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Abstract

We study the I'-convergence of a class of elastica-type energies defined on immersed
planar curves and depending on a small positive parameter e. As ¢ — 0T, sequences
with equibounded energy develop concentration phenomena in the curvature, leading to
the emergence of singularities described by atomic measures. This naturally gives rise
to a limiting framework in terms of pointed curves, consisting of a curve together with
a measure encoding curvature concentration. We characterize the first-order I'-limit in
two settings: for immersed open curves with fixed endpoints and boundary conditions
on the tangents, and for immersed closed curves of prescribed length. In both cases,
the limiting energy depends only on the number of concentration points and is expressed
as a sum of contributions, each given by an integer multiple of 2. A key feature of the
problem is that the rescaled energies exhibit a structure closely related to one-dimensional
Modica—Mortola type functionals.
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1 Introduction

In this paper, we investigate the I'-limit of elastica-type functionals defined on immersed pla-
nar curves and depending on a small parameter ¢ > 0. This asymptotic analysis is motivated
by the fact that it captures information on the way curvature concentrates in small regions,
which is not detected at the level of the zeroth-order limit. In this regime, the appropriate
limiting objects are not described only by the limiting curve, but also by an additional mea-
sure recording the possible concentration of curvature. This naturally leads to the notion of
pointed curves, namely pairs formed by a curve v and a compatible Radon measure pu.
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We deal with two situations. The first one concerns immersed plane curves v € H?([0, £()]; R?)
joining two fixed points p,q € R?, p,q € {y = 0}, p # ¢ and with horizontal tangent at the
endpoints. For this problem we consider the energy

() )
RO [ (e ds

where, as usual, ds is the arclength element, k- is the curvature of the curve, ¢() its length
and € € (0,1]. As e — 07, minimizing sequences of F. approach the straight segment joining
p and ¢, whose length is [p — ¢g|. Our aim is to study the asymptotic behaviour of Fi, namely

Fe(v)—Ip—dl 1/2 ) 2 1
Ge(7) = ETZG / L d3+61ﬁ(5(7)—|p—Q|)7 (1.1)
for sequences with equibounded energy. What happens is that, although the curves v, con-
verge to the straight segment, the curvature x,, may concentrate in regions of size of order
€!/2, producing a finite number of singularities, described by an atomic measure p of the form

N
uw= QWchésj, NeN, s;€[0,4(7)],0<s1 <---<sny <L(v),¢; € L. (1.2)
j=1

The limiting object is thus given by the pair formed by the segment and p, and is referred to as
a pointed segment. Our first main result can be stated as follows (a more precise formulation
will be given in Theorem |4.2]).

We let )
O'I:/ 24/1 — cos p dop = 8V/2.
0

Theorem 1.1. Let (v.) be a sequence of immersed plane curves v € H?([0,£(v.)]; R?) joining
p and q, with horizontal tangent at the endpoints, and assume that G¢(7e) is uniformly bounded
with respect to €. Then, up to subsequences, e converges in H' to the straight segment joining
p and q, and k-, converges, in the flat norm, to an atomic measure p of the form . In
this case, we say that ((Ye, k+.)) converges to the pointed segment (v, ).

Moreover, if ((Ye, K+.)) converges to (v, p), then

liminf Ge(ve) > 0 G(v, 1),
e—0t

where

N
Gy, )= lejl.
j=1

Conversely, for every pointed segment (v, p), there exists a sequence ((%, /@%)) converging to
(v, ) such that

lim Ge(ye) = 0 G(v, ).

e—0t



The second situation we deal with concerns closed immersed plane curves . € H2([0, /]; R?)
of prescribed length £. Given a fixed closed embedded curve v € C2([0,£]; R?), we study the
energy

44 1 44
ge(’}/g) = 61/2/0 HE{E ds + 261/2/0\ |85’)/6 — 85’y|2 ds. (13)

The second term (a sort of length excess) on the right hand side of is now zero, and
this induces a loss of compactness. For this reason, we add the second term in , which
enforces the convergence of . to v in H'([0,£]; R?), and provides a quantitative control on
the rate of convergence. As in the first problem, sequences ((’Ye, fi%)) with equibounded
energy may develop concentration of curvature, and the limiting behavior is again described
in terms of pointed curves. Our second main result can be stated as follows (see Theorem
for a detailed formulation).

Theorem 1.2. Let (v.) be a sequence of closed immersed curves v. € H%([0,4]; R?) of length
¢ with Ge(~ve) uniformly bounded with respect to €. Then, up to subsequences, . converges in
H' to v, and K~ converges, in the flat norm, to an atomic measure p of the form . In
this case, we say that ((%, /i%)) converges to the pointed closed curve (v, j).

Moreover, if ((Ye, K+.)) converges to (7, p), then

liminf Ge(ve) > o G(v, 1),
e—0t

where

N
Gy, ) =Y _lel.
j=1

Conversely, for every pointed closed curve (v, u), there exists a sequence ((%, fi%)) converging
to (v, 1) such that

lim Ge(ve) = 0 G(v, ).
Jm Ge(ve) = 0 Gy, 1)

We observe that, at the scaling level considered here, no limiting quantity depends on the
distance between the singular points s;. In other words, the asymptotic energy detects
the number of curvature concentration events, while their position remains undetermined.
Capturing the mutual interactions between such concentrations would require a different
choice of functionals; however, this analysis appears to be considerably more challenging, as
even identifying the correct scaling seems a nontrivial issue.

It is important to note that the functionals G, and G, are closely related, in structure, to one-
dimensional Modica—Mortola type energies [14] (see [12] for a related observation). Indeed,
when written in terms of the function 6 : [0, 4(v)] — R, representing a lifting of the tangent
vector Os7y (i.e., 05y = (cosf,sinf)), the functionals G, and G, take the form of a gradient
term plus a periodic potential (see Remarks and . The ideas introduced by Modica
and Mortola are also useful in the present context, notably in the proof of the lower bound.
However, some care is required, as our framework presents some differences with respect to
the classical phase transition setting: in particular, geometric constraints are imposed on the
curves, and the integration interval [0, £(y)] is not fixed in the first problem.



As for the proof strategy, the compactness argument is based on a careful analysis of the
tangent field. More precisely, one isolates the regions (see (4.8)) where the tangent vector
deviates from the limiting direction and shows that each such region carries, in the flat
limit, a curvature concentration with weight 27, while the curvature outside these regions is
negligible in the flat norm (see Proposition . This yields convergence, up to subsequences,
to an atomic measure p as in . This compactness statement identifies the correct limiting
object for the first-order analysis. The lower bound is obtained via the so-called Modica—
Mortola trick, while the upper bound is achieved through the construction of suitable recovery
sequences, in which the borderline elastica plays a central role. The Euler—Lagrange equation
associated with F, reads

—k 4 €(2rss + K3) = 0. (1.4)

An arclength parametrized curve v : R — R? is called planar elastica if its curvature satisfies
(1.4). Planar elasticae can be completely classified (essentially due to Euler) and admit
explicit parametrizations. Among them, the borderline elastica is the only non-periodic case
(see paragraph [4.3)).

The construction of a recovery sequence (7.) in the case of immersed closed curves of fixed
length is more involved, since it must also preserve the length constraint £(-y.) = ¢.

A related problem, exhibiting some analogies with our setting, has been studied by Braides
and Malchiodi in [9]. In their work, the authors consider functionals defined on the boundaries

of sets E C R2 of the form .
/ (652 + w(uE)> dH!,
OF €

where k(x) denotes the curvature of OF at x, vg the outer unit normal vector of E and
Y : St — [0,4+00) is a function with a finite number of zeros. They compute the I-limit
with respect to the L'-convergence for this type of functionals and show that, if (E.) has
uniformly bounded energy, then the corresponding boundaries converge, up to subsequences,
to a polygon. In the limit, the energy concentrates at the vertices, and the limiting functional
can be expressed as a sum over all vertices. The techniques used in their analysis are closely
related to the Modica—Mortola approach, in particular for identifying the energy contribution
of each singular point. However, their setting is considerably different from ours. First, they
consider boundaries of sets, whereas we deal with immersed curves. The reason for which we
consider immersed curves is given by the fact that our analysis is, in some way, related to the
elastic flow, which typically exhibits self-intersections. Second, the notion of convergence in [9]
is in L', while our framework also encodes curvature concentrations, with curves converging
in H! and the curvature in the flat norm. Third, in [9] a limit crystalline energy arises, which
instead is not related to our problem. On the other hand, both their problem and ours are
geometric and the structure of the I'-limit is closely related to the theory of phase transitions.
Our analysis can be put in the framework of I'-expansions: in this respect, we recall that
first and second-order I'-expansions for Modica—Mortola type functionals, in their standard
(non-geometric) formulation, have been studied, for instance, in the one-dimensional case in
[7] and in higher dimensions in [2] [10].

We finally emphasize that the analysis carried out in this paper is purely static, and no
evolution is considered. Concerning evolutions, we recall that De Giorgi suggested in [I1]
to study a fourth-order regularization of mean curvature flow based on the functional F,,



possibly extended to arbitrary dimension and codimension. In this setting, curves evolve
according to the gradient flow of Fi, which can be regarded as a higher-order perturbation
of the curvature flow, coinciding with it when € = 0. It is known that, for every e € (0, 1],
this evolution admits a unique smooth solution defined for all positive times. In contrast,
the immersed limit evolution develops singularities in finite time. Such an approach has been
proposed as a possible framework for defining generalized solutions to the mean curvature
flow, capable of describing the evolution beyond singularities (see, for example, [3, [4] in this
direction). We also mention that crystalline variants of the elastic flow have been studied in
the literature, see e.g. [3].

The paper is organized as follows. In Section[2]we collect the basic notions on flat convergence
of measures, BV functions, and pointed curves. In Section [3| we introduce the energy in
the setting of open curves with boundary conditions and study its asymptotic behaviour
in Section [d] More precisely, Section [£.1] is devoted to compactness, Section [£.2] to the I'-
liminf inequality, and Section to the I'-limsup inequality. Finally, in Section [5| we study
the asymptotic problem for closed curves of fixed length and establish the corresponding
compactness, I'-liminf, and recovery-sequence results in Sections[6.1} and [6.3] respectively.

