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Classical Optimal Transport

0 Classical Optimal Transport
@ Monge
@ Kantorovich
@ Earth Mover’s distance
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Monge’s transport problem

Monge (1781): sur la théorie des déblais et des remblais.

How to transport soil during a construction with minimal expenses?
QOT arXiv:2307.16268 umI23
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The assignment problem

A discrete formulation: given a
@ cost ¢(x, y) of moving unit of soil from position x to position y, e.g.

c(x,y) =[x = yl,

Find T : {x;} — {y;} that moves ¢ into p with minimal transport cost

> e(xi, T(xi))o (X))

i
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The assignment problem

A discrete formulation: given a
@ cost ¢(x, y) of moving unit of soil from position x to position y, e.g.

c(x,y) =[x = yl,

@ Source distribution of soil ¢ = (o(x;));
@ Target distribution (dump) p = (p(¥))),
Find T : {x;} — {y;} that moves ¢ into p with minimal transport cost

> e(xi, T(x))o (X))

i
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Classical Optimal Transport Monge
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Kantovorich and linear programming

Relax the map T to a transport plan
T(x,y;)) >0

such that
T(xi,y;) = o(xi), ZTXM}’/ = p(¥))-
J
Probabilistic intepretation:
vy (X6 )
K(yj|xi) :== (%) € [0,1].

The variational problem becomes
min 2/: z,: c(xi, i) T(xi, )

= linear programming!
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From soil to probabilities

@ For a transport plan T it must be

i
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From soil to probabilities

@ For a transport plan T it must be

Do) =D D TGy =D Ty =Y ).
i jooi )

i

@ We assume that p, o are probability mass functions (discrete densities):

S la) = ) = 1.
I

I
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Earth Mover’s distance and duality

@ If c(x,y) = d(x, y) is a distance, then

Wio.p) = miny > d(xi. ) T(x:. )
i

induces a distance (Wasserstein-Kantorovich, Earth Mover’s).
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Earth Mover’s distance and duality

@ If c(x,y) = d(x, y) is a distance, then

Wio.p) = miny > d(xi. ) T(x:. )
i

induces a distance (Wasserstein-Kantorovich, Earth Mover’s).

@ Kantorovich duality:

Wi(o, p) = maX{Zf(Xi)U(Xi) =X ey : 1F(x) = f(y)] < d(X,Y)}-
i i
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Earth Mover’s distance and duality

@ If c(x,y) = d(x, y) is a distance, then
Wi(o, p) = min 21: Ej: d(xi, ;) T(xi, y;)

induces a distance (Wasserstein-Kantorovich, Earth Mover’s).

@ Kantorovich duality:

Wi (o, p) = max {Z FOR)a (i) = > F)e(y) = 1F(x) = f(y)l < d(Xd’)} :

i
@ Buy at price f(y;) and sell at price f(x;) = maximize the profit!
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_ _ vlp _
c(x,y)=Ix—-yPP,p=1
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c(x,y)=I|x—-ylP,p=06
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c(x,y)=|x—-ylP,p=01
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Classical Optimal Transport Earth Mover’s distance

Some applications of optimal transport:

@ comparison between point clouds
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Classical Optimal Transport Earth Mover’s distance

Some applications of optimal transport:
@ comparison between point clouds

@ geometric interpolation between distributions
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Classical Optimal Transport Earth Mover’s distance

Some applications of optimal transport:
@ comparison between point clouds
@ geometric interpolation between distributions
@ discriminator in generative Al models (WGANS)
© functional inequalities (isoperimetric, concentration of measure)
@ PDE'’s as gradient flows

@ geometry (synthetic Ricci curvature bounds)
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Plan

e Quantum Systems
@ From Classical to Quantum
@ Systems of qubits
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Quantum Systems From Classical to Quantum

Classical vs Quantum: a dictionary

Classical Quantum
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Classical vs Quantum: a dictionary
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Classical vs Quantum: a dictionary

E (finite set)
ecE
ACE

f:E—C
real-valued
non-negative

72

Yoxee f(X)
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Classical vs Quantum: a dictionary

E (finite set) H Hilbert space (CY)
eckE lv) e H

ACE V<H

f:E—-C A: H— Hlinear
real-valued self-adjoint (observable)
non-negative non-negative

Ik A2 = ATA

>oxee f(X) TrA]

