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The dual space of L?(Q)

A CLASS OF BOUNDED LINEAR FUNCTIONALS ON LP()

Proposition 1. Let Q be a Lebesgue measurable set in R:. Let p € (1,+00) and q := p’%l € (1,400).
Given a function g € L1(QY), we define the functional

T, @) SR T = [ s
Then, Ty is a bounded linear functional on LP(SY) and

HTQH(LP(Q))’ = ||9||Lq(9)7
where || Ty||(Lr(q)) s the the operator norm defined as follows:

1Tyl ey = sup {Ty(f) = f € L), [ Fllzae) < 1}

Proof. For every f € LP(Q) with | f| 1ro) < 1, we have

I—E/f 2)d

Taking the supremum over all f € LP(Q) with || f||z»(o) < 1, we get the inequality

< gllza@ylfllze @) < ll9llzae

15l (L)) < ll9llLae)-
On the other hand, choosing the function
1

f(z) = T|9($)|q_29(ﬂﬁ),
||9||Lq(g)

gl = [ taftaz =1,
i ), i

gl

N = [ f@sayde = [ loltde = lglero
VT

Thus we get the opposite inequality

we get that
P
LI ) =

1Tyl ey = Ty(f) = llgllLa(ay,
which concludes the proof. 0

TEOREMA DI RAPPRESENTAZIONE DI RIESZ PER GLI SPAZI LP((2)

Theorem 2. Let Q2 be a Lebesgue measurable set in R? and let p € (1,+00). Let

T:LP(Q)—>R
be a continuous linear functional on LP(QY). Then, there exists a unique function
. p
Li(Q th =—
ger(® with q= L

such that
T(f) = /Qf(x)g(x)dx forall f e LP(Q).

In particular,
1T (e )y == sup {T(f) : f € LP(Q), [ fllr) < 1} = llgllLa(e)

We will consider two different cases: 1 < p < 2 and 2 < p < +o00. For each of these cases we will give two
different arguments. Both arguments are based on the Clarkson’s inequality. We notice that the each of these
arguments can be adapted and extended to treat both cases.



PROOF OF THEOREM 2 IN THE CASE 1 <p <2
We proceed in three steps.
Step 1. Proof for 1 < p <2 and Q := [~ R, R]¢. For every n > 1 we consider the partition
Pni=1{Q;:j=1,...,2"}
of  into 2°¢ disjoint cubes Qj,ij=1,..., nd of side R/2". Let
V., C LP(Q),
be the space of all functions u € LP(§2) of the form.

Qnd
= Z a; ]le (17)
j=1

for some real constants aq, ..., asna. We notice that, by construction, each space V,, is a closed finite dimensional
subspace of L?(£2). We also notice that the sequence of spaces (V},)n>1 is increasing, that is,

V,CcV,, forall m>n2>1.

Moreover, given u € V,, of the form
2nd

= Z ajﬂQj (J:)

we can compute
Qnd

z a; T HQ;

Define the function
2nd

T (1g
gn(@) = Z|(Q|’)]1Q ().
j=1 J
We notice that, by construction, we have
2nd
T(u) = / gn(x)u(z)dx forall wu= Zaj]le e V.
Q ;
Jj=1
Indeed, since
g, if 1=
lolg =4 @ © ‘=7
7 0 if i#7,
we have that
2nd T(]l ) 2nd
[ ot = [ (X550, | (X ast, @) | do
Q Q\;=-1 |Q1‘ j=1

nd

_ 2 CLjT(]le)
- [\ E g e | @

2nd 2nd

= Za] ]lQ] / ‘Q |]1Qg Za] ﬂQg T(u)

j=1

We will next prove that
(1) ||9n||Lq(Q) STl ey -
Indeed, thanks to the Holder inequality, we have

/an(x)u(:zr)d:c

T(u) = <|lullzo@)llgnllzaiey for all w €V,




and so
190l oy = SuD { /Q gn(@)u(z)da : u € Vi, lull oy < 1}

= sup {/ gn(z)u(z)dz 1 u € Vy, |lull ey < 1} < TN ze )y
Q

We next claim that there is a function f, : @ — R such that

(2) fn eVy ) an”LP(Q) =1 and T(fn) = ‘/an(l')gn(x) dx = ”gn”L'J(Q)'

Indeed, it is sufficient to choose f,, as follows

gnd q—1
o s at) e

”gnHLq(Q
In order to prove that ||f,||L» = 1, using the identity ¢ = p(q — 1) we compute
n 1 /p
2 4 HQ] p(g—1)
1ol o) = Q)| Q5
H nHLq Q) \j= 1 J

1 2 (T X )
lgnll %ty Z ( |QJQJ > |Q] W, a—1 (”gWH%Q(Q)) : = 1.