2 Notation and preliminaries

In this section, we collect the notation, definitions, and preliminary results used throughout
the paper.

2.1 Flat norm of Radon measures

Given the interval [0, L], we introduce the concept of flat norm of a Radon measure u, denoted
by HMHﬂat,[O,L]a as
HMHﬁat,[o,L] = sup / pdi .
(0,L]

@eC1([0,L]),

HSD”cO,l([o,L])Sl

Here [[¢||co.1(j0,z)) is given by

lo(z) — o(y)|
0,1 = e o =l
Iellcosgo.cy = Iele=qory + sup “=p—p
T#y

2.2 Functions of bounded variation

We indicate by I a bounded open interval of R; if x € I we denote by d, the Dirac mass
concentrated at x.

If X\ is a scalar or vector-valued Radon measure, its total variation will be denoted by |A| and
M, (1) will be the space of Radon measures with bounded total variation.

We will recall the main properties of functions of bounded variation, and we refer to [I] for
more details.

The space BV (I) is defined as the space of all functions f € L] (I) whose distributional
derivative 0,f is a Radon measure with bounded total variation in I. We say that f =
(f1, f2) : I — R? belongs to BV (I;R?) if f; € BV(I) for i =1,2.



Given f € BV (I), we shall write
Oz f = a(zlf dr + 8aszfa

where 02f € L'(I) is the density of the absolutely continuous part of d,f with respect to
the Lebesgue measure dx on I, and 07 f stands for the singular part. We shall use the same
notation whenever f € BV (I;R?); obviously in this case 02f € L(I;RR?).

If f € BV(I) we indicate by Jy the jump set of f, and we set f(z7) = ap —liminf,,, f(y) <
f(z") = ap — limsup,_,, f(y). It is well known that J;y = {z € I : f(z7) < f(z¥)} ={z €
I:10,f|({z}) > 0}. If f = (f1, f2) € BV(I;R?), by J; we mean Jy, U Jy,.

We also recall that functions in BV (I) of one variable are bounded and admit traces at the
endpoints of I.

We say that a sequence (f,) C BV (I;R?) converges to f € BV (I;R?) strictly in BV (I;R?)
if £, — fin LY(I;R?) and |0,.fn| — |0xf| as n — +o0.

Analogous facts hold when I is a bounded closed interval.

2.3 Pointed curves

Let p,q € R?, with p,q € {y = 0}, p # ¢. In the following, it will be convenient to identify
the interval [p, ¢] with [0, L], where L := |p — g|.

Definition 2.1. We say that a curve Y is of class B if Y € H'([0,L];R?) and 0,T €
BV ([0, L];R?). We write Y € B.

L
We denote by 4(T) = / |0, Y (z)| dz the length of Y.
0

Definition 2.2. We say that Y is of class B. if T € B and |0, Y (z)] = ¢ = @ for a.e.
x €0, L].

Any curve T € B, can be reparametrized by arc-length on [0, £(Y)] so that its reparametriza-
tion ~ satisfies |05y(s)| = 1 for a.e. s € [0,£(Y)]. We shall write v € Bj.

Notice that z = sﬁ and 0, = @ Os.

Following [8, Lemma 3.1], we now define the angle formed by the tangent vector to a curve
of class B; and call it a minimal argument (or minimal lifting) of ds7.

Lemma 2.3 (minimal lifting). Let v € By. Then there exists a function © = 0., : (0,£(y)) —
R having the following properties:

(i) © € BV((0,£(7))) and sy(s) = (cos O(s),sinO(s)) for almost every s € (0,£(7));
(ii) Jo = Jo,y;

(iii) —7 < O(sT) —O(s7) < 7 for every s € (0,£(7)).

The choice of © is unique modulo 27.

Notation: If T € B, we will always denote by v := v(T) € By its arc-length parametrization.
If © = O, is a minimal lifting associate to v, we denote by Oy : (0,L) — R the function
Oy(x) = @(ﬁm)



If T € B.N H%([0, L]; R?) then v € By N H2([0,£(v)]; R?) and there exists a lifting 6., of dsy
of class H' such that 957 = (cosf,(s),sinf,(s)) for all s € [0,£(v)]; thus we introduce the
(signed) curvature of v as

Ky 1= 050, (2.1)

whose absolute value coincides with the scalar curvature of v, since 92y = 9,0, (— sin 0, cos 0,) =
Ky(—sinfy,cosf,). We denote by ky the (signed) curvature of T defined as

ry(x) = /@(e(g):v) = ky(s) Vzel0,L]. (2.2)

If v € By we denote by 0ss7y the distributional derivative of Os7y; we write Ossy = 0%,y ds+05,7.
Combining the chain rule for BV functions with (i) of Lemma [2.3] and the uniqueness of the
Lebesgue decomposition for a measure, one readily obtains that

04y = (—sin®,c0s©)070 a.e. in [0,4(7)] (2.3)

and, if B C [0,£()] is a Borel set, then

0:7(B) :/ (—sin©, cos ©) dO;0
BN([0,4(v)]\e)

+ Z (cos O(tT) — cos O(t7),sinO(t1) — sin O(¢7))d;.

teBNJo

(2.4)

S

Therefore (2.3]) implies |0%,y| = [0¢©] a.e. in [0, £(y)]. Note also that |05,v|({s}) < |0:0|({s})
for all s € Jg. Indeed, for any s € Jg, using (2.4) and 2(1 — cos ¢) = 4sin?(¢/2), we have

(10271 ({s}))* = |(cos O(sT) — cos O(s7),sin O(sT) — sin O(s7)|?
= 4sin®((6(s7) — ©(s7))/2) < (B(s7) — ©(s7))* = (|9;0]({s}))*.
Definition 2.4. We let Mgy, 7([0, L]) be the class of atomic measures w on [0, L] of the form

N
wZZTFZCj(ij, NeN, z;€[0,L],¢j € Z,
j=1

with 0 <x1 < ---<xy < L.
We observe that the total variation of 5 is Zjvzl ;.
Definition 2.5. Let T € B.. We define the set of measures compatible with T as

K(T) = {M € My((0,L]) : pp = g(@)az@r o with w € Mﬁnz([O,L])} .

Definition 2.6. A pair (Y, p) with T € B. and p € K(Y) is called a pointed curve.

We sometimes will refer to w as the singularities of Y. If Y € B.N H2([0, L]; R?) then (T, r)
is a pointed curve, without singularities.



Lemma 2.7. Given a pointed curve (Y, ) there exists a function Oy : [0, L] — R such that
(i) ©y € BV([0,L]) and 9,Y(x) = @(cos@y(x),sin@r(x)) for almost every x € [0, L];

(ii) of p= ﬁ@z@y +w with w € Mgy 7([0, L)), then

0,07 = 0,07 + w. (2.5)

Moreover, the choice of Oy is unique modulo 2.

Proof. Let Oy be the minimal lifting of 9,7, so that ©y € BV(]0,L]) and 0,Y(x) =
@(COS O~ (z),sin Oy (x)) for a.e. x € [0,L]. If w =27 Zjvzl cjbz;, N €N, x; €[0,L],0 <
z1 <---<ay < L,c¢j € Z, then we define

N
Or(z) = Ov(z) + 2T 3 _ ¢j X(a;,1) (@),

j=1

where x(;,,r) denotes the characteristic function of the interval (z;, L). By construction, (i)
follows. Moreover, since X (4;,1) = 0s; in the sense of distributions, we obtain 0,0y =

0:Ov + 27 Z;VZI ¢j 0z; = 0,07 +w. This proves (2.5). Finally, uniqueness follows from ([2.5)).
Indeed it yields

Or(x) = @T(O) + /(;z 0,0 (t) dt,

where ©~(0) is so that 9;Y(0) = @(cos@y(O),sin@T(O)). Hence O is uniquely deter-
mined up to the choice of ©(0) modulo 27. O
Definition 2.8. We say that a sequence (Ty, pn) of pointed curves converges to a pointed
curve (Y, 1) if (T,,) converges to X in H([0, L]; R?) and (u,,) converges to  in the flat norm.
3 The energy functionals in case of open curves

Let p,q € R?, with p,g € {y =0}, p# q. Let T = {(Y,p) : ¥ € B, u € K(Y)}. Define

X :={(T,n) €T :Y e H*[0,L);R?),|0, Y| = ¢, T(0) =p, T (L) = q,
T5(0) = 0,To(L) = 0, u = kv }.

Let F. : T — [0, +00] be defined as

L
E(T)—l—eag)/ w3 dr if (T, p) € X,
0
+00 it (T,p) eT\X.

Fe(Y,p) =

Definition 3.1. We denote by Domg the set of all pairs (Y,u) € T, YT(x) = p+ F(q —
p) for all x € [0, L], p € Mgy ([0, L]).



An element of Domg will be called a pointed segment.

Definition 3.2. We define G : T — [0, +00] the functional

S ¥ilel if (T, p) € Domg,

G(Y,p):=
(T {+oo if T €7\ Domg.

Definition 3.3. We define G¢ : X — [0, +o0] as

_F(T) —minyex ((Y) _ F(T) —[p— 4
Ge(T, kx) = c1/2 - c1/2
(1)

L
1
_ 1/2, .2
==7" /O /213 dr+ 75 ) —|p—ql).

In what follows, for T € H?([0, L];R?) we often write G¢(Y) in place of G¢(Y, ky).

4 I'-limit for open curves

Remark 4.1. As already noted in [12], G¢(y) can be interpreted as a one—dimensional
Modica—Mortola type phase transition energy. Indeed

£(v) () 1
Ge(y) = /o 51/2(839)2 ds + /0 61?(1 —cosf)ds,

where we used (2.1]) and the fact that

() £(7)
/ cos@(s)ds:/ Osv1(s)ds=q1 —p1 = |p—q|.
0 0

Hence G, resembles a one—dimensional phase transition energy with 2m-periodic potential
W(#) =1 —cosf (= 2sin?(6/2)).

