Compact 3-Manifolds of Negative Curvature

Riccardo Benedetti Carlo Petronio Jeff Weeks

December 21, 2000

Experimental evidence strongly suggests that Ω_{matter} ≃ 0.3. Until recently, many cosmologists favored a vanishing cosmological constant Λ = 0, and there was considerable interest in models of a hyperbolic (that is, negatively curved) universe. In particular, cosmologists investigating compact, multiply connected models worked in the realm of compact hyperbolic 3-manifolds. Interest in these models has recently diminished because studies of distant supernovae [1], [2] and the microwave background [3], [4] suggest Ω_Λ ≃ 0.7 and Ω_{total} ≃ 1.0, implying a flat universe. On the other hand, particle physicists investigating higherdimensional models of spacetime now have an interest in compact hyperbolic manifolds, so the basic mathematics is relevant in a new context.

The set of all compact hyperbolic 3-manifolds is far richer than the set of all flat or spherical 3-manifolds, and remains an area of intense research. Besides a specific contribution by Sandro Costa about some examples connecting quantum cosmology to nontrivial topology, the Marcel Grossman IX session on Compact 3-Manifolds of Negative Curvature consisted of a series of talks explaining the structure of, and the relations between, such geometric manifolds. We will not reproduce the details here, but instead will provide references to the literature, and invite those wishing to know more to contact the authors directly.

Readers in this field must be careful, because geometers and cosmologists use different terminology. Geometers call a positively curved space spherical, a space of zero curvature flat, and a negatively curved space hyperbolic, while cosmologists use the terms closed, critical, and open, respectively. To a geometer, closed means compact without boundary. Thus the 3-sphere (that is, the hypersurface of a 4-dimensional ball) is closed, as are many multiply connected flat and hyperbolic manifolds. For the remainder of this article we will continue to use the geometer’s terminology.

Since the late nineteenth century it has been known that every closed 2- manifold admits a metric of constant curvature. Two of them (the sphere and the real projective plane) admit a spherical metric, two others (the torus and the Klein bottle) admit a flat metric, and all the others (infinitely many) admit a hyperbolic metric. For most of the twentieth century it was thought that the situation in three dimensions was different. Many spherical and flat 3-manifolds were known, but hyperbolic 3-manifolds were rare. In fact, the first example was not discovered until 1931 [5]. (It is a credit to Alexander Friedmann’s imagination that his 1924 model of an expanding hyperbolic universe [6] explicitly allowed for the possibility of a closed hyperbolic universe, in spite of the fact that no closed hyperbolic 3-manifolds were known at the time.) It was thought that only very simple or symmetrical 3-manifolds could admit a metric of constant curvature, and that typical 3-manifolds could not. Thus it was a big surprise when Bill Thurston, in the mid 1970’s, discovered that typical closed 3-manifolds admit a hyperbolic metric.

Thurston’s Geometrization Conjecture provides an all-encompassing view of closed 3-manifolds. Roughly speaking, it says that every closed hyperbolic 3- manifold may be split into pieces in a canonical way, and each piece admits a homogeneous metric of one of eight types. More precisely, the splitting is the connected sum decomposition (splitting along nontrivial 2-spheres and projective planes) followed by a splitting along nontrivial tori and Klein bottles. The eight possible geometries are the three isotropic ones (spherical, flat, and hyperbolic) as well as five more types that are homogeneous but anisotropic. Weeks’ The Shape of Space [7] includes an intuitive illustrated introduction to the eight homogeneous geometries. In [8] one can find a more technical treatment.

The best introduction to the Geometrization Conjecture is Thurston’s survey article Three-dimensional manifolds, Kleinian groups, and hyperbolic geometry [9]. For more detail, see Thurston’s lecture notes [10]. Thurston is polishing his notes and publishing them as the multivolume Three-Dimensional Geometry and Topology. The first volume is now available [11]. Boileau’s recent [12] contains an updated report on the state of the conjecture and also an ample bibliography. Benedetti and Petronio’s book Lectures on Hyperbolic Geometry [13] contains a careful exposition of the fundamental structural properties of hyperbolic manifolds and fills in some of the details missing from Thurston’s original notes. The computer program SnapPea [14] provides a practical tool for creating hyperbolic 3-manifolds and studying their properties.

