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Valentino Magnani. An area formula in metric spaces. Colloq. Math., 124(2):275-283, 2011.
DEFINITION Let f : E — Y be continuous and let x € E. Then we
introduce two metric Jacobians of f at x as follows:
fv(S)

£} = 1m su V(SN E)) ) = imsup -
Jp(a) = (V) limsup “ESSZE () = (V) limsup E

p\ssuwm‘ma Thel V o4 a /U.—chag‘ wb Hon =

THEOREM  (Area formula ). Let f: E — Y be continuous and assume
that the pull-back f*v is finite on bounded sets and absolutely continuous with
respect to . Then Jf is p-a.e. finite and for all p-measurable sets A C F,
we have

\ Jf(x)du(z) = \ N(f, A,y) dv(y).
A Y
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Kirchheim, B.: Rectifiable metric spaces: local structure and regularity of the Hausdorff measure. Proc.
Am. Math. Soc. 121(1), 113-123 (1994)

Theorem Let f: R" — (X, | -||) be Lipschitzian, and let A C R" be
Lebesgue measurable. Then

/ F(MD(f, x))ld.2"(x) = f N(f|4, x)d# (x),
A D §

where N(f|A, x)/denotes the cardinality of the set AN f~1(x).

mefree Jacobian of £ at x
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Magnani, V., Rajala, T.: Radon-Nikodym property and area formula for Banach homogeneous group
targets. Int. Math. Res. Not. IMRN 23, 6399-6430 (2014)

As usual, the point of an area formula is its notion of Jacobian. The metric Jaco-

|bian J (s)lof the homogeneous seminorm s is defined as follows:

(H2(By) . foi
5 if s is a homogeneous norm,
J(s)=1{ Hq(B1)
0 otherwise.
Theorem Let AC G be measurable, let f: A— Y be Lipschitz and almost every-

where metrically differentiable. It follows that

J J(mdf(x)) dH;’(x):J N(f, y) dHO().
A 4
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Ambrosio, L., Kirchheim, B.: Rectifiable sets in metric and Banach spaces. Math. Ann. 318(3), 527-555
(2000)
Magnani, V. “Unrectifiability and rigidity in stratified groups.” Archiv der Mathematik 83,

no. 6 (2004): 568-76.
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Valentino Magnani. On a measure-theoretic area formula. Proc. Roy. Soc. Edinburgh Sect. A,

145:885-891, 2015.

THEOREM  (differentiation with respect to the spherical Hausdorff measure).

Let X be a diametrically reqular metric space, let a« > 0 and let pu be

a Borel

reqular measure over X |such that there exists a countable open covering of X whose

elements have pu finite measure. If B C A C X are Borel sets and S, ¢, .

COVETS

A finely, then 0“(u,-) is Borel on A. In addition, if|S*(A) < +oo|and

e A is

absolutely continuous with respect to S L Al then we have

4(B) = /B 0° (1, ) dS°* (z).
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Giacomo Maria Leccese and Valentino Magnani. A study of measure-theoretic area formulas. Ann.

Mat. Pura Appl. (4), 201(3):1505-1524, 2022.
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Bruno Franchi, Raul Serapioni, and Francesco Serra Cassano. Intrinsic Lipschitz graphs in Heisenberg
groups. J. Nonlinear Convex Anal., 7(3):423—-441, 2006.

Bruno Franchi, Marco Marchi, and Raul Paolo Serapioni. Differentiability and approximate differen-
tiability for intrinsic Lipschitz functions in Carnot groups and a Rademacher theorem. Anal. Geom.

Metr. Spaces, 2:258-281, 2014.

Bruno Franchi and Raul Paolo Serapioni. Intrinsic Lipschitz graphs within Carnot groups. J. Geom.
Anal., 26(3):1946-1994, 2016.

Francesco Serra Cassano. Some topics of geometric measure theory in Carnot groups. In Geometry,
Analysis and Dynamics on sub-Riemannian manifolds. Vol. 1, EMS Ser. Lect. Math., pages 1-121.
Eur. Math. Soc., Ziirich, 2016.
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Gabriella Arena and Raul Serapioni. Intrinsic regular submanifolds in Heisenberg groups are differ-
entiable graphs. Calculus of Variations and Partial Differential Equations, 35(4):517-536, 2009.
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Antoine Julia, Sebastiano Nicolussi Golo, and Davide Vittone. Area of intrinsic graphs and coarea
formula in Carnot groups. Math. Z., 301(2):1369-1406, 2022.

Theorem (Area formula) Let G be a|Carnot group land let G = WYV be a splitting.
Let A C W be an open set, ¢ € CT.\IV,T,,,_."‘_:_:,('A:) and let ¥ = {wod(w) : w € A} be the
intrinsic graph of ¢; let d be the homogeneous dimension of W. Then, for all Borel functions
h:X — [0, +400),

f hdy? = f h(wd AT | 5)dy ). (1)
2 A
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Gioacchino Antonelli and Andrea Merlo. On rectifiable measures in Carnot groups: representation.
Cale. Var. Partial Differential Equations, 61(1):Paper No. 7, 52, 2022.