Despite these similarities, our problem differs from the classical phase transition framework
in several respects. Most notably, the integration interval [0, ¢(«y)] is not fixed, and further
constraints are present due to the boundary conditions, namely

£(7) e()
0(0) =0, 6(4(v)) =27Z, /0 cosf(s)ds = L, /0 sinf(s) ds = 0. (4.1)

We are interested in sequences ((’ye, /1«,6)) such that there exists C' > 0 for which
Ge(ve) <C, €€ (0,1]. (4.2)
Notice that (4.2]) implies 4(v.) — |p — q|, and

Ve /{%e < C.
Ye

Thus, intuitively, 7. is allowed to form a finite number (depending on C') of small loops,
such as exact circles for instance, of radius 4/, still keeping a uniform bound on their elastic
energy.

We now state the first main result of the paper.



Theorem 4.2 (Compactness and I'-convergence). We have:

(i) Compactness and T-liminf inequality: if ((Te,rr.)) C X is a sequence such that (4.2)
holds, then, up to a subsequence, there exist a pointed segment (Y, 1) € Domg such that
((Ye,kv,)) converges to (Y, ). Furthermore, if ((Ye,k1.)) converges to (Y, p) then

liminf G¢(Ye) > oG(T, p).

e—0t

(ii) T-limsup inequality: for every (Y, p) € Domg there exists a sequence ((Ye,ky,)) C X
converging to (Y, ) such that

lim G.(Ye) = oG(Y, p).

e—0t

The proof of Theorem is split across Sections and

4.1 The compactness result

In this section we prove the compactness part of Theorem To this purpose, assume that
for some C' >0

() — [p— gl < CeV2, /ev%idsgc. (4.3)

€

Let 6. denote the tangential angle function so that T.(z) = g(%)ewe(w). From (2.2) and (2.1))

we deduce that
Ky (x) = 79'5 ). 4.4

Lemma 4.3. Assume that (4.3) holds. Then, up to a not relabelled subsequence, there exists
T € Wt ([0, L]; R?) such that

YT in H'([0, L]; R?) and weakly star in WH([0, L]; R?).
Moreover there exists a constant C > 0 such that
It = TI2, < cel2, (45)
Proof. The first condition in implies that ¢(v.) — L as ¢ — 07. Consequently,

£(7e)

Tew)] = =2

C
< l—i-fel/QSC’o for all z € [0, L],

so the family {Y¢} is uniformly Lipschitz on [0, L]. Since each T, connects the fixed endpoints
p and g, the curves are uniformly bounded in L>([0, L]; R?). Hence,

sup HTGHWL"O(O,L) < +00.
ec(0,1]

10



We deduce that there exists a not relabelled subsequence and a limit curve T € W>°([0, L]; R?)
such that
T —*T in WHe([0, L]; R?).

Moreover, the total variation of each Y. satisfies
. L .
to.2) = [ Edde =00 — L,
from which we deduce that |T|([0, L]) = L. This equality implies that Y is the straight line

segment from p to g, and the convergence Y. — Y is strict in BV ([0, L]; R?). Therefore, up
to the extraction of a subsequence, we have

Yc— 7T strictly in BV([0, L]; R?) and weakly star in W1°°([0, L]; R?). (4.6)
Notice also that, since
(ve)
1
L

the curve Y can be parametrized with speed |T| =1 on [0, L].

We now show that the convergence in is strong in H'([0, L]; R?). More precisely that
holds. First we observe that from we can find a positive constant C' such that, for
€ > 0 small enough,

L. 2 L. 2 52(%) 1 1/2
|t~ [ ptpae = S - L= S - D0 + 1) < Ce
0 0

So we can write
L . . . . L . . L . . .
Ce/? > / (Te—7T, T+ Tdx = / T — T)?dz + 2/ (Tc— 7T, T)dz. (4.7)
0 0 0

Recalling that
T2y

L
is constant and that / YT.dx = q — p, it follows that
0

L (p— L 2 2 2
AR p—4q) - lp — 4| p—q° _Ip—d
Te—T,Y)dx = . Yedr — L= — =0.
/0 < Jdv =7 /O YT L L
Hence the thesis follows from (|4.7]). d
We now fix p € (0, 1) and consider the set
ES:={ze[0,L]: [Tc(z) — T(z)| = [Te(z) — v| > p}. (4.8)
By the estimate in the previous lemma we infer
. . L . .
Bl < [ tlo) - T@Pde < [ Lo - T@Pde <o @)
Es 0

11



and so, by the Cauchy-Schwarz inequality and the second bound in ({4.3])

1/2 . 1/2 o
/ |ky, |de < / 61/2n%6da: / —7zdr < —. (4.10)
Es B Es € / P

Therefore we find that
w’ 1= Ky XEs

is uniformly bounded in the space of Radon measures with respect to €, and hence, up to a
subsequence, it converges to some measure as € — 0.

Proposition 4.4. Assume that (4.3) holds. Then there exist a subsequence € and w €
Mgnz([0, L]) such that

Jim kv, — wllgat,0,2) = O (4.11)
Proof. Let p € (0,1/2) be fixed and € > 0 be small enough so that the set
Cpe = 0B OBy = {y e Byl = 00y —op> )
is an arc relatively open in 0B tae) (0), where we recall that v = 2. Let us denote by
R., and S, (4.13)

the two endpoints of C,, ¢, namely the two intersection points between 0B () (0) and 9B, (v),
L

taken in such a way that orienting C, . in counterclockwise order, R, , and S¢ , are the starting
and ending points of the arc, respectively.
On the set Ef in , the map Y. takes values in C,.. Moreover, using that Y.(0) =

T(L) = @v, by continuity of Y. it turns out that E; = T:1(C,.) is open; hence there

€

exist at most countably many mutually disjoint intervals (af ,, b ,) € (0, L) such that

B, = UZi(ac,, e p)-

Step 1: To begin with, we first focus our attention to one interval (af ,, bt ,) =: (e, e p) C
(0,L). Since Te(z) € O, for all 2 € (acp,be,), the image of T, is contained in a simply

connected arc of the circle. In particular, the corresponding angle (the lifting of Te) satisfies
|0c(x) — 0.(y)| < 2m for all z,y € (aep, bep)-

Let 56 be an arbitrary primitive of 96 on (ae,p, be,p). Define a new primitive 7. by

Te(z) = 56(37) — min 6.
[ac,p:be,p]

Then 7 > 0 on (acp, bep). Moreover, by the bound above, we have

sup 7= sup 6.— min 6. <2,
(ac,psbe,p) (ac,p:be,p) (ae,p,be.p)

12
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I3}
>

a? b2 Re,p
&P &P
| ([ X ) | >
(R Y | 0 .
a;, b v
0 &p Uep L Se,p
CP,E

Figure 1: The set C, . defined in (4.12]) and the points R, , (starting point) and S, , (ending
point) defined in (4.13))

which yields
0 <7e(x) <27 for all € (ac,p,bep)- (4.14)

Let ¢ € C%1(]0, L]) be a test function. Using the representation formula (4.4) and integrating
by parts, we get

be,p L be,p |
/ Kepdx = M/ Oc(z)p(x) dx

€,p (/76 €,p
L ( L [ber , (4.15)
= be.p)Te(b —a7a>—/ Te(x)p(x) dx
5(%) (P( 570) 6( €7P) 90( E:P) 6( E,p) E(’}/g) o 6( )90( )
= lep+1cp
where, to simplify the notation, we write here and in the following k. in place of kv . From
(4.14) we obtain
L be,p ) L ) be,p
eyl < | [ s o] < sl [ o)l do
(’76) Qe,p (ryﬁ) Qe,p (416)

L
<2n——~ 90 Lo be? — Qep)-
g(’Ye)H H ( P P)

Now, we rewrite the boundary terms in (4.15]) as

L
p = 303 ((£(bep) = 9(@e)Telbep) + 9(acp) (7elbep) = 7elac,) ) = 1) +18) (4.17)
and using (4.14)) we estimate the first term as
L L
|I£,1p| = 7|(‘P(b€,p) - ‘P(ae,p))Te(be,p)‘ <27 7|‘P(be,p) - @(ae,p”

L
<27 gp Lo bg — Qep).
E(’Yﬁ) ” || ( P P)

13



(2)

In order to estimate I¢;, we distinguish between two geometric configurations: either Te(ae, ) #
Te(bgyp) or Te(aevp) = Te(bw}). If Tg(aap) = Te(bgp) then 6c(be,p) — Oc(ac,,) = 0, and IE?,Z =0.
Combining (4.15), (4.17), (4.16), and (4.18)), we obtain

be,p
/ Ke pdx
a

€p

< ID1+ Me,p| < Cllpllrs(be,p — ac,p)- (4.19)

If instead ‘ ‘
Te(ae,p) 7 TE(bf,p)

we will have ' '
Tc(acp) = Rep and Yc(bep) = S, or viceversa.

In the former case
Oc(be,p) — Oc(ac,p) = 2m — d p,

where dc , > 0 is a function depending on p and € and such that d. , < |o,(1)| with 0,(1) being
independent of € and vanishing as p — 07. Instead, if Ye(as,p) = Se,p and Tg(be,p) = R, it
will be

Oc(be,p) — Oc(ac,p) = —2m + de p. (4.20)

Therefore, in the first case

So(ae,p) (Ts(be,p) - 76(a6,p)) = 277@(“6,[)) - de,p@(“c,p) =2 gp(ae,p) - dE,pSD(ae,p)

while, in the second one

o(ac,p) (Te(be’p) — Te(ae,p)) = =21 P(ae,p) + de pp(aep) = =21 @(acp) + de pp(acp)-

Hence

L
12 = +27 (ac ) F de po(ac,)).
P E(VE)( 90( 7/3) 7/9(10( aP))

We conclude

bep
/ (ke F 270a,,,) pdz| < Cf|@llLo (be,p = aep) + Clepl o 1oe- (4.21)

&P

Step 2: We want now to estimate how many intervals (a’ o bl ,) as in the previous step satisfy

Tg(ai,p) # Te(bép); for each of such intervals we have, using (|4.20)),

bep bep
Kedx| < |Ke| dx
al al

1 K
€p €p

27 —dep =

and therefore, if we denote by N, , the number of such intervals, since we can assume d , < 7
we conclude, using (4.10)), that

1 C
Ne,p < / |Ke| do < —. (4.22)
Ep

us Ly

14



In particular, for p = % we find N_ 1 < C for an absolute constant C' > 0.
We claim that

1
for all o/, p" € (O, g) with p’ < p”, it holds N,y < N,

and so

N,<C Ype (0, é) (4.23)

for all € small enough. To see that N y < N, it is enough to observe that if Te(ae, o) = Repy
and Te(bgvp/) = S (we argue similarly if the opposite situation holds), then by continuity
of T, there is a subinterval (Ge,prrsbepr) C (e pry be ) With Te(aﬁpn) = R, ,» and Tg(be,pu) =
Se o This concludes Step 2.