Dario Trevisan (UNIPI) QOT arXiv:2307.16268 UMI23 17/36



Classical vs Quantum: a dictionary
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Classical vs Quantum: a dictionary
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Classical vs Quantum: a dictionary

probabilities p € P(E)
Dirac p = dx

Markov (transition) operator
K :P(E)— P(E)
(KP)(Y) = 2 xee K(yIX)P(X)

Shannon’s entropy
S(p) = — 22« p(x) log p(x)

Relative entropy (KL divergence)
D(pllq) = >, p(x) log(p(x)/q(x))
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Classical vs Quantum: a dictionary

probabilities p € P(E) quantum states p € S(H)

Dirac p = dx pure states p = ) (1|

Markov (transition) operator CPTP operator (quantum channel)
K : P(E) — P(E) ®: S(H) — S(H)

(KD)(Y) = Xvee K(y1X)P(x) ®(p) = 3, BB/

Shannon’s entropy Von Neumann entropy

S(p) = = >_x p(x) log p(x) S(p) = — Tr[plog o]

Relative entropy (KL divergence) (Umegaki) relative entropy

D(pllg) = 3=, p(x) log(p(x)/a(x)) | Dlpllo) = Trlp(logp — log )]

Dario Trevisan (UNIPI) QOT arXiv:2307.16268 UMI23 18/36



Single qubit system
A quantum analogue of {0, 1}. Set
H=C2
Standard (computational) basis
{10),[1)} ={(1,0),(0,1)},

Pauli operators

Parametrization of states:

1
p= > (Ice + bxox + byoy + by07),

with
(vabyabz) S RS, b)2( + b}z, + bg <1.
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Quantum Systems Systems of qubits

p=)(| ispure <« bE+b5+bE=1.

Figure: The Bloch representation of a pure state p = |) (1| € C2.
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Many-qubits systems

A quantum analogue of {0, 1}":
Hn —_ ((C2)®n ~ Cg"'
Standard (computational) basis

{Is) : s € {0,1}"}.

Pure states are p = |¢){¢| but not necessarily v € {0,1}":

) = # Z |s)  (uniform superposition)
se{0,1}7
~100) +[11)

&) 7

(Bell state, n = 2)

“Classical” probabilities on {0, 1} are diagonal in the computational basis:

p= Y pS)ls)(sl
se{0,1}"
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Quantum Optimal Transport

9 Quantum Optimal Transport
@ Overview
@ Transport via quantum channels
@ Quantum earth mover’s distance
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Why Quantum Optimal Transport?
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Why Quantum Optimal Transport?

Classical distances between probabilities have quantum analogues:

@ Total variation — Trace distance
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Why Quantum Optimal Transport?

Classical distances between probabilities have quantum analogues:
@ Total variation — Trace distance
@ Hellinger distance — Fidelity
@ KL divergence — Relative entropy

Like their classical counterparts:
+ Quite general, easy to compute or approximate
- Not adapted to specific geometry

What about Quantum Optimal Transport?
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spectral distance in non-commutative geometry
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Transport via quantum channels
Transport via quantum channels

@ Any Kantorovich transport plan T(x;, y;) yields a transition kernel

T(x, Yy
Kyl = T,
such that
Ko=p
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Transport via quantum channels
Transport via quantum channels

@ Any Kantorovich transport plan T(x;, y;) yields a transition kernel

T(xi, y))
Kl = =5

such that
Ko=p

@ Fix real-valued functions (g,)¢_, and choose a “quadratic” cost
d

c(x,y) = > (ge(x) — ge())?.
=1
DO el y) T, )
i
=" (x)e(x) + D gE(v)ey) 2de x) (K" ge) () (),
V4 i

j
where

=" g0y)K(yilx)
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Transport via quantum channels
Transport via quantum channels

@ Given p, o € S(H), define transport plans as quantum channels

®:S(H) = S(H), o(r ZB,TBT

such that
®(0) = p.
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Transport via quantum channels
Transport via quantum channels

@ Given p, o € S(H), define transport plans as quantum channels

®:S(H) = S(H), o(r ZB,TBT

such that
®(0) = p.

@ Fix observables R = (R,)9_, and define

Cr(®) = > Tr[Rio]+ Tr[RZp] — 2 Tr[Rev/a(®TRr) /],

14

where
®'R=">"B/RB,
j
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Transport via quantum channels
Transport via quantum channels

@ Given p, o € S(H), define transport plans as quantum channels

®:S(H) = S(H), o(r ZB,TBT

such that
®(0) = p.

