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Example 1
Consider ()22, i.i.d. points uniformly distributed on [0, 1]2.
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Example 2
(Xt) = (Br)t>0 is Brownian motion on the torus T? = R2/72.
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Convergence of Empirical Measure

@ Assuming e.g. stationarity and ergodicity of X limit theorems are known:
Jim it =

where m is (the) invariant measure of the process:

Vf € Cy(E) lim f(x, dt—>/fdm.
E

T—oo T
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Convergence of Empirical Measure

@ Assuming e.g. stationarity and ergodicity of X limit theorems are known:
Jim it =

where m is (the) invariant measure of the process:

Vf € Cy(E) lim f(x, dt—>/fdm.
E

T—oo T

@ Problem: quantify convergence.

@ Need a metric on the measures over the state space E.
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Metric induced by a family of functions

Weak convergence p, — v:

lim /fdp,,—>/fdy Vf € Cy(E).
E E

n—oo

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 26/61



Metric induced by a family of functions

Weak convergence p, — v:

lim /fdp,,—)/fdu Vf € Cy(E).
E

n—oo E

Idea: fix a F C Cp(E) and set

/ fdu — / fdv

= sup
feF

Dario Trevisan (UNIPI) arXiv:2307.10325

2023-09-18

26/61



Metric induced by a family of functions

Weak convergence p, — v:

lim /fdp,,—)/fdu Vf € Cy(E).
E

n—oo E

Idea: fix a F C Cp(E) and set

= sup
feF

/ fdu — / fdv

Q@ F={|f|l, <1/2} = dry(u,v) total variation

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 26/61



Metric induced by a family of functions

Weak convergence pp, — v:

lim /fdp,,—)/fdu Vf € Cy(E).
E

n—oo E

Idea: fix a F C Cp(E) and set

= sup
feF

/ fdu — / fdv

Q 7 ={|fl. <1/2} = drv(u,v) total variation

Q F = {Lip(f) <1} = W"(u,v) Wasserstein-Kantorovich

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 26/61



Metric induced by a family of functions

Weak convergence pp, — v:

lim /fdp,,—)/fdu Vf € Cy(E).
E

n—oo E

Idea: fix a F C Cp(E) and set

= sup
feF

/ fdu — / fdv

Q 7 ={|fl. <1/2} = drv(u,v) total variation

Q F = {Lip(f) <1} = W"(u,v) Wasserstein-Kantorovich

Q F={|lf]l,, <1/2,Lip(f) <1} = dg(u, v) Bounded-Lipschitz or Dudley

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 26/61



Metric induced by a family of functions

Weak convergence pp, — v:
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feF

/ fdu — / fdv

Q 7 ={|fl. <1/2} = drv(u,v) total variation

Q F = {Lip(f) <1} = W"(u,v) Wasserstein-Kantorovich
Q F={|lf]l,, <1/2,Lip(f) <1} = dg(u, v) Bounded-Lipschitz or Dudley

Q E=R, F={l_oox},er = dka(p,v) Kolmogorov

xeR
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Optimal transport of mass
Idea: find the cheapest way to move the mass y into v.
@ Fixacostc(x,y): E x E — [0,00) to transport a unit of mass from x to y:

d(x,y), dx,y)P (p>0), Iz
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Optimal transport of mass
Idea: find the cheapest way to move the mass p into v.
@ Fixacostc(x,y): E x E— [0,00) to transport a unit of mass from x to y:

d(X,y), d(X7 y)p (p > 0)7 I{X#y}
@ Amap T : E — E pushes pinto v if u(T~'(A)) = v(A) VA C E Borel.

mTin /E c(x, T(x))u(dx) (Monge)
@ A Markov kernel (K(:|x))xee pushes p into v if
/EK(A|X)u(dX) =v(A) forall AC E Borel,
e.g. K(:|x) = 1.

min / e(x, y)K(dy|x)u(dx) (Kantorovich)
Ex

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 27/61



Duality

Linear (convex) duality links the two viewpoints:

drvu.) = min [l Ky u(ok)
ExE

W (11, ) = min /E _dlxpK(eyx)du(e)

dBL(,u,u):mKin/ min {1,d(x, y)} K(dy|x)du(ax)