As a consequence of the previous discussion, we can select a not-relabelled infinitesimal
subsequence of € such that

N, = N is constant and does not depend on € and p.

Let now (a ep,bé p) for i = 1,..., N be the aforementioned intervals and let (a ep,bé ,) for

i > N denote the other intervals satisfying T (ac,) = Te(be,) so that (&19) holds; we set

N
Wep =27 Z ai5a§,p
i=1
where «; is +1 according to the case that T.(a Ep) = R., and T (bt p) = Se,p or viceversa,
respectlvelyﬂ Notice carefully that we , € Mgy, z([0, L]) and that
lwe,p|([0,L]) < 27N < C

where C' is independent of €, p. Using (4.21]), we finally estimate

(Fe — wep) pde| < C|ES| + CNd,, < Cez + Cd,, < Ce? + Cloy(1)], (4.24)

Ule(ai,pibi,p)

for all ¢ € C%1([0, L]) with ||¢|/yy1.0 < 1, where we have used also and (4.23).
Step 3: We now estimate the flat norm of e on [0, L] \ UY; (a’ bZ ) We shall show that

Qe py e p
3C > 0 such that for any p € (0, 1) and any € € (0,1]

‘/ kepdx| < Cp (4.25)
0,L)\UN.

5p71 )

LChoosing bi,p instead of a;p in the definition of w. would lead to the same limit in the flat norm. Indeed,
for every test function ¢ € C**([0, L]) with ||¢]|co.1 < 1, one has

162 () = 0 (9)] = lp(at,) — @(bi,)| < [bE, — ail,
and therefore _ _
160, = 1, e < 8 =

Since the total length of the intervals (ac ,, bl ») tends to zero as € — 07" for fixed p, the choice of the left or
right endpoint is equivalent in the limit.

15



for any gp € CO 1([0 L)), [[¢llwiee < 1. Up to relabelling, assume that 0 < a} , < b} a? p <

ep =
bgp <.. o < bN < L, and so we might write
N+1 '
0, L)\ UY,(al .00 ,) = | J b, al )
=1

where we have set bO = 0 and aé\f; ' = L. Arguing as in -, denoting by 7. a

primitive of f. on (b7} e al p) we have

e L i i i L e :
) e = 5 (ptal el = oD D) = i [ m@)eta) da
P

bt 2(7e) £(ve) it
L i i— i— G—
= 100 {(So(a p) = eL))Te(ad) + (b ) (re(al ) —Te(be,pl))} (4.26)
L (% ,
_ ﬁ(’ye)/bg,} Te(x)p(x) de.
By definition of the intervals ( Qe ps b; p)

[0c(ag,,) — 0:(b )] < Cop.

Consequently, the second boundary term in (4.26)) can be estimated as

- L
o, (b )| < C 4.27
TP (el ) = 1) < O (427)
Moreover,
L 7 i—1 i—1 i—1
5 (wlag ) — (b)) Telag )| < I@llzee (ag,, — b, [Te(al bl
(ve) f( e)
I (4.28)
< C—pl¢llre=(at, — b}
P Il (e, — 65,
Eventually,
al,
[ e =| [ nwple)de] < Coldlim(al, — ). (429
bi, (bep'sai )\ Es
Collecting (4.26)), (4.27),(4.28) and (4.29) we obtain, for a absolute constant C' > 0,
/bij: Kepdr| < Cp+Cp (ai’p — bi;)l)
€,p
and so, summing over ¢ = 1,..., N + 1, we conclude
‘/ kepdr| < Cp(N+1)+Cp<Cp (4.30)
[0 L]\UN l(a‘e p?be p)

16



where we recall that N is constant and does not depend on € and p; this proves (4.25)). Using
(4.24) and (4.30), we arrive at

L
/ (Ke — We,p)p dx
0

for all ¢ € C%1([0, L]) with [|¢[lyy1.00 < 1, which shows that for every fixed p € (0, 1),

< Cp+ Cez + Cloy(1)],

lim supH/@6 - we,PHﬂat,[o,L} < C(p+0,(1)).
e—0t

Passing to further subsequence, we can assume that
al,—a,€0,L] forall i=1,...,N. (4.31)

Therefore we easily conclude, as e — 07,

N
We,p = Wp 1= 2T Z i0q in the flat norm, (4.32)
i=1
with
|we|([0, L]) < 27N < C. (4.33)

Now up to a subsequence, by (4.33)), there exists w € Mgy 7([0, L]) such that
wp — w  in the flat norm.
Combining the previous inequality with (4.32) we get
lim sup|| e — wHﬂat,[o,L} < limsup (|[re — wErﬂHﬁat,[O,L] +[|we,p — wﬂ”ﬁat,[o,L] +[Jwp — CL’Hﬂat,[o,L])
e—0t+ e—0t
< Clp+0p(1)) + ||wp — ‘*’Hﬂat,[o,L]'
Since p € (0, §) is arbitrary, we then obtain that

lim H/{E 0.

e wHﬂat,[O,L] =

Let us define a strictly increasing odd function ® € C'(R) by

0
o(0) = /0 24/1 — cos ¢ dp. (4.34)

Lemma 4.5. Let 0. be as is (4.4). We have

2
li —— 0y (P o b) — 0,0, =0.
Qi || 550(® 00 flat,[0,L]
In particular, letting w € Mgy 7([0, L]) be the measure for which (4.11) holds, we have
2
—Wam((b 00,) > w in the flat norm. (4.35)

8v2
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Proof. Set

2m
) = —=o(0) -0
()= Z-0(6)
Since ®(0 + 27) = +/ 24/1 — cos g dp = ®(0) +8v/2, it follows that g(# + 27) = g(6)
0

for all # € R. Hence ¢ is continuous and 27-periodic and, therefore, it is bounded on R. Let

= |19l Lo ) < +o00.

Moreover, for every k € Z,

g(2rk) = 27

“_®(2rk) — 21k = 0.
V2 (2mk)

As a consequence,
lim sup{|g(0)| : dist(#,27Z) < 6} = 0.
0—0+

For every ¢ € C%1([0, L]) with |||l < 1, integrating by parts we obtain

‘< 2T Da(® o 0,) — ax96,80>‘ N ‘/jg(ee(x»sb(x)dw < 9021 o,r-

8v2 "

Taking the supremum over all ¢ yields

H (Do 0,)

[P < 190 21 [0,1)-

Using (@9),
€ CM 1/2
| (0c)|dz < M |E}| < —5~

(4.36)

(4.37)

(4.38)

On the other hand, if = ¢ E;, then |T.(z) — v| < p, where we recall that v = P74, Since

T (z) = g(%) (cosOc(z),sinb.(x)), and £(v.)/L — 1, it follows that for e > 0 small enough the
angle 0. (x ) must be close to some multiple of 27, uniformly in x € [0, L]\ E. More precisely,

there exists a quantity o, > 0 such that
dist(0c(z), 27Z) < 05, Ve e [0,L]\ F
and

limsup 45, < Cp.

e—0t

Hence, using (4.38)), we get
CM ) .
19Ol L1 (jo,z)) < 761/2 + LSUP{|g(¢9)| - dist(6,27Z) < 5p},

from which, recalling (4.39)

limsup [lg(8e) |21 o,y < Lsup{lg(6)] : dist(8, 27Z) < Cp}.

e—0t

18
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Letting p — 0T and recalling (4.36]), we conclude that
lim 0 = 0.
g llg( e)HLl([O,L})
This, together with (4.37) gives the first part of the statement. Now, Proposition implies

Ople, = w in the flat norm,

hence (4.35)) follows as well. O

4.2 T'-liminf inequality

In this section we prove the I' — lim inf inequality of Theorem To this purpose we may
take, without loss of generality, a sequence (¥, k+,) such that

() —Ip— g < Ce?, [ e s <c,

€

which, from Lemma and Proposition imply Y. — Y strongly in H*([0, L]; R?) and s,
converge in the flat norm to w = QFZjl Cj0rpi, With N > 0,0 <29 <21 <---<ay <L
and c; € Z. We have to prove that

liminf G¢(Y) > 0 G(T,w).

e—0t

The proof relies on Remark We can use the following Modica-Mortola trick to estimate

Lt Uy [* 1 L
(To) = 17219,6,|? 5/1_ . >/2m6 1~ coso.
Ge(Te) E('Ye)/o € /%10,0|” dx + L ), 61/2( cos ;) dx > i |50|\/de’

where we have simply used the algebraic inequality €'/2a® + El%bQ > 2|a||b], with a =

w/ﬁ|8ﬁe| and b = @\/1 — cos . By the definition of the function ® in (4.34), its
derivative is
®'(0) = 2v/1 — cos b,

and therefore
L L
G (Ye) > / 2|040c|\/1 — cos b, dx = / |02(P 0 0c)| dx = [0,(P 0 0,)[([0, L]).
0 0

Recalling from that 6.(0) = 0, it follows that the sequence (®o06,). is uniformly bounded
in BV ([0,L])). Hence, up to a further subsequence, there exists a function u € BV ([0, L])
such that

dobh.—u in L'([0, L)).

Hence the sequence (81(@ o 06)) converges weakly® as measures to d,u and, by the lower
semicontinuity of the total variation with respect to L' convergence, we deduce

liminf G¢(Y,) > liminf |0, (® o 6,)|([0, L]) > |0,u|([0, L]). (4.40)

e—0t e—0t
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It remains to identify the structure of the limit function u. Since (4.35) holds, we deduce
that

o N
Oyu = %wzo Cj Oz
j=1
Therefore,
N
|0,ul ([0, L)) = 0 Y |ejl- (4.41)
j=1

From (4.40) and (4.41) we get

N
lim inf Ge(Te) > o z; lcj] = 0 G(T,w).
=

4.3 [I'-limsup inequality
We begin by recalling some basic facts concerning the (planar) borderline elastica (see also

[12, [13]), which will be used in the construction of the recovery sequence.

