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The dual space of L'()

A SPECIAL CLASS OF FUNCTIONALS ON L!(Q)

Proposition 1. Let Q C R? be a Lebesque measurable set. Fived a function g € L>(S2), consider the linear
functional
T,: L'(Q) =R
defined as
:/f(x)g(x) de  forall fe€LYQ).
Then, Ty is a bounded operator and its no?‘m
||TQH(L1(Q))’ =sup {Ty(f): f € LH(Q), I fllee) <1},
is given by
1T, H(Ll(g = llgllz>(0)-
Proof. The fact that T is bounded simply follows from the inequality

1T, —’/f 2)dx

which also proves that

<\ flerllglle forall  fe L'(Q),

IToll 21y < N9l
In order to prove that an equality holds, we consider a sequence
tn T gl 2= (-
Since for each n we have ¢,, < ||g[|(q), we have that
[{lgl > ta}| # 0.
Now, for any fixed n > 1, we pick a set of finite measure
wn CA{lg] > tn},

and we consider the test function

fulx) = L

|wn|

(]lwnﬂ{g>tn} (z) — ]lwnﬁ{g<—tn} (x)) .

By construction we have that f,, € L'(Q) and
]

[i@ia= [ —

= n|(|wm{g>t Ho+ lwn N {g < —tn}]) = 1

wm{g>t"}($) + ﬂw,m{g«tn}(ﬁﬂ)) dz

Then,

o) ‘( et} (@) = Lo,y (@) da

(z)dz — / g(z)dzx
wnﬁ{q>tn} wnN{g<—tn}

t der/ t,dx
wnN{g>tn} wpN{g<—t,}

(Iwm{g>t Ht lon N {g < ~ta}]) =1
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This implies that
1751l (11 0y = sup {Ty(f) - f € LN [ o) < 1}
= sup Ty(fn)
n>1

> supty
n>1

= HQHmey
so we have obtained the opposite inequality
ITgll(pryy = 9l @),

which concludes the proof.

A REMARK ON THE QUANTITY || Ty[|(11 (g

We notice that, given a Lebesgue measurable set 2 C R? and a function g € L>°(Q), the norm
||TQH(L1(Q))/ ‘= sup {Tg(f) 1 fe Ll(Q)7 I fllzr ) < 1}5
of the functional
T, L@ =R, (0= [ f@a)d

might not be achieved. Here are few examples.
Proposition 2. Consider =R and the function g € L™ (R) defined as

1
1—— for z2>1,;

x

g(x) =
0 for x <1,

Then, the supremum

||Tg||(L1(R))/ = sup {Tg(f) = /

— 00

+oo

f@lo)ds s f € PRIl <1,
is not achieved.

Proof. We clearly have

lgllLem) =1,
and so, thanks to Proposition 1,
||Tg||(L1(R))/ = HQHLOC(]R) =1
Suppose by contradiction that there is a function f € L*(R) such that
+oo +o00o
o= @it wd L0 = [ s =1,
—0o0 — 00

Then, for every n € N, n > 1, we have

1= [ i = [ swawars [ i@

+oo

< / 1 (@)lg() d + / f(@)lg(x) de

n

(-9 [ @i [

n

—+oo 1 n 1 n
[ W@lde— [ @l <13 [ ip@)a
In particular, this implies that necessarily
| lr@lds=o.

Since n is arbitrary, we get that f = 0 on R, which is a contradiction since |f| should integrate to 1 on R.
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Proposition 3. Consider Q = By, where By is the unit ball in R, with d > 1. Let g € L>=(By) be the function
g(z) =1~ |zf°.

Then, the supremum

Tl = {700 = [ S@aterds € 2B I lum <1},

B1
is not achieved.

Proof. We clearly have that
lgllLe=(B,) =1,
and so, thanks to Proposition 1,
||Tg||(L1(Bl))/ = HgHLOC(Bl) =1
Suppose by contradiction that there is a function f € L'(B;) such that
flise = [ @lde<1 and - 70 = [ f@de=1.

1

Then, for every € > 0, we have

1= [ f@g@ydr= [ f@)g()de+ / f(2)g(x) de
B. B1\B.

B

< / @) lg(x) d + /B | (@)lg(x) da

B. 1\Be

S/BE \f(a:)|dx+(1—52) /Bl\BE |f(z)] dz
= [ @lds < /BI\BE @)l da

§1—s2/ |f(z)| dx.
B1\B.