Hgn”Lq Q) \j=1 Hgn”Lq(Q)

In order to show that [, fngn dz = ||gnllLe, we write

ond T(]]_ ) q 1/q
9506 = z(a) o
j=1 j
1
_(E (1 (1g))’ T2 (1 (1g,))
1§T(]1 )<W>q_l/g (n) fo(2)da
=] o I

Our next move is to show that the sequence of norms ||g,||z«(q) is increasing. In order to do this, we take two
integers

m>n2>1,

and we consider the function f,, defined in (2). We notice that, since V;, C V,,,, we have

fn € Vin,

so we can write T(f,,) in two different ways, as

T(f,) = / fo(@)gn(x)dz and T(f,) = / Fo () g (2) do.

Thus, thanks to the properties of f,, we have

ooy = | Fn@lanl@te =T (1) = [ £ulalom(@)de < ol o

which proves that
(3) ||gn||Lq(Q) < HgmHLq(Q) forall m >n=>1.
By (1) and (3), we know that the sequence | gy, || La(q) is increasing and bounded. Thus, it converges to some

L= nh_)ﬂgo ||gnHLq(Q) <7l (zr )y
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(We notice that, from the fact that U,>1V,, is dense in LP(£2) one can deduce that L = ||T|.)
Now, since ¢ > 2, the Clarkson’s inequality implies

Im + Gn e
2

1 1
<3 19m | Ty + By I9nllTa(0) —

Im — Gn a
2

La(Q) La(Q)

1 gm(7) + gn () !
< 5 Mooy + 5 lulacey = || £ule) 220 g

1 q
5 gLy + wmuzm - / Fo(@)gn()dz

= ”gmHLq(Q) + 5 HgnHLq(Q ”gn”%q(g)

) ||gm||(iq(sz) D) ||ganLq(Q)
Thus, the (gn)n>1 is a Cauchy sequence in L7(Q2) and so it converges in L7(2) to some function
g€ LUQ), g= lim gy
We next prove that g is the function that represents the functional 7. Consider a function
u e LP(Q)
We notice that there is a sequence u,, € LP(£2) such that

= lim u, and wu,€V, forall n>1.
n—oo

Now, using the continuity of T', we get

T(u) = lim T (u,) = lim [ gn(z)u,(z)de = /Qu(m)g(x)d%

n—oo n—oo

which concludes the proof in the case 1 < p < 2 and  := [~R, R]%.

Step 2. Proof for 1 < p < 2 and for bounded Q. Let © C R? be a bounded Lebesgue measurable set.
For every R > 0 we define
Qg = [-R, R]%.
We choose R large enough in order to have
QCQr:=[-R,R"
For Qg chosen above, we consider the restriction operator
m: LP (Qr) — LP(Q2),
defined, for all u € LP(Qg) as
m(u)(z) :=u(z) forall zeQ.
Let
S:LP (QR) - R
be the functional defined as
S(u) =T (w(u)) forall ue LP(QR).
Then, S is linear and bounded on LP({2r). Indeed, for every u € LP(Qg), we have

1S(u)| = [T ()] < Tl (e @y I (@)llze @

Up

— Tl ey ( JAECR® dx)
l/p

— Tl sy ( [ o) da:)

l/p
< Tl 2oy ( /Q P (2) dx) Tl sy el 2 -
R

(Notice that the above inequality can be written in the simpler form ||S||(r () < 1Tl (Lr () )-



By Step 1, there is a function
g € L” (QR),
such that
Sv) = / v(x)g(x)dx forall wvelLP (Rd) .
Qr

For any function f € LP(1), let

e(f) €L (). e(f)(a) :{g@) e weQ,

se  x € Qr\Q.

Since
m(e(f))(x) = f(z) forall x e,
we have that

T(f) =T(w(e(f))) = S(e(f)) = /Q e(f)(z)g(z)dx = /Qf(x)g(x)dz-
R
This concludes the proof for 1 < p < 2 for bounded sets 2.
Step 3. Proof for 1 < p < 2 and for any Lebesgue measurable O C R?.