Borderline elastica. A prototypical arclength parametrization is given by

ae(s) = (a1,(s), aze(s)), s € R,

with

ape(s) = s — 2V/2¢ tanh<\/‘%) . ame(s) = 2v2 sech<\/‘%) .

The lifting of . is given by

Oc(s) = 4arctan(es/\/i) (4.42)
and the curvature is
V2 s 4 5/ V2e
(5) = 0.0.(5) = Y2 sech _ , 4.43
() = 0.0.05) = 2 seen ) = (4.43)

Note that rq, > 0. This satisfies — kq, + €(202K4, + k3 ) = 0.

Key construction. Here we define the building block which will be used to obtain the
recovery sequence.
Let € << 1 and §, be such that

6 =€ with a € (,3). (4.44)

Consider the elastica

ae(s) = (s — 2v/2€ tanh<\/‘%> ,2V/2¢ sech<\/%>), s € [=4., 54,
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and denote with 6 the lifting defined in . We aim to extend the elastica a, beyond the
interval [—d,, d¢] by attaching appropriate circular arcs at both endpoints. More precisely,
on the left (respectively, right) side we prolong the curve by a circular arc ¢ with constant
curvature equal to K, (—d¢) (respectively, kq, (0c)). Each arc is continued up to the points p.
and g, respectively, where the tangent vector becomes horizontal. Let us call . the resulting
curve parametrized by arclength.
We focus on the construction of the circular arc attached to the left endpoint of the elastica.
The right arc is obtained in a completely analogous way by symmetry and yields the same
energetic contribution. We begin by observing that the radius of the circle containing the arc
is given by

1 B V2€e1 4 e~ 20/ Ve
Ka,(—0c) 4 e—0c/V2e

where we have used . Next, we consider the central angle of the arc. At both points
pe and a.(—d,), the radius of the circle is perpendicular to the tangent to the curve. In
particular, at p. the tangent is horizontal, so the corresponding radius is vertical. At o (—dc),
the tangent forms an angle 0.(—d.) with the horizontal, and therefore the radius at this point
forms the same angle 6.(—0d.) with the vertical. Consequently, the central angle of the circular
arc coincides with 6.(—d,). It then follows that the length of the circular arc is

(4.45)

Te =

1+ =20/ V2e

— v arctan(e_ée/‘/i), (4.46)
e %/ Ve

U(se) =10 (=60) = V/2€

where we substituted the expressions for r. and 6.(—¢,) from (4.45]) and (4.42]).
Moreover, by applying the chord theorem, we deduce that

Pe = (041,6(_66) — Te SineE(_de)v ype)a de = (al,e((se) + 7e Sin96(66)> yq€)7

for a suitable y,, that we do not need to identify, and hence, by the symmetry of the con-
struction, we get

|De — qe| = 2001 ¢(0c) + 27¢ sinbOc(6c) = 26 — 4v/2¢ tanh(\j%) + 27, sin 0. (de). (4.47)
€

Now, recalling (3.1)), for each connecting arc ¢, we have
O (—0¢)

Te

Fe(s) = £(se) + e/ K?E ds = l(s) + € (4.48)

Se

Clearly

e
o, [~50,6.]) = /_ (0 (5] (0, (5) ds = 2. (4.49)

Furthermore, firstly using (4.43)) and then performing the change of variable u. = s/ V2e | we

have
5 5 . 5./\/2e
e/ K3, ds = 2/ sech? (—)ds = 2\/%/ sech? (ue) du,
. —0e V2e —0e/V/2¢ (4.50)

= 2\/%[tanh(u€)} 55(://\2;% = 41/2¢ tanh (\j;?)
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From (4.49)) and (4.50)), we obtain

pg%Jﬂg¢D:2&+4¢anh<&

¢%> (4.51)

Therefore, combining (4.51)), (4.48)), and (4.47)), we get

Gl [-(50) = 3 (50) + ) = 21 1 Il (206, 0d) = e~

B 20(sc) — 27 sin O (0¢) Oc 1/2 Oc(—0e)
= Y + o tanh (E> + 2¢ T

=: I + Il + IIL,.

(4.52)
We want to pass to the limit as e — 0% in (4.52)). Since we chose . as is (4.44]), we immediately
observe that
lim 1I, = o.
e—0t

Moreover, we claim that both I, III. are negligible as ¢ — 07T, i.e.

lim I. =0, (4.53)
e—0t
lim III, =0, 4.54
S (454
so that, in conclusion,
lim G¢(n.) = lim (I, +II, + III,) = 0. 4.55
Jim Ge(ne) = lim (I + e + IIL) = o (4.55)

Concerning I, using the Taylor expansion sin(f) = 6 + 0(6?), we get

. T 2r50(9€2(_65)) T 0(95(—55))
A le=lp = Sl o0 T 480
Let
b=a—-1/2<0.
Notice that by
lim e¢/V2 = 0. (4.57)
e—0t
Substituting the expressions for r. and 6.(—d,) from (4.45)) and (4.42)), yields
1 72eb/\/§
Jim, reo(0e(=0)) = lim, @tifm0<arctan<e‘eb/ v2)
_ 1 —eb /2
= 61_1>r(1§1+ \/ieieb/ﬁo(arctan(e ) (458)
~ im \/%arctan(be_eb/‘/i) o(arctan(e_zb/ﬁ))
e—=0F e—e"/V2 arctan(e—¢"/V2)
=0
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and

_ —€®/V2Y) ,—€?/V2
lim 0(0(—6¢)) < lim o(arctan(e )) e
e—07F €l/2 e—07F arctan(e—eb/\/i) €l/2

Hence, collecting (4.56)), (4.58) and (4.59)), we get (4.53)).
Now, using (4.42)) and (4.45)), we consider

32 b e /V?
_ 22 -ty ¢ T
11, = 7 arctan(e )1 gL
From (4.57)) we have
feb/\/i
lim arctan(e_eb/‘/i) =0 and lim —— =
e—0t e—0+t 1 4+ (5_261)/\/§

Thus, from (4.60) and (4.61), we obtain (4.54).

=0.

(4.59)

(4.60)

(4.61)

Remark 4.6. The constant 8/2 obtained as a result of the limit in (#.52)), can be compared
with the value arising from a simpler construction consisting of a straight segment connecting
p and ¢, together with a circular loop of radius /€ attached to it. In this case, the total length

is
U(ve) = Ip — gl + 21/,
while the curvature contribution comes only from the circle and equals

27Tﬁ

2

€ kS ds = e——— = 2my/e.
/88ﬁ e (Ve)?

Therefore,
Fe(ve) = |p — 4 + dmy/e, Ge(ve) = 4.

Since 47 > 8+v/2, this shows that 7. provides a more efficient recovery sequence.

Proof of the I'-limsup inequality. We now prove the I'-limsup inequality of Theorem

4.2
Let (T,w) € Domg. By definition, T is the segment

T(:E):p—l—%(q—p) for all z € [0, L],

and

N
w:2ﬂ'ch5xj, c; €L, 0<x<---<axzy<L.
j=1

Set for simplicity

N
M=) "l¢jl = G(T,w) > N.
j=1
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We may rewrite w as

M
w=2m Z oy,
h=1

where ap, € {—1,1}, yp € {z1,..., 25} and
Y1 <y2 < S YM-
Fix a € (i, %) and let . be as in . For € > 0 sufficiently small, we choose points
de <yi <y5 < - <yjyr <L —0¢
such that
Yha1 — Yp = 20c forevery h=1,...,M — 1,

and
Y — Yn ase— 0" forevery h=1,..., M.

For each h = 1,..., M, let 7.} denote the curve introduced in Paragraph If ap, =1 we
use the profile 7., while if aj, = —1 we use its reflection with respect to the z-axis, so that
its curvature has opposite sign. In both cases the corresponding curve is of class H?, has
horizontal tangent at its endpoints, and, in view of , satisfies

lim Ge(’r/e,ha [_Z(ge) - 66) E(gﬁ) + 55]) =0.
e—0t

We now define a recovery sequence Y. € H2([0, L]; R?) as

$—yz . 66 56 )
) () ifwe (yf— 2Lyt + -2 L), h=1,..., M,
T(z) = ”( 7 m) it (yh 0™ YT T

T(z) elsewhere.

Namely, in small intervals centered at y;, we replace the segment T by suitably rescaled
copies of 1 .
By construction, Y.(0) = p, T(L) = q. Moreover

e—0t

M
lim [|wy, =21 andy, g0 0.y = O- (4.62)
h=1

Indeed, following the same strategy as in Proposition [£.4] we fix p > 0 and consider the

disjoint intervals (aép, bep), @ =1,..., M, such that

M
Ej, = J(ai 00 ).
i=1
By construction of T, and by definition of Ef (see (4.8)), for each i € {1,---, M} there exists
h such that 5 5
al ey — ——L, y5 + 6L> . (4.63)
P ( " £(7e) " £(e)
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Since ﬁ — 1 and y; — yp, it follows that, for any fixed p,
ai, =y, ase—0t. (4.64)

Combining this with Proposition we obtain (4.62)).
It remains to show that
limsup G¢(T,) < 0G(T,w).

e—0t

Since outside the intervals (yfZ — ﬁL, Yy + e(‘sﬁ)l]) the curve is a straight segment, only
the M building blocks contribute to the energy. Therefore,

M
limsup G¢(Y,) < Zlimsup Ge(ep) =M = oG(T,w).

e—07F h—1 €07

This concludes the proof.

5 The energy functionals in case of closed curves

We now turn our attention to the second problem concerning closed immersed plane curves.
For convenience, we begin by stating the following definitions. Let ¢ > 0.

The class Bj is here defined as in Definition with ¢ replacing L.

Definition 5.1. Let v € By. We define the set of measures compatible with ~ as
K(v) :={p € Mp([0,4]) : p = 050~ + w with w € Mg, 7([0,4])}.

Definition 5.2. A pair (v, u) with v € By and p € K(v) is called a pointed curve.

In the present setting of closed curves, the test functions in the definition of the flat norm
are required to be periodic. Namely, given a Radon measure p, we define

| iellfiat,jo, == sup / odu .
peC®1([0,)), /[0,
HWHco,lqoye])Sl
(0)=p(¢)

The definition of convergence of a sequence of pointed curves (7, p,) to a pointed curve
(7, ) is as in Definition [2.8| with L replaced by ¢.