ExE

dkor(1s, v) = (exercise?)
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@ E =R with Euclidean distance dgs (X, y) = |x — y|
Q@ or E =T = RY/z7 (with flat quotient distance)

dpa (X, ¥) = min, IX =y + k|

@ Write |A| for Lebesgue measure .29 for A C E (also on TY)

@ ForQCE,
Wo (i, v) = WL Q,vL Q)

o If Q] < oo, o
Wi () = W ( ’j(szd)
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Asymptotics for i.i.d. points
Let us consider some simulations in d = 2.
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Asymptotics for i.i.d. points
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Let us consider some simulations in d
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Asymptotics for i.i.d. points
Let us consider some simulations in d = 2.
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Asymptotics for i.i.d. points
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@ Consider i.i.d. (Y,)52, uniform on [0, 1]¢
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@ Consider i.i.d. (Y,)52, uniform on [0, 1]¢

@ Problem: asymptotics of W[1),1]d (374 0y,) asn— oo
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@ Consider i.i.d. (Y;)22, uniform on [0, 1]¢

@ Problem: asymptotics of W[Im]d (374 0y,) asn— oo

@ Heuristics: typical distances are n~'/9 (grid case)

n
= Wp (Zéy,) ~n-n /4

i=1
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@ Consider i.i.d. (Y,)2, uniform on [0, 1]¢

@ Problem: asymptotics of W[B,ﬂd (374 0y,) asn— oo

@ Heuristics: typical distances are n—'/9 (grid case)

n
= Wo e (Z 5%) ~n-n""%  Falseifd < 2!

i=1

Theorem (Dudley, Aitaj-Komlés-Tusnady, Talagrand,
BdMonvel-Martin)

n n-n-1/2 ifd=1
E W[zm]d (Z 5%)] ~<n-n12/logn ifd=2,
= n-n-1/d if d > 2.
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n
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@ Consider i.i.d. ()5, uniform on [0, 1]¢

@ Problem: asymptotics of Wi ;1 (32714 dy;) @s n— oo

@ Heuristics: typical distances are n—'/9 (grid case)

n
= Wo e (Z 5%) ~n-n""%  Falseifd < 2!

i=1

Theorem (Dudley, Aitaj-Komlés-Tusnady, Talagrand,
BdMonvel-Martin)

n n-n-1/2 ifd =1
W[zm]d (Z 5%)] ~<¢n-n"2/logn ifd=2,
i=1

n-n-1/4d if d > 2.

Moreover, if d > 2, P-a.s.

. [01]d (Z/ 1 ) _
nIer;o T 1/d = c¢(d) € (0, 00).
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Asymptotics for Brownian motion on T¢

Let us consider some simulations in d

2. T =1.
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Asymptotics for Brownian motion on T¢

Let us consider some simulations in d

2. T =1.
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 2.
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 2.
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 4.
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 4.
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 4.
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2: T =8.
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Let us consider some simulations in d
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Asymptotics for Brownian motion on T¢
Let us consider some simulationsind =2: T = 8.
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Asymptotics for Brownian motion on T¢

Let us consider some simulationsin d =2: T = 8.
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@ Let B = (B)i>o a (stationary) Brownian motion on T¢ = R?/7¢
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@ Let B = (B)i>o a (stationary) Brownian motion on T¢ = R?/7¢

@ Problem: asymptotics of W%d ( fOT 5Bsds) as T — oo
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@ Let B = (B)i>o a (stationary) Brownian motion on T¢ = R?/7¢
. ; 1 T
@ Problem: asymptotics of Wi, ( fo 5Bsds) as T — oo

@ Heuristics: ??
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@ Let B = (B)i>o a (stationary) Brownian motion on T¢ = R?/7¢
. ; 1 T
@ Problem: asymptotics of Wi, (fo 6Bsds) as T — oo

@ Heuristics: ??

Theorem (Wang, Huesmann-Mattesini-T.)