@ Fix observables R = (R,)9_, and define

Cr(®) = > Tr[Rio]+ Tr[RZp] — 2 Tr[Rev/a(®TRr) /],

14

where
®'R=">"B/RB,
J
@ Define the optimal transport cost
D% (p, ) = min {Cr(®) : ®(c) = p}.
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Properties

Is Dg(p, o) = 1/ D% (p, o) a distance?

It holds:
® D&(0,p) > } (D&(0,0) + D% (p, p))
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Quantum Optimal Transport Transport via quantum channels

Properties
Is Dg(p, o) = 1/ D% (p, o) a distance?
It holds:

® D%(0,p) > 5 (Dx(0,0) + Dx(p, p))
@ D%(0,0) =2, Tr[R20] — Tr[Rer/oRey/o] > 0, (may be >)
® (symmetry) Dr(p, o) = Dr(o, p),

@ (triangle inequality) Dr(p, o) < Dr(p,n) + Dr(n,n) + Dr(n,0).
Conjecture: The quantity

]
We(o.5) =\ D3(0.) — & (D3(0.0) + DR (0. 0)
is a (possibly degenerate) distance.

Dario Trevisan (UNIPI) QOT arXiv:2307.16268 UMI23 28/36



Transport via quantum channels
Quantum Wasserstein isometries

Problem: Describe the isometries J : S(H) — S(H)

Dx(J(p),J(0)) = Dr(p,0) Vp,o0.
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Transport via quantum channels
Quantum Wasserstein isometries

Problem: Describe the isometries J : S(H) — S(H)

Dx(J(p),J(0)) = Dr(p,0) Vp,o0.
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Problem: Describe the isometries J : S(H) — S(H)

Dx(J(p),J(0)) = Dr(p,0) Vp,o0.

Theorem (Titkos-Virosztek 2022)

Consider the single qubit space H = C?.
@ If R = {ox,0y,0,} = Quantum Wasserstein isometries are (in
correspondence with) Euclidean isometries of the Bloch ball.
@ If R = {0, 0} = there are Quantum Wasserstein isometries that are not
bijective.

v

But failure of bijectivity can happen only on pure states (on the sphere)!

Dario Trevisan (UNIPI) QOT arXiv:2307.16268 UMiI23 29/36



Quantum earth mover’s distance
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@ Aim: define a quantum analogue of earth mover’s distance with respect
to the Hamming distance on binary strings:
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@ Aim: define a quantum analogue of earth mover’s distance with respect
to the Hamming distance on binary strings:

n

X —ylu=_Ix—yl forx.ye{0,1}".

i=1
@ Recall the Kantorovich duality:
Wi(o,p) = maxq > f(x)(0(x) = p(x)) : [F(x) = W) <X =yl ¢
xe{0,1}"
@ Setting: n-qubits system H, = (C?)®". Strategy:

@ define a Quantum Lipschitz constant
© obtain the distance by duality.
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Quantum Lipschitz constant

@ Classical L-Lipschitz functions with respect to the Hamming distance
have bounded differences:
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Quantum earth mover’s distance
Quantum Lipschitz constant

@ Classical L-Lipschitz functions with respect to the Hamming distance
have bounded differences:

If(x) —f(y)| <L Vx,y € {0,1}" differing in only one site.
@ Equivalently:

Ifllip =2 max min {If - gill : gi:{0,1}" — R independent of site i}
i=1,...,n

@ Given an observable A on H, = (C?)®", define

|AllLip =2 max min {||A — A; ® I2||- : A; Observable on H,_1}.
i=1,...,n

@ We define the quantum earth mover’s distance by duality:

Wi (0, p) = max {TrA(o — p)] - | Allup < 1}
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Quantum earth mover’s distance
Gaussian concentration

@ Let o = 27"[(¢2)en (cOrresponding to a classical uniform distribution)

@ Quantom Marton’s inequality: for any state p,

Wi(o.p) < 1/ 3 S(ollo).

@ Duality = if A satisfies Tr[A] = 0 and ||A||p < 1, then

dim (A Z k\/ﬁﬂ((cz)®n) S 2n e_2k2.

@ Informally:
A= 27" Tr[Al £ | AllLipVN.
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Q Conclusion
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Perspectives

Quantum OT has already found applications:
@ Non-commutative Ricci curvature bounds
@ Quantum machine learning (generative models, quantum neural nets)
@ Equilibrium measures on quantum spin systems

... many others just around the corner?

Further mathematical developments:
@ Algorithms (classical/quantum)
@ Geometry induced by OT (isometries, inequalities)
@ Structural properties of optimizers
@ Connections among different approaches. ..
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Contact me if you want to learn more or get involved!
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