Let T = {(v,p) : v € Bi,pp € K(v)} and define
Xe={(y,p) € T sy € H*([0,£;R?),7(0) = 7(£),5(0) = §(0), £(7) = €, 11 = Kr},
namely, v is a closed planar curve of fixed length /.

Definition 5.3. We define by Domg the set of all pairs (v, ) € T such that v is a closed
planar curve in By of length £.

An element of Domg will be called a pointed ¢-closed curve.
Definition 5.4. We define G : T — [0, +00] the functional

ity leil if (v, 1) € Domg,

G(v,p) :=
(ra) {—i—oo if v € T\ Domg.
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6 ['-limit for closed curves

Let v € C2([0,4]; R?)N By be a closed curve of length ¢, with 4(0) = §(¢) and 5(0) = 5(£). Let
0 =0, € C°([0,4);R?) be a lifting of 57 and let r-, denote the curvature of 7, i.e. ry = d50.
Set

¢ ¢
1
Ge(Ve) := 61/2/0 /%6 ds + 261/2/0 |057e — Dsy|* ds (Ves biye ) € X

A motivation for the second term in G, is given by (4.5)).
We focus on sequences (7, K+, ) in X, such that

Ge(ve) <C €€ (0,1],

for some C' > 0, which implies
74 Y4
61/2/0 /@36 ds < C, /0 |0sYe — 837\2 ds < Ce'/?. (6.1)

Notice that the second condition implies that
Ye — v in HY([0, ];R?).
Remark 6.1. As in the case of open curves, the functional G, has the structure of a one-

dimensional Modica-Mortola type energy. Let (v¢, £, ) € Xy, and let . : [0,4] — R be a
lifting of the tangent vector of ., namely

D57e(s) = (cosbc(s),sinb(s)) s € 10,4].

Since . € H?([0,4]; R?) and |957| = 1, we also have t~, = d50.. We now consider the second
term in the definition of G.. Notice that

Ds7e(s) — Osv(s) = (cosOc(s) — cosb(s), sinbe(s) — sinf(s)),
and thus
1057 (s) — 9sv(s)|> = 1 + 1 — 2(cos b, cos 6 + sin b, sin 6)
=2 —2(cos b cosf + sinfsinf) = 2(1 — cos(bc(s) — 6(s))).
Substituting this identity into the definition of G., we get
Ge(ve) = /2 /OK(8396)2 ds + 61% 06(1 — cos(f. — 9)) ds.
Our second main theorem reads as follows.

Theorem 6.2 (Compactness and I'-convergence). We have:

(i) Compactness and T'-liminf inequality: if (e, k+.)) C Xy is a sequence such that (6.1)
holds, then, up to a subsequence, there exist p € K() such that (('ye, /@E)) converges to
(v, ). Furthermore, if (e, k~.)) converges to (v, p) then

liminf G (ve) > oG(7, ).
e—0t

(ii) D-limsup inequality: for every (v,u) € Domg there exists a sequence ((Ve, kv,)) C X¢
converging to (v, u) such that

lim Ge(ve) = oG (v, p).

e—0t
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The proof of Theorem [6.2] is split across Sections and

6.1 The compactness result

In this section we prove the compactness part of Theorem To this end, let (('ye, /i%)) C Xy
be a sequence such that (6.1)) holds. Define

e 1= 0. — 0. (6.2)

Then
OsPe = Ky, — Kny.
Fix p € (0,3). We define
B = {s € [0,4] [9e(s) — Dr(s)] > p} (63)

The second bound in (6.1)) yields
¢
’E;‘ p2 < / 057 — s’Y‘ZdS < / 057 — 37‘2 ds < Ce'/2, (6.4)
Es 0
Hence, arguing as in (4.10]) and using the first bound in (6.1)),

/E |Kr | ds < 9 (6.5)

< p
Using (6.5), Cauchy-Schwarz inequality, x, € L%([0,¢]) and (6.4) we also get
1/4

C . C €
/ Dy ds < / oy ds + / ol ds < & 4 Imallzzoe 1ESV2 < S 4 05— (66)
ES ES ES P p P

Proposition 6.3. Assume that (6.1) holds. Then there exist a subsequence € and w €
Mgn7([0,4]) such that

Jim [, ) g =0 67
Equivalently,
Ky, — Kyds+w in the flat norm.

Proof. By the C?-regularity of v, we have

E; = Uz(?il (a’z,pa bi,p)'

Here we suppose without loss of generality, that all the intervals (a’; o bé p) do not contain

the point 0, although it cannot be excluded a priori, by the regularity of v. Anyway, in that
case the arguments are exactly the same of the those that follow.

Step 1. Fix one interval (acp, be,p) := (al ,, bt ,) C [0,£]. From (6.4) we deduce

l/2

‘ae,p - be,p‘ < 07-
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Combined with the Lipschitz continuity of 057, this implies

/2
|8S'Y(be,p) - as’Y(as,pN < 07- (6.8)
As a consequence,
/2
10(be,p) — b(ac,p)| < C—5- (6.9)
p
and, for all s € (ac,p, bep),
/2
0:716(5) = 0:7(ac,)| 2 10576(5) = 0y ()] = 1007(5) = Ol > p= O > p= G =,
provided € > 0 is small enough. Hence,
0c(s) — b(ac,p)| < 2m —d,, (6.10)

where d, > 0 is a function depending only on p and vanishing as p — 0. Using (6.10]) and
we get

/2
|0c(s) —0(s)| < [0e(s) — Q(ae,p)] + |(9(ae7p) —0(s)| <27 — d,+ C? Vs € (aejp, be,p). (6.11)
Notice that, by the definition of Ef in (6.3),
’8876(%,/)) - 88'7(%,;2” =p= |6576(b6,p) - 857(()6,,))]. (6.12)

Now, combining and , we obtain, for € > 0 small enough,
|05Ye(@e,p) = DsVe(be,p)| < 1057e(ep) = Ds(aep)| + [057(acp) — Dsy(De )|
107 (beg) o) < p+ O <3
Hence, by the general theory of liftings, there exists k € Z such that
0c(ac p) — Oc(be,p) — 2mk| < d,, (6.13)
where cfp > 0 is a function depending only on p and vanishing as p — 07. As a consequence
27k| < dp + [0c(ac,p) — Oc(bep)| < dp + 27 + d. (6.14)
In particular, this yields |k| < 1, hence
ke {-1,0,1}.

Let ¢ € C%1(]0,4]) with [|¢|y1.0 <1 and 9(0) = 9 (¢). Since dspe = k. — K-, We have

be., be. be.p
/ (o, — i ds = [ Ouberpds = (¥(bep)belbey) — ¥lac)belac,)) — | bt ds
Qe,p Qe,p Qe,p
=: Ie,p + HE,p.

(6.15)
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From ([6.11)), it follows that, on (ac,p, be,p),
|Ge| < 27

and hence we obtain

be’p
< 1105 1o / (el ds < 2|0t 1o (Bep — tcp)-

€p

be,p
L, < ‘ / b ds
Qe,p

Now, we rewrite the boundary terms in (6.15]) as
I, = (7/J(b6,p) - d}(ae,p))@(bap) =+ @Z’(GE,p) (¢6(b6,p) - ¢6(a6,p)) = Ig,lg + Igp)
and using (6.16)) we estimate the first term as

’Ig,l,“ = ‘(@/}(be,p) - w(aap))@(be,p)’ < 27||0s%|| Lo (be,p - ae,p)-

Now, we claim that

. 1/2
12) % 20 0(0)| = [ (000) (0cbp) — 0l 7 20)] < e (G + € ).

If k=0, from (6.13]) and , we get

) 1/2
(Gc(bep) = Selaep)] = 1e(bey) — Belac,) — (B(be,) — B(ac,))| < dy + 07

Hence
@) R 61/2
ol < C<d,o + e ) [[9]| oo

Combining this estimate with (6.15)),(6.17)),(6.18]),(6.19) we obtain

be.p L €2
/ (I{% - K;’Y)wds < CHwHle‘X) <(b6,p - ae,p) + dp + ,02> .
a

€p

If k = +£1, from (6.13) we get, respectively,
|0c(be,p) — Oe(ac,y) F 27| < d,,

and therefore, using

. (/2
|¢E(b€7p) - ¢e(ae,p) + 27T| < dp + 07,

which concludes the proof of the claim. Finally

be., L )2
[ = s T 2w vtac)| < Ol ((op = ac) + o+ ).

€p
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In all cases, we conclude that

be.p R el/2
[ = ) = sz Yo ds| < Cllohnes (G =00+ dot ). (620

€p

where «; € {—1,0,1}.

Step 2. We now estimate the number of intervals (a’ p,bg p) for which the corresponding

integer k is nonzero. Let N, , denote the number of such intervals. From ((6.14) we infer
2m — dp < |0€(a€,p) - ee(bapm

and hence, using also , we get

l/2

|e(be,p) — Pelaep)| = 2m — Czp — C?.

Thus,
€

. 1/2 b,
QW—dp—C? S/ ‘65¢5|d8.

k3
€,p

Summing over all such intervals, we obtain

X (1/2
N, (zﬂ d, - 02> < [ 1.0 s
p E<

P

Using , it follows that

. 1/2 1/4
N., <2w —d,— C€> <Y
PP

Therefore, for p = %, there exists a constant C' > 0 such that

N, <C.

1
'8
Moreover, if 0 < p/ < p” < £, then

Nep < Negr,
and so

N,<C  Vpe (o, %)

for all € sufficiently small. Passing to a subsequence of (€¢), we may therefore assume that
there exists an integer N > 0 such that N, = IV is constant and does not depend on € and

p. Let (a;p, b;p), e (aé\fp, bé\”p) be the intervals corresponding to the case kK = £1. Set

N
Wep 1= 2T E «; 5aé’p7
i=1
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where o is +1 according to the case that k = 1. Notice carefully that we, € Mz, 7([0, L])
and that
(wepl(0,€]) < 27N,

By (6.20), summing over ¢ = 1,..., N, we obtain

N . . €l/?
< Clowllue | Yo (b, —al) + N (dp+ ) |

/UN (@i b )(("Ws — Ky) _Wap)"‘/’ds
i=1(ag,p,b¢

i=1
(6.21)
Since
N . el/2
D (L, —al,) <|Ej| < C—,
i=1 P
and N is independent of €, we deduce from (6.21]) that
/2
[ = m) —we)vds| < Clowli= (5 +d, ). 622
UN (i bt ) P

Step 3. It remains to estimate the flat norm of k. — k, on [0,] \ Uﬁl(ai’p,bi’p). This is
done exactly as in Step 3 of the proof of Proposition and yields

/ (”ve - “v)ﬂ) ds
[0,6\UJL, (af b

al b )

< Cp.