T.T-1/2 ifd-—2<2

.
W, (/ 5BSds>] ~ T -T12logT ifd-—2=2,
0 T.7-1/(d-2 ifd—2>2.

E
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@ Let B = (B)>0 a (stationary) Brownian motion on T¢ = R9/z¢
. ; 1 T
@ Problem: asymptotics of W, (fo 6Bsds) as T — oo

@ Heuristics: ??

Theorem (Wang, Huesmann-Mattesini-T.)

T.T-1/2 ifd-—2<2

.
W, (/ 5BSds>] ~ T -T12logT ifd-—2=2,
0 T.7-1/(d-2 ifd—2>2.

E

Similar bounds are also known:
e for WP, p>1,
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@ Let B = (B)>0 a (stationary) Brownian motion on T¢ = R9/z¢
. ; 1 T
@ Problem: asymptotics of W, (fo 6Bsds) as T — oo

@ Heuristics: ??

Theorem (Wang, Huesmann-Mattesini-T.)

T.T-1/2 ifd-—2<2

.
W, (/ 5BSds>] ~ T -T12logT ifd-—2=2,
0 T.7-1/(d-2 ifd—2>2.

E

Similar bounds are also known:
e for WP, p>1,

e for fractional Brownian motion on T¢, replacing d — 2 with d — 1/H,
H € (0, 1) Hurst exponent.

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 50/61



Main result

Theorem (Mariani-T.)
If d > 4, then, P-a.s.

Wi, (Jy 0s.05)

TTLoT-1d-2) < cz(d) € (0,00).

lim sup
T—o0
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@ 7 stands for “interlacement” (more on this later)
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Main result

Theorem (Mariani-T.)
If d > 4, then, P-a.s.

Wi, (Jy 8s,s)

TTLoT-1d-2) < cz(d) € (0,00).

lim sup
T—o0

@ 7 stands for “interlacement” (more on this later)
@ Conjecture: the limit exists and = holds.
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Main result

Theorem (Mariani-T.)
If d > 4, then, P-a.s.

lim sup Wi (fOT 5350'3)

ms TTLoT-1d-2) < cz(d) € (0,00).

@ 7 stands for “interlacement” (more on this later)

@ Conjecture: the limit exists and = holds.
Proposition
Ifd >4 and ¢ = T~7 with 3(d) <y < 1/(d — 2), then,

- E[Wp, (b3)]
Jim =@ o, ~ cx(9)

with D, = {x € T9 : dy«(0, X) < ¢}.
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Plan

e Some ideas from the proof
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Strategy in the i.i.d. case
Theorem (BdMonvel-Martin)

Let d > 2, (Y,)22, be i.i.d. uniform on [0, 1]9. Then,

E (W) e (21 v)]

lim

lim. =17 = c¢(d) € (0, 00).

Proof can be split into two steps:
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Strategy in the i.i.d. case
Theorem (BdMonvel-Martin)

Let d > 2, (Y,)22, be i.i.d. uniform on [0, 1]9. Then,

E [ W o (S 0v)]
. [0,1]d i=1 i
lim. =17 = ¢(d) € (0, 00).

Proof can be split into two steps:

@ Show that for a Poisson point process P on RY (with intensity £)

E W . (P)
i Pl
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lim. =17 = ¢(d) € (0, 00).

Proof can be split into two steps:

@ Show that for a Poisson point process P on RY (with intensity £)

E W . (P)
i Pl

+ existence follows by self-similarity and sub-additivity arguments
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Strategy in the i.i.d. case
Theorem (BdMonvel-Martin)

Let d > 2, (Y,)22, be i.i.d. uniform on [0, 1]9. Then,

E [ W o (7 0]
. [0,1]d i=1 i
lim. =17 = ¢(d) € (0, 00).

Proof can be split into two steps:
@ Show that for a Poisson point process P on RY (with intensity £)

E|W! . (P)
L

+ existence follows by self-similarity and sub-additivity arguments
- ¢(d) is not explicit

@ Perform a rescaling and de-Poissonization argument to reduce to n
(deterministic) i.i.d. points on [0, 1]¢.
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Strategy in the i.i.d. case
Theorem (BdMonvel-Martin)

Let d > 2, (Y,)22, be i.i.d. uniform on [0, 1]9. Then,

E [ W o (7 0]
. [0,1]d i=1 i
lim. =17 = ¢(d) € (0, 00).