For every natural n > 1, consider the set 2, := QN B,, and define the extension operator

en s LP(QN By,) — LP(Q) en(f) (@) = { (];(I) i z i g\me”’

Consider the functional
T,: LP(QNB,) =R,  T.(f)=T(en(f))
Then, T,, is a bounded linear functional on LP(Q2 N B,,). Indeed, for any f € LP(2N B,,), we have
1T ()] = T (en(INI < Nl zr @)y llen(Olle@) = TNl e @)y | fllLr@nB.,)-

(Notice that the above inequality can be written in the form || Ty (zronB,))y < 1Tz () )-
By the previous Step, we can find a function g, € LI(Q2 N B,,) such that

T.(H)= [ f@n(e)de forall feL/QNB,)
QNB,
We next consider the sequence of spaces
W, = {f € LP(Q) : f =0 Lebesgue a.e. on Q\Bn}7

and the functions ()
_ . _ . anlT if zeQn an
gn €LUQ),  Gulz) = { 0 if 2 €Q\B,.

We claim that
T(f) = / gn(x)f(z)dx forall feW,.
Q
Indeed, for every f € W,, we have that f = e, (f) and so

() =Tl = [ an)f(@)do = [ (o) (o) o
QNB, Q
The rest of the proof follows closely the argument from Step 1. Since the argument is very general, we give

directly a more general statement in Proposition 3. This concludes the proof of Theorem 2 in the case 1 < p < 2
for general Lebesgue measurable Q C R<. g

Proposition 3. Let Q C R? be a measurable set in R? and let p € (1,2].
Let T be a bounded linear functional on LP(£) with

ITlwo oy =sup {T(F) + f€LPQ), |flloe <1}
Suppose there is a sequence of linear subspaces V,, C LP(2), n > 1, such that:
(a) monotonicity: V,, C V,, for everym >n > 1;
(b) density: for every f € LP(Q) there is a sequence f, € V,, converging to [ strongly in LP(Q);
(¢) representation of T on V,: for every n > 1, there is a function g, € L1(Q) such that

T(f) = /an(x)f(x) dx  for every [ € Vy;



(d) norm of g,: for every n > 1 we have

lgnllzacey = sup {T(F) = f € Vo Ifliriey < 1}

Then, the following holds:
(i) boundedness: ||gnllza) < |T|l(zr)y for every n>1;
(i) monotonicity: |g.lre) < lgmllLa) for every m>n>1;
(i) convergence: the sequence g, converges strongly in L1(2) to some g € L1(2);
)

(iv) representation of T on LP(Q): the limit function g satisfies
T(f) = / g(z)f(xz)dx for every f e LP(Q).
Q

Proof. In order to prove (i), we simply notice that
ulliniy =50 { [ gn(ulolas € Vi lulloioy <1

= sup {/ gn(w)u(z)dz : u € Vy, |lull ey < 1} <ITl )y
Q

Now, in order to prove (ii), we fix f € V,, C V;,, with || f||zr@) < 1 and we compute

/Q guf de = T(f) = /Q gt 4z < lgmll @l < lgmll o

Taking the supremum over all f € V;, with || f||zro) < 1 and using the hypothesis (c), we get (ii).

In order to prove (iii), we use the Clarkson’s inequality with g¢:

gm = gn 1 g Lo gm + gu ||
< - - — || .
o L e
Next notice that for every fixed f € V,, C V,,, with || f||z» = 1, we have
gm(T) + gn(T gm + gn
/ fn(x)()Q()dx‘ < H2 )
o Li(@)
Thus,
9m — Gn 1 gm + Ggn I
D) =3 ||gm||Lq(Q) +3 HgnHLq(Q) 9
La() La(Q)
1 gm () + gn(x) | |
< 5 lomlagey + 5 I lhacey | [ Fly 2220 g
Q
q
3 ol + 5 Nonley = | [ F@an(a)da]

where the last equality follows since

/ f(x)de%T(f)% [ 1@@)de= [ fwle)ds

9m — Gn
2

Thus, we get

ol + 3 lonluoy ~ | [ S@lonta v)de|
Lq(Q)

Now, taking the supremum over f € V,, with Hf||Lp < 1 and using the hypothesis (d), we have

||9m||Lq(Q) +35 ||gn||Lq(Q) - ||gn||qu(Q)

9m — Gn
2

Lq(Q)

1
) ||9m||%q(Q) ) ”gn”%q(g) :

Now, since the sequence of norms || g, | z«(q) is bounded and monotone, it converges to some limit L € R. In

particular, this implies that g,, is a Cauchy sequence in L9(Q2) and so, it converges to some g € L9(Q).

concludes the proof of (iii).