Finally, using (6.22)), we arrive at

l/2
< Cp+C= 5+ Clo,(1)],

/Og«"ﬁ% — Fy) = We,p)ds

for all v € C%L([0,£]) with ||¢|ly1. < 1, ¥(0) = 9 (¥), which shows that for every fixed
pe(0,3),

lim SEPH("G% — Ky) — We,pHﬂat,[o,z] < Clp+0p(1)).

e—0

Now, passing to a further subsequence, we may assume that

ai,—a,€0,f] foralli=1,...N.
Therefore, as € — 0T,
N
Wep — Wp =27 Z ozi(saf) in the flat norm, (6.23)
i=1
with
lw,|([0,4]) < 27N < C. (6.24)

Now up to a subsequence, by (6.24)), there exists w € Mgy, 7([0, £]) such that

wp — w in the flat norm, as p— 0.
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Combining the previous inequality with (6.23) we get

lim SI+1pH (Fye = i) — wHﬂat,[O,Z]

< limsup (H(“% — Ky) — Wep
e—0t

< C(p+0,(1)) + ||w, — wHﬂat,[O,Z]'

flat,[0,0 T [we,p — prﬁat,[O,Z] + [|lwp — wHﬂat,[07€])

Since p € (0, %) is arbitrary, we then obtain that
lim | (5, — #5) _wHﬂat,[O,é] =0.

e—0t

Let us define a strictly increasing function ® € C'(R) by
'
O(r) = / 2v/1 — costdt. (6.25)
0
By an argument completely analogous to that used in the proof of Lemma we obtain

Lemma 6.4. Let ¢, be as in (6.2]). We have

2

8v2

In particular, letting w € Mgy 7([0, L]) be the measure for which (6.7)) holds, we have

((I) Qbe) - asd’e =0.

lim
e—0t

flat,[0,4]

2

5 0s(P o) > w in the flat norm. (6.26)

6.2 [I'-liminf inequality

In this section we prove the lower bound inequality of Theorem To this purpose we may
take, without loss of generality, a sequence (v, k+,) such that

l l
61/2/ /{i ds < C, / 1057 — 057)? ds < Ce'/?,
0 0

which imply ve — v in H'([0,¢];R?) and that ., — Kk, converges in the flat norm to w =
2w Z;Vﬂ c; 690]. with N > 0,0 <20 <21 <--- <any < land ¢; € Z. It remains to prove that

liminf G (ve) > 0G(7,w). (6.27)

e—0t

Recalling that ¢ = 0 — 6 and 0s¢. = k., — k-, from Remark [6.1] we have that

J4
ge('Ye) = \ﬁ/o (as¢e + "'f'y ClS + / 1 — COS ¢e
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Let n € (0,1). By Young’s inequality 2ab > —na? — %bz, we obtain

(Out+ 0, = (060 + 2000, + 3 = (1= 1)(0:00° = (1 = 1)

Therefore

¢
Ge(ve) > Ve(l - 77)/0 |05 |* ds + —= / — cos ¢e) ds — Cp/e,

l
where C), := (% - 1) / /f% ds. Since ry € L*((0,£)), we have Cy\/€ = o(1) as € — 0.
0

Using once more the algebraic inequality /e a® + % b? > 2|a||b|, with a = /T — 7|0s¢¢|, b =
/1 — cos ¢, we deduce

l
Ge(v) = T—7 /0 210y |\/T — 00 G ds — o(1)
4
— I /0 10.(® 0 60)| ds — o(1) = v/T— 1|s(® 0 6,)]([0, ) — o(1),

where @ is defined in (6.25)). Hence the sequence (® o ¢, ) is uniformly bounded in BV ((0, ¢)).
Therefore, up to a further subsequence, there exists u € BV ((0,¢)) such that

dogp.—u  in L'((0,4)).

Hence the sequence 0s(® o ¢.) converges weakly™ to dsu and, by the lower semicontinuity of
the total variation with respect to L' convergence, we obtain

hmmfg6 (7e) > /1 —n|0sul([0, £])
Since n € (0,1) is arbitrary, letting n — 0" gives
liminf G () > |0sul((0,£)). (6.28)
e—0t

It remains to identify the limit measure Osu. By Lemma we deduce

N
o
Osu = %w = O'ch‘(sm]..
J=1
Therefore,

N
|05ul((0,4]) = o) " |el. (6.29)
=1

From and we get
N

hmmfg€(% >O'Z’CJ|—O'G(’}/, w).
j=1
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6.3 TI'-limsup inequality
In this section we establish the upper bound in Theorem [6.2l We start with the following

preliminary lemma.

Lemma 6.5. Let v € C%([0,4];R?) be a closed regular curve parametrized by arclength with
¥(0) = 4(£), 5(0) = 4(¢), and let 6, € ([0,€];R) be a continuous lifting of sy so that
0,(0) = 0,0(¢) = 2m. Then, for every s1 € [0,£), there exists sy € [0,¢) such that

101(s2) — 0y(s1)| = 7 + 27k

for some k € Z. Equivalently,
95v(s2) = —0s7(s1).
gl

Proof. Fix s1 € [0,£). Define the continuous function 6. : [s1, s1 + ] — R by

A [0,0s) if s € [s1,/]
)= {97(8 —0 -2 ifse(l+s]

Notice that 6, (s1) = 6,(s1) and 6. (¢ + s1) = 6,(s1) + 27. Hence, by continuity, there exists
S9 € (81,51 + £] such that

0, (55) = 0 (s1) + . (6.30)

Now define
S9 if §9 € [Sl,g],

S9 =
Sog— ¥ if 5 € (&81 —|—€]

If $9 € (s1,4], then from (/6.30))
0 (52) = Oy (s1) = 0,(52) = 0(51) = .
If instead $2 € (¢, 51 + £], then sy = §3 — £ and
0, (s2) — 0(s1) = 0(82 — £) — 0, (51) = 0 (52) + 27 — 0, (s1) = 3.

In both cases,
0, (s2) — 0,(s1) € ™+ 27Z.

We are now in a position to construct the recovery sequence.

Upper bound for one curvature singularity. We begin by considering the case of just
one curvature singularity. Fix a point s; € [0,¢). By Lemma there exists a point
s2 € [0,£) such that

95y(s2) = =0s7(s1).
Let 0. : [s1,51 + £(n:)] — R? be the curve constructed in Section Namely, if §. is as in
, then 7. is obtained by taking the borderline elastica «. restricted to an interval of
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length 26, and attaching at its endpoints two circular connecting arcs ¢.. Each arc is extended
until the tangent becomes horizontal.
Denote by R € SO(2) the rotation satisfying

Rasne(sl) = 88'7(31)'
We define the rotated building block of the key construction
fe(s) == (s1) + R(ne(s) = me(s1)), s € [s1, 81+ £(ne)]-

In this way
ﬁe(sl) = ’7(51)a asﬁe(sl) = 857(51)'

Moreover, let p. and ¢, be such that
Pe = ﬁ6(31)7 Ge = ﬁe(sl + g(ﬁﬁ))

Let X, be the straight segment of length |p. — ¢¢|, parametrized by arclength on [0, [pc — ¢,
such that
8526 - 857(52)'

We now define a curve
Fe : [0, £(Fe)] — RQa £(Ye) = £+ L(ne) + |Pe — el

by concatenation as follows:

v(s) for s € [0, s1],
Ne(s) for s € [s1,s1 + £(n)],
Je(s) = ¢ v(s — €(7e)) for s € [s1 + (7)), s2 + £(7)],

e)
Ye (5 — (s2+ E(ﬁe))) for s € [s2 4 £(ne), 52 4+ £(Me) + [Pe — qel]s
)

'Y(S —L(1e) = |pe — QED for s € [sg + (1) + |pe — qel, £(Fe)]-

One checks that 5. € H2([0,4(7.)]; R?), see for instance [6, Lemma 4.1]. Furthermore, for
€ > 0 sufficiently small, 7. has exactly one self-intersection, due to the elastica a.. From

([4.49) and (4.46) we get
1 —2(55/\/;
((ne) = Uoe) +26(se) = 20, + 22—~ arctan(e~/V%)
e_ e/\/ﬂ

< 26, 4 2v/26(1 + e~ 20/V2) < 25, + 44/2¢ < C6,,

(6.31)

where we used arctan(x) < x for > 0 and (4.44). Recalling (4.47) and using sin(z) < z for
x > 0, we also obtain

[Pe — qe| = 26 — 4V/2¢ tanh(ji) + 27 sin 6 (0,)

< 20 + 210 = 26 + 20(s.) < O,

(6.32)
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where the last inequality follows from (6.31f). Thus, combining (6.31)) and (6.32]), we obtain

U(Ve) = €= €(ne) + [pe — qe| < COe. (6.33)

Let now A, (f; ) and define the recovery sequence by the homothety

76(3) = Ae ﬁe(j) ) s € [076]
Specifically,

e 67()\%) for s € [0, Aes1] =: I,

6776()\% for s € [Aes1, Ac(s1 4+ (1)) =: 12,

w(% _ g(@) for s € [Ne(s1 4 £(1)), Ae(s2 + £(13))] =: I3,

6&(% (s2+ 5(%))) for s € [Ae(s2 +£(7e)), Ae(s52 + £(1je) + |pe — ¢e|)] =t 14,
e’y(i — () — |pe — qe!) for s € [Ac(s2 + £€(7e) + [pe — qel). €] =: I.