Proof can be split into two steps:

@ Show that for a Poisson point process P on RY (with intensity £)

E|W! . (P)
L

+ existence follows by self-similarity and sub-additivity arguments
- ¢(d) is not explicit

@ Perform a rescaling and de-Poissonization argument to reduce to n
(deterministic) i.i.d. points on [0, 1]¢.

+ P[0, 1]? conditioned on having n points equals in law 3°7_, dy,.
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Strategy for the Brownian case

We need

@ an analogue of the Poisson point process for Brownian motion on TY:
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Strategy for the Brownian case

We need

@ an analogue of the Poisson point process for Brownian motion on TY:

= Brownian interlacement occupation measure

@ to perform a de-Poissonization (de-interlacing) argument from the
interlacement to a single Brownian path.

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 54/61



Brownian interlacement

@ First introduced by Sznitman, we study its occupation measure.
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@ First introduced by Sznitman, we study its occupation measure.
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Let d > 3, consider any L > 1 and
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@ i.i.d. Brownian motions on R? with initial law uniform on the sphere 9D,
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@ First introduced by Sznitman, we study its occupation measure.

Definition
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@ i.i.d. Brownian motions on R? with initial law uniform on the sphere 9D,
@ an independent Poisson r.v. N with mean Cap(D,) = L92 Cap(D;),
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Brownian interlacement
@ First introduced by Sznitman, we study its occupation measure.

Definition
Let d > 3, consider any L > 1 and
@ i.i.d. Brownian motions on R? with initial law uniform on the sphere 9D,
@ an independent Poisson r.v. N with mean Cap(D,) = L92 Cap(D;),
and define

N .
ILD[_:ZMOB;LDL.
i=1
Equality holds (in law)
(ILDL/)LDLZILDL, if L' > L

= the Brownian interlacement occupation measure Z is well-defined.

@ d > 3 = Brownian motion is transient.

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 55/61




@ T is stationary (translation invariant in law) = Z(A + x) = Z(A) (in law)
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@ T is stationary (translation invariant in law) = Z(A + x) = Z(A) (in law)
® E[Z(A)] = |A
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@ T is stationary (translation invariant in law) = Z(A + x) = Z(A) (in law)
® E[Z(A)] = |A
@ Concentration: if diam(A) > 1, then

E[IZ(A) - |47 < C(d, q) diam(A)\ @22,
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@ T is stationary (translation invariant in law) = Z(A + x) = Z(A) (in law)
® E[Z(A)] = |A
@ Concentration: if diam(A) > 1, then

E[IZ(A) - |47 < C(d, q) diam(A)\ @22,
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@ 7 is stationary (translation invariant in law) = Z(A + x) = Z(A) (in law)
o E[Z(A)] = [A]
@ Concentration: if diam(A) > 1, then

E[|Z(A) - |A||%'/? < C(d, q) diam(A)(@+2)/2,

Using only the above properties we establish

Proposition
Let d > 5. There exists

lim —E [W[B’L]d (I)]

Jim. I = c¢z(d) € (0, 00).

= we focus on the de-interlacing step.
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De-Poissonization

Direct applications of tools from the i.i.d. literature
@ de-Poissonization
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De-Poissonization

Direct applications of tools from the i.i.d. literature

@ de-Poissonization

@ geometric decomposition
= result for a deterministic number of Brownian paths.
Proposition

Let d > 5 and (B'), be i.i.d. Brownian motions on R¢ with uniform initial law
on the sphere dD;. Then,

E [WE (27;1 fooo 5Bgd3>}
LU 1-1/(d—2)
(m/ Cap(Dy))

= Cz(d)|D1|

A coupling argument allows for initial laws close enough to uniform on 9D;.
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De-interlacing

Proposition
Ifd>4and ¢ =T with¥(d) <y < 1/(d — 2), then,

E (W}, (Jfy os.d
SN l ;—g/?d—;[)?} = cz(d).