The influence of Thurston’s program on research in three-dimensional topology has been and continues to be formidable. The program’s main achievements have been the understanding of geometric, non-hyperbolic 3-manifolds with infinite fundamental group [15], [16], and the hyperbolization theorem for compact hyperbolic-like 3-manifolds which are Haken. Here “hyperbolic-like” means that the universal cover is homeomorphic to ordinary Euclidean 3-space, and the fundamental group is infinite and does not contain any subgroup isomorphic to Z× Z. A “Haken” manifold is roughly speaking one which can be decomposed, by a splitting along a nontrivial surface, into pieces of lower “complexity,” and the proof of the hyperbolization theorem consists of an (extremely sophisticated) induction argument on this complexity. Completely written proofs of this very remarkable theorem are finally available: see [17] and [18] (which are recommendable also for the very complete lists of references), and [19].

The apparently very difficult open parts of the Geometrization Conjecture concern the case of 3-manifolds with finite fundamental group (a solution of which would imply, in particular, the truth of the celebrated Poincaré Conjecture), and the case of non-Haken hyperbolic-like 3-manifolds.

References

[1] S. Perlmutter et al., “Discovery of a supernova explosion at half the age of the universe”, Nature 391 (1998) 51-54.

[2] A. Riess et al., “Observational evidence from supernovae for an accelerating universe and a cosmological constant”, Astronomical Journal 116 (1998) 1009-1038.

[3] P. de Bernardis et al., “A flat universe from high-resolution maps of the cosmic microwave background radiation”, Nature 404 (2000) 955. See also http://www.physics.ucsb.edu/∼boomerang/

[4] S. Hanany et al., “MAXIMA-1: a measurement of the cosmic microwave background anisotropy on angular scales of 10 arcminutes to 5 degrees”, astro-ph/0005123, to appear in Astrophys. J. Lett. See also http://cfpa.berkeley.edu/group/cmb/

[5] F. Löbell, “Beispiele geschlossener dreidimensionaler Clifford-Kleinscher Räume negativer Krümmung”, Ber. d. Sächs. Akad. d. Wiss. 83 (1931) 167-174.

[6] A. Friedmann, “Über die Möglichkeit einer Welt mit konstanter negativer Krümmung des Raumes”, Zeitschrift für Physik 21 (1924) 326-332.

[7] J. Weeks, The Shape of Space, Marcel Dekker, 1985.

[8] P. Scott, “The geometries of 3-manifolds”, London Math. Soc. 15 (1983) 401-487.

[9] W. Thurston, “Three-dimensional manifolds, Kleinian groups and hyperbolic geometry”, Bull. (New Series) Amer. Math. Soc. 6 (1982) 357-382.

[10] W. Thurston, The Geometry and Topology of Three-Manifolds (edited by S. Levy), http://www.msri.org/publications/books/gt3m/

[11] W. Thurston, Three-Dimensional Geometry and Topology, Vol. 1 (edited by S. Levy), Princeton University Press, 1997.

[12] M. Boileau, Uniformisation en Dimension Trois, Séminaire Bourbaki 51ème année, 1998-99, n. 855.

[13] R. Benedetti and C. Petronio, Lectures on Hyperbolic Geometry, Springer- Verlag, 1992.

[14] J. Weeks, SnapPea: a computer program for creating and studying hyperbolic 3-manifolds, www.northnet.org/weeks

[15] A. Casson, D. Jungreis, “Convergence groups and Seifert fibered 3- manifolds”, Invent. Math. 118 (1994) 441-456.

[16] D. Gabai, “Convergence groups are Fuchsian groups”, Ann. of Math. 136 (1992) 447-510.

[17] J-P. Otal, “Le théorème d’hyperbolization pour les varietés fibrées de dimension 3”, Astérisque 235 (1996).

[18] J-P. Otal, “Thurston’s hyperbolization of Haken manifolds”, Surveys in differential geometry, Vol. III (Cambridge, MA, 1996), 77–194, Int. Press, Boston, MA, 1998.

[19] M. Kapovich, Hyperbolic Manifolds and Discrete Groups, Univ. of Utah Lecture Notes, 1995.

Riccardo Benedetti Università degli Studi di Pisa Dipartimento di Matematica Via F. Buonarroti 2 I-56127 Pisa, Italy benedett@dm.unipi.it

Carlo Petronio Università degli Studi di Pisa Dipartimento di Matematica Applicata Via Bonanno Pisano 25B I-56127 Pisa, Italy petronio@dm.unipi.it

Jeff Weeks 15 Farmer Street Canton NY 13617, USA weeks@northnet.org