A
Ae
A
A

Recalling , for € > 0 sufficiently small, v, has exactly one self-intersection, due to the
elastica. One can also check that v, is closed and that £(v.) = £. Moreover, as ¢ — 07, the
lengths of the curves 7. and ¥, tend to zero, and A — 1. It follows that 7. — v pointwise on
[0,¢]. We next prove that the convergence is in fact strong in H'([0,¢]; R?). More precisely,
there exists a constant C' > 0, independent of ¢, such that

[0se — 857“%2(07@) < Ce'/2, (6.34)

Let s € I;. By definition,

Os7e(s) = 85'7<)i) :

Since v € C2([0, £]; R?), the map Oy is Lipschitz continuous on [0, ¢]. Therefore

2
s
— =5

‘6876(3) - 83'7(5)’2 S C A

Using Ac = £/£(7.), we compute

Hence o
1057e(5) — D57y(5)[* ds < 5 1l(Fe) — £|2/ s“ds < —\E( ) — 2.
11 E Il
Using (6.33]) we obtain

|057e(s) — Dy (s)|* ds < 0552-
Iy
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Since 6, = €* with a € (%, %), it follows that
|057e(8) — D5y (s)[> ds < Ce'/2,
I

and
1

1
/ 1057e(5) — 0sy(s)[2ds < Ce*72 = 0 as e — 0T, (6.35)
2¢1/2 n
The same argument applies to the intervals I3 and I5, that is, to all the intervals where . is
given by a reparametrization of ~.

Let s € I4; here 7.(s) is the straight segment connecting the two endpoints of the adjacent

arcs and satisfying
0sY(s2) = 0s2.

Thus,

03e(5) = 0 (6) = [0,2 (3 = (52 + €01 — D)
= [057(s2) — sy (s)* < Cls — 5o,

Since s € I4 and both £(7¢) and |pe — ge| are of order J. (see (6.31]) and (6.32)), it follows that
|s — so| < C6 for all s € I4.

Hence
1057e(s) — 0s7(s)[? < C6%  for all s € Iy.
Therefore,

|057e(s) — 0sy(s)* ds < C62| 14| < C&|pe — gqc| < C6;.
Iy

From (4.44]), we obtain
057(s) — ()P ds < O8F < Ce'/?,
Iy

and

1
7 [ 1) = 9 ds < 0 o (6.56)
4

as e — 0.

We finally consider the case in which s € Iy, where v,(s) coincides with the curve constructed
in Section L3l Let
v := 0sy(81) = OsMe(51).

By the change of variable ¢t = s/\¢, we have

51-+£(7je)
1057¢(5) — Dsy(s)[2 ds = Ac / 10 () — Dy (D)2 dt. (6.37)

1> 51
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From the Lipschitz continuity of ds7y and (6.31)), we have

|0s7(Aet) — v] < ClAt — 51| < C6, t € [s1,81 + (1))

Therefore ) ) )
|8sﬁe(t) - 88'7(/\6t)’ S Q‘asﬁe(t) - U‘ + 2’” - BSV(AJH (6 38)
< 2|07 (t) — v]* + C62. '
Hence, from (6.37)) and (6.38)), we obtain
s1+£(7e)
10572(5) — Dy(s) 2 ds < C / 1047 () — v dt + Co2. (6.39)
I S1

Now, by construction, 7, is obtained from 7. by a rigid motion, hence

Sl+e(ﬁ€) e(nG)
/ |0s7e (t) — v|2 dt = / |0sne(o) — 61|2 do.

S1 0

We split the latter integral into the contribution of the borderline elastica a. and the two
circular connecting arcs g:

£(ne) de
/ 1051 — e1|*do = / |05te — e1]? ds + 2/ 055 — e1/* ds. (6.40)
0 Oe Se

We first consider the elastica part. Since
Osae = (cos B, sinb,),

we compute
|0sac — e1]* = (cos B —1)* +sin? 6, = 2(1 — cos b,).

For the borderline elastica one has the equipartition identity

1 —cosf. = 6"035-
Indeed, setting u = e*/ ‘/i, by (4.42)) and (4.43]),

1 —cosf. =1 — cos(4arctanu) = 2sin®(2arctan u) = 2 2 2 78U2
- =1- rctanu) = 2sin”(2 arctanu) = =
‘ 1+ u? (14 u2)?

4 u 2 2
=e|l—=——5) =¢€k;.
V2e 1+ u? e
Therefore, from (4.50)),

d d,
€ 13 5
Osae —eq|?ds =2 / mi ds = 8v/2¢ tanh< < ) 6.41
/56‘ N ef ¢ tanh 5 (6.41)

We now estimate the contribution of each connecting arc. Parametrizing the arc by the
turning angle ¢ € [0, 0.(—0)], we have

€

0sSe = (cost,sint), ds = redt.
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Therefore
Oc(—de)
/ 056e — e1]? ds = 27’6/ (1 — cost)dt = 2rc(0c(—0c) — sin(Bc(—de))).
ge 0

We have

where, by (4.42]),
0c(—0e) = 4arctan(e_5f/\/i) < 46—56/\/57

while by (1.45) one has r, = O(y/€ e%/V2¢). Hence
Te 06(_56)3 = O(ﬁei%g/@) = 0(\/E)

Therefore each circular arc gives a contribution of order o(y/€) to the energy. Combining this

with (6.40)) and (6.41]), we obtain

£(ne) S
dsne — €1/ do = 8V 2e tanh | — ) 6.42
| 10— e o = svzetan <\@>+o(\/€) (6.42)

Finally, inserting (6.42) into (6.39)) and using A — 1, we conclude that

/12 |057e(5) — Dsy(5)|? ds = 8v/2¢ tanh(éﬁ) +o(v/e).

V2e
Thus we get
| 10:7(s) = Oiy(s)*ds < Ce' %,
2
and )
Jim o5 | 10.7es) = 0:7(s) s = 4v2. (6.43)

Collecting the estimates obtained on the intervals I, ..., I5, we obtain (6.34]).

Now we compute the energy of the recovery sequence. We first estimate the curvature term.

Recalling that
S L
YelS —)\575<), Ae: >
5) Ae €(%e)

a direct computation shows that
1 s
K/’Ye (S) - )\76 K/'Ye (>\€> .

Therefore, by the change of variable ¢t = s/\¢, we obtain

¢ 0(7e)
Ve /0 K2, ds = \f /0 K2, dt. (6.44)
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By construction

£(Fe)
/ ,{,276 dt = / I{727A€ ds + / K‘%E ds + / KE, ds. (6.45)
0 e o

€ €

We start by noticing that

KRint(3.) = 07 (646)
where int(3¢) stands for the relative interior of ¥.. Moreover, from (4.50) and (4.48)), we get
£(ie) V2 0

2 J, €
 ds =4~ tanh (Ze ) + -, 6.47
/0 Ky, dS NG anh( 2= + . ( )

Therefore, plugging (6.45)) into (6.44]), we obtain

¢ l
2 . \/E \/é Se 96 2
\/E/O K5, ds = N <4ﬁ tanh(\/ﬂ) + - + ; k5 ds | .

Recalling that A — 1, using (4.44]) and (4.54), and observing that

4
lim \/E/ Ii,%,dSZO,
0

e—0t

we conclude that

¢
lim /e / K2, ds = 4V/2. (6.48)
e—07F 0 ¢
On the other hand, by (6.35)), (6.36]) and (6.43]),
li ! /€|a dsy|? ds = 4V/2 (6.49)
im —— Ve — Os 5= : .
e—0+ 2€l/2 0 7 7
We also claim that
lim [|(Ky, — Ky) — wHﬂat =0, with w=27d,,. (6.50)

e—0t

Indeed, following the same strategy as in the compactness Proposition we fix p > 0 and
consider (ac,p, be,p), such that Ef = (Ge,p, be p). By construction of 7. and by the definition of
EF, it follows that

Qep € (/\6317 >\6(81 + e(ﬁe)))
Now using (6.1]), (6.31)) and A\ — 1, we get that, for any fixed p, as e — 0T,

Qep = S1. (6.51)

Combining (6.7) and (6.51), we conclude that 0 = limc oy [[(ky, — Ky) — 270a,, |t =
lime_,04 |[(Ky. — Ky) — 2765, ||flat, Which is (6.50)).
Combining (6.48)), (6.49) and (6.50) we conclude that

lim Ge(ve) = 0G(v,w).

e—0t
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The general case. We now extend the previous construction to the case of a finite number
of curvature singularities. Let
0<s1 < - <sy</¥

be points on the curve « : [0,¢] — R? at which the singularities are to be inserted.
For each i =1,..., N, let s} € [0,£) be such that

Dsy(s}) = —0sv(s4),

whose existence is guaranteed by Lemma [6.5

For every i = 1,..., N, let 73." denote the rotated copy of the key construction inserted at
54, and let X! denote the corresponding correcting segment inserted near si. We assume that
each 77’ and each ¥ is parametrized by arclength and satisfies the same matching conditions
as in the case of a single singularity.

We collect all insertion points

/ /
S1y.. 3y SN STy, SN

and reorder them increasingly along [0, ¢), obtaining
0<r <rp<.--<my <L

For convenience, we also set 7o := 0 and rony1 := £. '
For each j = 1,...,2N, we define the corresponding inserted piece v! by

A1

N if rj =s; for some i € {1,..., N},

¥ ifr; = sl for some i € {1,...,N}.
Moreover, for each j = 1,...,2N + 1, we denote by 7/ the arc of v joining the endpoint of
the (j — 1)-st inserted piece to the initial point of the j-th inserted piece, with the convention
that y! starts at v(0) and v*V*! ends at v(¢) = v(0).

With this notation, the preliminary recovery curve 7. is defined by concatenation as

1

Fe =" *ve 7" %07

2N+1
. .

ooy w02 gy
Here the symbol * denotes the usual concatenation of curves, after reparametrization by
arclength on consecutive intervals.
Finally, as in the case of one singularity, we define the recovery sequence 7. by rescaling 7.
through the homothety
l S
Ae i = ——, S) = Al — ), s € 10,4].
=gy =5 0.

Then . is a closed curve in H?([0, £]; R?) satisfying £(v.) = £.
The estimates obtained in the case of just one curvature singularity extend to the present
setting. Arguing exactly as above for each singularity, we deduce that

N

lim Ge(ve) = 0 G(y,w), wherew = 271'ch(55., ¢; €Z,0< 51 <---<sy </
e—0+ = J

This concludes the proof.
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