In particular, this implies that necessarily

/ (@) dz = 0.
Bl\BE

Since € > 0 is arbitrary, we get that |f| =0 on Bj, which is a contradiction. O

The examples from Propositions 2 and 3 can be deduced also from the following more general fact.

Proposition 4. Let Q2 be a Lebesque measurable set in R?. Let g € L>(2) be a given function. Then, the
following are equivalent:

(1) the set {x € Q : g(x) = L>®(Q)} has non-zero Lebesque measure;
(2) the supremum

||Tg||(L1(Q))/ ‘= sup {Tg(¢) = o ¢($)g($) dr : ¢ € LI(Q)a H¢”L1(Q) < 1} s

18 achieved.

Proof. For simplicity we set
M = [|g]| Lo (o)-
Suppose first that (1) holds. Then, there is a set of measure set w C {g = M} such that

0 < |w| < +o0.
Then, the function
flx) = —
is such that

FEL®)., fluw= [ f@dr=1, and [ f@gle)ds = [ ga)de =
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Thus, we get the inequality

M =1,(1) < 5w {1,(6) = [ o@lgle)do s o€ @)1 lmy <1
On the other hand, Proposition 1 implies that

HT(]H(Ll(Q))’ < ||9||L°°(Q) = M,
which proves that

Tg(f)zsup{Tg(¢)= [ s@ota)ds 6 € @), ol s1}.

This proves (2).

Suppose that (1) does not hold and suppose by contradiction that (2) holds. Then, there is a function f € L()
such that

1l = / f@ldr=1 and  T,(f) = / f(@)g(z) de = 1.
Fix a ball B in R? and € > 0. Then

M= / f(@)g(x) d = / o S / F(@)g(z) dx

O\(BrN{lgl<M—e})

<

1 @)lol(@) de + / Fl(@)lgl(z) da

O\ (BrN{lg|l<M—¢})

<(M—¢) / () dz+ M 1fl(z) de
QN (BrN{|g|<M—c}) Q\(BrN{|g|<M—¢e})
:M/ If(w)ldr%/ 1fl() da
Q QN(BrN{lgl<M—e})

< M—e/ \Fl(a) do.
QN(BrN{|g|<M—c})

In particular, this implies that

/QFT(BRFT{9<M—€})

/ | f|(z) dz = 0.

QN(BrN{|g|<M—¢c})

and in particular that |f| = 0 almost everywhere on the set QN (Br N {|g] < M —€}). Since ¢ is arbitrary, we
get that |f| =0 a.e. on QN (BrN{|g] < M}). Since [{|g] = M}| = 0 we get that |f| =0 a.e. on QN Bgr. Now,
since R is arbitrary, we get that |f| = 0 a.e. on Q. g

REPRESENTATION THEOREM FOR THE BOUNDED LINEAR FUNCTIONALS ON L'(Q)
Theorem 5. Let Q C R? be a Lebesque measurable set and let
T:L'(Q) =R,
be a bounded linear functional on L'(Q). Then, there is a function g € L>(Q) such that

T(f) = / f(x)g(x)dx  for all fe LYQ).
Q
Moreover, the function g is unique.
We start with the following lemma, which guarantees the uniqueness of the function g representing 7.

Lemma 6. Let Q C R? be a Lebesque measurable set. Suppose that g1 € L=(Q) and go € L=(Q) are two
functions such that

f(x)ga(x)dx = / f(@)g1(x)dx  for all f e LY Q).
Q Q
Then g1 = gs.
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Proof. Suppose that g; and gy are two different elements of L>°(Q). Then, the set {g; # g2} has a non-zero
measure. In particular, there is € > 0 for which the set {|g2 — g1| > ¢} has a non-zero Lebesgue measure. Then,
there exists a measurable set w. C {|g2 — ¢1| > ¢} such that

0 < Jwe| < 4o0.

Consider the function

fb‘(x) = ﬂweﬂ{92—91>5} - ﬂweﬂ{gz—g1<—5}'

Then
0= [ 1) (s2(0) - 1 (@)
Q
= / (ﬂwsﬂ{92*91>5} - ﬂwsﬁ{92*gl<*€}) (gz(l‘) - 91(.%')) dx
Q
- / L 1(lga—gs 5} 192(2) = 91(2) | da > e,
which is a contradiction. O

Proof of Theorem 5. In what follows we will use the notation
Tl =50 {7o(6) = [ o@lato)de = o€ @), ol <1}
In particular, this implies that
TN 1Tyl 1) forall  f € LX(Q).
We proceed in two steps.