Theorem Let V., 1L be homogeneous complementary subgroups of a|Carnot group (=
such that h .= dimy V. Let I" be the|graph of an intrinsic Lipschitzmap ¢ : A TV — L.

with A Borel, such that S" T is . P, -rectifiable with tangent measures
S"_T-almost everywhere supported on homogeneous subgmups complemented by ..\ Then,
for every Borel function  : T — [0, 4-00) the following area formula holds

f YwdCh.T = [ v(a - ¢(a)AWV(a - ¢(a))dc" .V,
iy A

where C" is the centered Hausdorff measure, WVia - ¢(a)) is the tangent
on which it is supported the tangent measure of S"_T" at the point a - ¢(a) € T, and A(-) is
the centered area factor defined with respect to the splitting G =V - L,
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Theorem 1.2 (Area formula). We consider a couple (W,V) of complementary subgroups
of G. Let m and M be the topological and the Hausdorff dimensions of W, respectively.
We consider an open set A C W and a mapping ¢ : A — V. We also assume that ¢ is
intrinsically differentiable at any pownt of A and that d¢ : A — ZL(W,V) s continuous
Setting ¥ = ®(A), where ® is the graph map of ¢, then for every Borel set B C X, we
have the formula

(5) [ ) augim) = [ pu(.) ds¥ ()
»-1(B) B
where T, is the tangent subgroup of X at x.

m nans M
/ho{:(x) Jox ) :jl/ug) [’,d(ug) R Y
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Bernd Kirchheim and Francesco Serra Cassano. Rectifiability and parameterization of intrinsic reg-
ular surfaces in the Heisenberg group. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 3(4):871-896, 2004.

THEOREM 3.1. There exists an H-regular surface S C H' such that
(18) HO=O/2(8) > 0 foralle € (0, 1).

In particular, S is not 2- Euclidean rectifiable.
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Pr0p081t10n Let (W, V) be a couple of complementary subgroups of G. Let ACW
be an open set, w € A and let p be the topological dimension of V. Let ® : A — G be the
graph map of ¢ : A — V. Assume that ¢ is intrinsically differentiable at w and set

(52) Uy = graph(déq).

If V is an orienting unit p-vector of V and W, Uy are orienting unit (¢ — p)-vectors of

W and Uy, respectively, then
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Definition (Tangent subgroup). Let A C W be an open set and let ¢ : A — V be a
function. Let us fix w € A and consider a point z = w¢(w) € graph(¢). We say that a

homogeneous subgroup T of G is the| tangent subgroup to graph(¢) at ;i‘ll if for all € > 0

there exists & > 0 such that we have

graph(¢z—1) N{zx € G : ||mw(x)|| < 6} € X(0,T,e).
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Theorem Let Q C G be an open set and let f € C}(2,M). Consider| ¥ = f‘l(()ﬂ
and assume that there exrist an open set (¥ C () and a homogeneous subgroup V C G
of topological dimension p such that Jyf(y) > 0 for any y € ¥ NQY. Let W C G be
a homogeneous subgroup complementary to V and consider the unique map ¢ : A — V,
whose graph mapping ® : A — G satisfies XN QY = ®(A), where A C W is an open set.
If V 1is an orienting unit p-vector of V and W is an orienting unit (q — p)-vector of W,
then we haye

/ B4(T,) dS?P(z) = [VA W] / Juf(®(n) , T=P(p)
B e

gy vf(@(n)) T
for every Borel set B C ¥ NSY, where T, is the tangent subgroup of ¥ at x.

T

Ju f(P(n)

Jo(n)=|VAW| Jvf(¢>('n.)))
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F.lomi & V. Magnane , GyeXiv 2003

Theorem Let (W,V) be a couple of complementary subgroups of G and denote by
m and M the topological and the Hausdorff dimensions of W, respectively. We consider
an open set A C W and a mapping ¢ : A — V. We assume that ¢ is intrinsically

differentiable at any point of A and that dp : A — ZL(W,V) is continuous. We set
Y. = ®(A) and suppose that d is rotationally symmetric with respect to

Fv ={W C G : W homogeneous subgroup complementary to V}.

Thus, setting SY = wq(Fy)SM, for every Borel set B C ¥ we have

(7) SELE(B) = /q>-1(13) J®(n) dH|(n).
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Definition (Projected vector fields). Let A C W be an open set and let ¢ : A — V
be a continuous function. Let ® be the graph map of ¢. For j = p+1,...,q we define
the continuous projected vector field fo(j on W as

(Di,)w(f) - (XJ)CIJ(w)(f = ﬂ-w)
for every w € A and f € C*(W).
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Definition Let A C W be an open set, let w € A and consider a map ¢ : A->Y
intrinsically differentiable at w. We introduce the intrinsic Jacobian of ¢ at @ as

min{p,n1—p}

Joo(@) =\ [14+ Y (M?(@)

=1 ILI;
where Z, is the set of multiindexes
{(Gryovvyiesfiye o) EN* ip+1<iy <ig< - <ip<my, 1< 5 <jo--- < jr < p}.

We have also introduced the minors

i DY, 61 (@) ... DY, é;(w)
M7 (w) = det ” i -
D‘Q{—” o, (w) ... Df\)',-,, o, (w)

Finally~ we prove thaf  Jpwo) = :chg(@ )
W A5 nel al.ﬁcbra»'(é&% e25Y.
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