Sketch of the argument:
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De-interlacing

Proposition
Ifd>4and ¢ =T with¥(d) <y < 1/(d — 2), then,

E (W}, (Jfy os.d
SN i ;—g/?d—;[;?} = cz(d).

Sketch of the argument:

@ Split [0, T]into n > 1 time intervals of length p ~ T/n and replace a
single Brownian path with ni.i.d. stationary (B')"_, on T¢.
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De-interlacing

Proposition
Ifd>4and ¢ =T with¥(d) <y < 1/(d — 2), then,

E (W}, (Jfy os.d
s i ;—g/?d—;[;?} = cz(d).

Sketch of the argument:

@ Split [0, T]into n > 1 time intervals of length p ~ T/n and replace a
single Brownian path with ni.i.d. stationary (B')"_, on T¢.

© Consider the rare events A, that B’ hits D, before p:

P(A) ~ pt9=2 Cap(Dy) < 1 if p< 0972,
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De-interlacing

Proposition
Ifd>4and ¢ =T with¥(d) <y < 1/(d — 2), then,

E (W}, (Jfy os.d
S i ;—g/?d—;[j} = cz(d).

Sketch of the argument:

@ Split [0, T]into n > 1 time intervals of length p ~ T/n and replace a
single Brownian path with ni.i.d. stationary (B')"_, on T¢.

© Consider the rare events A, that B’ hits D, before p:
P(A)) ~ pt@=2Cap(Dy) < 1 if p < (972,

© By law of large numbers, the contribution of 27:1 ufi L D, comes from
m~n-P(A)=n-pf2Cap(Dy) terms.
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Step 2 uses a result on hitting probabilities. Notation:
Tp, = first hitting time of D, for process B
v,(A) = IF’(BTD@ € A0 < 1p, < p).

Proposition
Letd>3,0<y<d-2,and

p~L7 ast—0.
For stationary Brownian motion B on T¢,
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Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 59/61




Step 2 uses a result on hitting probabilities. Notation:
Tp, = first hitting time of D, for process B
v,(A) = P(Bme € A0 < 1p, < p).

Proposition
Letd>3,0<y<d-2,and

p~L7 ast—0.
For stationary Brownian motion B on T¢,
[P(0 < 70,(B) < p) — pt?=2 Cap(Dy)| < (pt!%2))? [log ¢] + £°.
Moreover,

W3, (vp, Unifap,) S € (ot 2 [log €| + £2/p) ,

@ The first bound is well-known in the literature (also used by Sznitman)

Dario Trevisan (UNIPI) arXiv:2307.10325 2023-09-18 59/61




Step 2 uses a result on hitting probabilities. Notation:
Tp, = first hitting time of D, for process B
v,(A) = IF’(BTDZ € A0 < 1p, < p).

Proposition
Letd>3,0<y<d-2,and

p~L7 ast—0.
For stationary Brownian motion B on T¢,
[P(0 < 70,(B) < p) — pt?=2 Cap(Dy)| < (pt!%2))? [log ¢] + £°.
Moreover,

W3, (v, Unifap,) S € (pt9 2 |log ¢ + 2/p)

@ The first bound is well-known in the literature (also used by Sznitman)
@ The second bound is new (to our knowledge) and uses a PDEs. =
Probabilistic proof?
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Concluding remarks

In brief: tools and ideas from

@ random matching of i.i.d. points

are useful to analyze asymptotics of stochastic processes through optimal
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Open questions:

@ Is our main inequality actually =? Same for i.i.d. uniform points on T9:
w! T Oy
lim sup —Le=i=t 11/ (Z’T1 )
nsoo  N-n71/d
@ Lower dimensions: d < 4 (easy), d = 4 (hard)

@ Brownian motion on T¢ is a toy model: other diffusions? Interesting ones:

< ¢(d).

@ Brownian motion on compact manifolds
@ Ornstein-Uhlenbeck process on R?
@ Non-symmetric diffusions. ..
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