Step 1. We first consider the case |Q| < 4o0.
Construction of g. Since we have the inclusion

L2(Q) ¢ LY(Q),
and the inequality
£y < (42 fll2)  forall  f e L3(9),
we have that the functional
T:L*Q) =R,
is a bounded linear functional on L?(2) and it holds
T < Wl ey 1912 ey forall  f € L2(Q).

Thus, we can find a function g € L?(Q) such that

T(f) = /Qf(x)g(x)dx for all  f e L*(Q).

Boundedness of g. We will show that |g| < \|Tg||(L1(Q)), almost-everywhere on (.
Suppose that there exists a level ¢ > 0 such that

0> 1 Tll iy and  [{lgl > 1309 > 0.

Consider the function
f(z) = ﬂ{g>t}m§2($> - ﬂ{g<7t}ﬂQ<x)~
Observe that f € L'(2) and

£l = [ 1#@ldz = [ (1o(0) = Lgeon(@))do = Klgl > 1) 01

We also have that f € L?(Q), so by the definition of g, we get
1) = [ s@at@is = [ (Lpon (@) = Lo (@))o(e)ds

=/ lg(@)ldz > tl{lg] > } N Q.
{lg|>t}nQ
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On the other hand, since T is bounded on L', we have

() < Ty lgr iy 120 = 1Tl gy ol > 210191
Thus, we have obtained
ti{lgl >t} NQ <T(f) < ||TQH(L1(Q))/ {g >t Ny,

which is a contradiction. This implies that

g(x) < HTQ”(Ll(Q))’ for Lebesgue almost-every € ).
In other words

ge L) and |gllre) < 1Tl (p1qyy -

Step 2. Suppose now that || = +oo.

For each n € N, n > 1, consider the set
Q, :=B,NQ.

To each set €2, we associate the extension map

€n : L1 (Qn) — Ll(Q), en(f)(a:) = {f(x) lf T e Qn

0 otherwise.
For every n > 1, we define the operator
To: L' () 2 R, To(f) =T (en(f))-
Then, T, is linear and bounded: for each f € L(£,,), we have
T (N = T(en (NI < Tzt @y len(PllLr@) < NT ez @) 1l

In other words, we have
1Tallczr @)y < IT Nz @)y -
By Step 1, we can find g,, € L* (€2,,) such that

||g7l||L°°(Qn) = HTn||(L1(Qn))’ S HT”(L](Q))/ and Tn(f) = /Q f(l‘)gn<.’17)d$(} fOI" all f € Ll (Qn)

Consider now m >n > 1. Let f € L'(Q). be a function such that
f=0 on Q\B,.
Since B,, C B,,, we also have that
f=0 on Q\B,.
In terms of the extensions operators e, : L'(Q,) — L*(Q) and e,, : L'(Q,,) — L*()), we have that
en(fla,) = em(fla,,) = f-

In particular

T(f) = T(en(flo,)) = Tu(flo,) = / F(@)gn () de,

n

and similarly

T(f) = Tem(fla,)) = T(fler,) = /Q F(2)gm () dz = /Q F (@) g () d.

m

This implies that
/ f(z) (gm —gn)dz =0 forall feL'(Q,),
Q7l

which in turn leads to
9m = Gn on Qna
quad text for all m > n.

We define the function g : Q — R as follows
g(x) =gn(x) forall xz€Q, andal n>1.
By construction we have that

ge L>(Q)  and  |gllre) < 1Tl @)y -



Consider now a function f € L'(2) and consider the sequence
fn(z) = f(2)lB, (z).

Then f,, converges in L'(£2) to f and in particular, by the continuity of T, we get
T(f) = lim_T(fa).

On the other hand, since f,, = 0 outside 2, = 2N B,,, we have

T(fu) = T(en(fa)) /fn 2)gn( dw—/fn

Passing to the limit as n — 400, we get

lim T(f,) = lim /fn dx_/f

n——+oo n—-+o0o

which concludes the proof.
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