This
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Finally, in order to prove (iv), for every f € LP(Q2) we consider a sequence f,, € V,, C LP(Q) such that f, — f
in LP(Q). By the continuity of T we have T(f,) — T(f). Thus,

T(u) = lim T (u,) = lim [ gn(x)u,(z)de = /Qu(x)g(x)dx,

which concludes the proof of (iv). O

PROOF OF THEOREM 2 IN THE CASE 2 < p < 400

In this case we don’t have to distinguish between the case || < +00 and || = 400 as the argument allows
to treat both cases at once.

Step 1. Consider the kernel K of the map T':
K :={feLP():T(f)=0}.

We claim that for every u € LP(Q) there is a unique function v € K such that

lu=vllzn@) = inf {|lu—@lloio) : €K}
We will call v the projection of u on K.
If u € K, we trivially have that v = uw. Thus, we only need to consider the case u ¢ K.
Let ¢, € K be a minimizing sequence, that is

: _ P _
ngg}w I ¢n||Lp(Q) =1,
where we set
I:=inf {Hu - g0||1£p(ﬂ) D p€ K}.
Without loss of generality, we can assume that
lu = dmllzr) < lu— @nllrr) forall m>n>1.

We notice that, by the Clarkson’s inequality in the case p > 2, we have

HQSm ¢n (u - ¢7n) - (u - d)n) b
Lr(Q) 2 L ()
1 1 Om + On p
< L bmlioy + 1 a0l Hu
2 mllzr@ e 2 Al
S 5 ”u ¢WHLP(Q H ¢n||Lp(Q) a

where in the last inequality we used that %(qbn + om) € K . This implies that (¢, )n>1 is a Cauchy sequence in
LP(Q)). Thus, the limit

v:= lim ¢y,
n—-+4+oo

exists in LP(Q2) and so
lu=vllzr) = lm flu—dullrre) =1
On the other hand, the continuity of 7" implies that

which proves that v € K. This proves the existence of an element v € K such that |ju — v|}, = I. In order to
prove the uniqueness of the projection v, suppose that there are two functions v1,vs € K such that

|u — UlHiP(Q) = flu - ”UZHZZP(Q) =1

Using again the Clarkson’s inequality and the fact that %(vl +v9) € K, we get that

vy — v [P (u—v1) — (u—wo)|"
2 LP(Q) 2 LP(Q)
1 1 V1 + Vg P 1 I
< 5 llu— v} 5 lu =2} <-4+--1=0
2 lu= w2l o) + 2 e = vellze ) H 2 Al 2 3 ’
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which proves that v; = vy. (We notice that, for the uniqueness of the minimizer v, it is sufficient to observe
that we have already have that every minimizing sequence converges. This can only be true if the the minimizer
is unique.)

Step 2. Let u € LP(Q2) such that u ¢ K. Then, the unique projection v of v on K satisfies
/ o(x)(u—v)|lu—v|P"2dz =0 for every ¢ € K.
Q

We will prove this fact in a separate lemma.

Step 3. Suppose that the map T is not identically zero. Then, we can find a function u € LP(Q) such that

T(u) =1.
Let v be the projection of v on K. Setting w = u — v, we have that
T(w)=1
and
(4) / pw|lwP~2dz =0 for every ¢ € K.
Q
We next define the function
9= - wlw[f?,
lwllZ,

and we notice that w € L4(Q2). Now, for any f € LP(2), the linearity of T gives that
f—=T(flwe K.
Using ¢ = f — T(f)w as test function in the integral identity (4), we get that

[ (s =Trwiz o
which can also be written as ,

Ag(w)f(m)deT(f)/g(x)w(x)dx.

Q
Finally, by the choice of g we have

1 b
/Q eyl = /Q () Pz = 1,

which implies that

and concludes the proof. O
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