[Gab89] D. Gabai, Surgery on knots in solid tori, Topology 28 (1989), 1–6.

[Gab90] , 1-bridge braids in solid tori, Topology Appl. 37 (1990), 221–235.

[Gar67] H. Garland, A rigidity theorem for discrete subgroups, Trans. Amer. Math.

Soc. 129 (1967), 1–25.

[Gol88] W. M. Goldman, Geometric structures on manifolds and varieties of representations, Geometry of group representations (Boulder, CO, 1987), Contemp. Math., vol. 74, Amer. Math. Soc., Providence, RI, 1988, pp. 169– 198.

[Gor99] C. McA. Gordon, Small surfaces and Dehn filling, Proceedings of the Kirbyfest (Berkeley, CA), vol. 2, 1999, pp. 177–199.

[HK98] C. D. Hodgson and S. P. Kerckhoff, Rigidity of hyperbolic cone-manifolds and hyperbolic Dehn surgery, J. Differential Geom. 48 (1998), 1–59.

BIBLIOGRAPHY 125

[HMW92] C. D. Hodgson, R. G. Meyerhoff, and J. R. Weeks, Surgeries on the Whitehead link yield geometrically similar manifolds, Topology ’90, Ohio State Univ. Math. Res. Inst. Publ., no. 1, de Gruyter, Berlin, 1992, pp. 195–206.

[Hod86] C. D. Hodgson, Degeneration and regeneration of geometric structures on three-manifolds, Ph.D. thesis, Princeton University, 1986.

[JM87] D. Johnson and J. J. Millson, Deformation spaces associated to compact hyperbolic manifolds, Discrete groups in geometry and analysis, Birkhäuser, Boston, 1987, Papers in honor of G. D. Mostow on his sixtieth birthday, pp. 48–106.

[Joh79] K. Johannson, Homotopy equivalences of 3-manifolds with boundaries, Lecture Notes in Mathematics, vol. 761, Springer, 1979.

[Kap01] M. Kapovich, Hyperbolic manifolds and discrete groups, Progress in Mathematics, vol. 183, Birkhäuser, Boston, MA, 2001.

[Koj90] S. Kojima, Polyhedral decomposition of hyperbolic manifolds with boundary, Proc. Work. Pure Math. 10 (1990), 37–57.

[Koj92] , Polyhedral decomposition of hyperbolic 3-manifolds with totally geodesic boundary, Adv. Stud. Pure Math. 20 (1992), 93–112, In: “Aspects of low-dimensional manifolds, Kinokuniya, Tokyo”.

[LM85] A. Lubotzky and A. R. Magid, Varieties of representations of finitely generated groups, Mem. Amer. Math. Soc. 58 (1985).

[Luo] F. Luo, A combinatorial curvature flow for compact 3-manifolds with boundary, math. GT/0405295.

[Mat90] S. V. Matveev, Complexity theory of three-dimensional manifolds, Acta Appl. Math. 19 (1990), 101–130.

[Mat03] , Algorithmic topology and classification of 3-manifolds, Algorithms and Computation in Mathematics, Springer-Verlag, Berlin, 2003.

[McM90] C. McMullen, Iteration on Teichmüller space, Invent. Math. 99 (1990), 425–454.

[Miy94] Y. Miyamoto, Volumes of hyperbolic manifolds with geodesic boundary, Topology 33 (1994), 613–629.

[MN94] S. V. Matveev and T. Nowik, On 3-manifolds having the same Turaev-Viro invariants, Russian J. Math. Phys. 2 (1994), 317–324.

[NR93] W. D. Neumann and A. W. Reid, Rigidity of cusps in deformations of hyperbolic 3-orbifolds, Math. Ann. 295 (1993), 223–237.

[NZ85] W. D. Neumann and D. Zagier, Volumes of hyperbolic three-manifolds, Topology 24 (1985), no. 3, 307–332.

126 BIBLIOGRAPHY

[Ota96] J.-P. Otal, Le théorèm d’hyperbolization pour le variétés fibrés de dimension 3, Astérisque (1996), no. 235.

[Ota98] , Thurston’s hyperbolization of Haken manifolds, Surveys in differential geometry, vol. III, pp. 77–194, Int. Press, Boston, MA, 1998.

[Por97] J. Porti, Torsion de Reidemeister pour les variétés hyperboliques, Mem.

Amer. Math. Soc. 128 (1997).

[PP00] C. Petronio and J. Porti, Negatively oriented ideal triangulations and a proof of Thurston’s hyperbolic Dehn filling theorem, Expo. Math. 18 (2000), no. 1, 1–35.

[PW00] C. Petronio and J. R. Weeks, Partially flat triangulations of cusped hyperbolic 3-manifolds, Osaka J. Math. 37 (2000), 453–466.

[Rag72] M. S. Raghunathan, Discrete subgroups of Lie groups, Ergebnisse der Mathematik und ihrer Grenzgebiete, no. 68, Springer-Verlag, New York- Heidelberg, 1972.

[Rat94] J. Ratcliffe, Foundations of hyperbolic manifolds, Graduate Texts in Mathematics, no. 149, Springer-Verlag, New York, 1994.

[Sna] SnapPea, The hyperbolic structures computer program, available from www.geometrygames.org.

[SW95] M. Sakuma and J. Weeks, The generalized tilt formula, Geom. Dedicata 55 (1995), no. 2, 115–123.

[Swa78] G. A. Swarup, On a theorem of Johannson, J. London Math. Soc. 18 (1978), 560–562.

[Thu79] W. Thurston, Three-dimensional geometry and topology, vol. 1, Princeton University Press, Princeton, New Jersey, 1979.

[Thu82] W. P. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math. Soc. (N.S.) 6 (1982), 357–381.

[Tol81] J. L. Tollefson, Involutions of sufficiently large 3-manifolds, Topology 20 (1981), 323–352.

[TV92] V. G. Turaev and O. Ya. Viro, State sum invariants of 3-manifolds and quantum 6j-symbols, Topology 31 (1992), 865–902.

[Ush02] A. Ushijima, The tilt formula for generalized simplices in hyperbolic space, Discrete Comput. Geom. 28 (2002), 19–27.

[Wal68] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of Math. 87 (1968), 56–88.

[Wee93] J. R. Weeks, Convex hulls and isometries of cusped hyperbolic 3-manifolds, Topology Appl. 52 (1993), 127–149.

BIBLIOGRAPHY 127

[Wei64] A. Weil, Remarks on the cohomology of groups, Ann. of Math. 80 (1964), 149–157.

[Wu92] Y. Q. Wu, Incompressibility of surfaces in surgered 3-manifolds, Topology 31 (1992), 271–279.

[Wu98] , Sutured manifold hierarchies, essential laminations, and Dehn surgery, J. Differential Geom. 48 (1998), 407–437.

[Zho99] Q. Zhou, The moduli space of hyperbolic cone structures, J. Differential Geom. 51 (1999), 517–550.