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Hahn-Banach theorems

Theorem 1 (Hahn-Banach I). Let B be a Banach space. Let V be a linear subspace of B, C be a positive
constant and T : V. — R be a linear application such that
|T(v)| < C|lvllg  for every wveV.
Then, there is a linear functional S : B — R such that:
(1) S(v) =T(v) per ogniv € V;
(2) |S(b)| < C||bl| for every b € B.

Theorem 2 (Hahn-Banach II). Let B be a Banach space and let V be a closed linear subspace of B.
Then, there exists a bounded linear functional

T:B—R

such that T # 0 and
T(x)=0 forevery z€eV.

THE MAIN LEMMA
The next lemma is the main ingredient in the proofs of Theorem 1 and Theorem 2.

Lemma 3. Let B be a Banach space. Let V' be a linear subspace of B, C be a positive constant, andT : V — R
be a linear map such that
[T(w)| < C|lvllg  forall veV.

Given a vector z € B\V, let W be the linear subspace of B generated by V and z, that is:
W = {quaz:uGV,OzG]R}.
Then, there is a linear map
S: W =R,

such that

(1) S(v) =T(v) for every veV;

(2) |S(w)| < Cllw|g for every w e W.
Proof. We notice that, since z ¢ V, every element w of W can be written in a unique way in the form

w=u+az with veV and aecR.
In particular, if we suppose that there is a linear map S = W — R that extends T': V — R, then
S(w) =S+ az) =S(W)+aS(z) =Tw) + aS(z),

which implies that:

the map S is uniquely determined by its value S(z) in z.

In what follows we will determine S(z) in such a way that
[S(w)] < C|lw||g forall weW.
In order to do this, for every u,v € V and every couple of positive real constants o, 8 > 0, we write
T(au+ Bv) < Cllau+ Bol|s

= Clla(u = B2) + B(v + az) |5

< Clla(u = Bz)ls + CllB(v + a2) |5

= Callu— Bz||g + CB|lv + az|s.
We can rewrite the above inequality as:

a(T(u) = Cllu = pz[|s) < =F(T(v) = Cllv + az|s) .
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Since a > 0 and 8 > 0 we can divide both sides by «f3, obtaining

5 (T = Cllu= p2la) <~ (1) = Cllo + azls),

where we notice that the right-hand side depends only on v and (3, while the right hand-side depends only on
v and S. We next consider the sets of real numbers

T, = {;(Too —Cllu—B2ls) - weV, §> 0} :

1
I = {—a(T(v) - C||v—|—o¢z\|5) rveV, a> O} .
Since
a1 <ag forall ay €1y, as € Iy,
we have that
sule S inIQ.
Then, there is a real number s € R such that
supZ; < s <infZ,.
We define
S(z) :=s.
By construction we have:
S(u—pz) =T(u)—Ps<Clu—pz||pg forall weV,5>0;
Sv+az) =Tw)+as<Clv+az||g forall veV,a>0.
This implies that
S(w) < Cllw||g forall weW,
which, since S is linear, gives:
[S(w)| < Cllw|p forall weW,
which concludes the proof of the lemma. O

PROOF OF THEOREM 1 FOR SEPARABLE SPACES B

We will prove Theorem 1 in full generality in the next section. Here, we only give an alternative proof of
Theorem 1, which is based on a different construction, but works only for separable spaces.

Suppose that B is separable in the sense of the following definition.
Definition 4. We say that a Banach space B is separable if there is a countable set C C B, dense in B.
Let C = {¢n},,~, be a countable dense subset of B.

Consider the sequence of linear subspaces V;, C B defined as follows:
Vo:=V and To=T:Vy >R,
and for every n > 1, we consider the space V,, defined as
Vo { Va1 if ¢ € V1
e {u+a¢, :ueVy_1,a eR} if ¢, & V,_;.
and the map
T,:V,—R
constructed in Lemma 3 by extending 7;,—1 from V,,_1 to V,,. We notice that, for every n > k we have:
VecV, and 1Tp=1T, on V.

On the vector space
Voo = Vi,
n>1
we consider the map
Tew : Vo = R
defined as
Too(u) =Tg(u) per u€ V.



By construction, we have
|Too(u)| < Cllullp forall we V.
Since V4 is a dense subspace of B, we can extend the map Ty, to a map T : B — R as follows: for every u € B

we define T'(u) as
T(u) = lim Ty (uy),

n—oo
where
Uy €V forall m>1 and where lim |lu, —ul/z =0.
n—4+oo

Since T, is bounded we have that T is well defined (that is, the value T'(u) does not depend on the sequence
un) and Tis a bounded linear map on B satisfying

IT(u)| < Cllullg  forall weB,

which concludes the proof of Theorem 1 for separable Banach space B. O

PROOF OF THEOREM 1 IN THE GENERAL CASE

Consider the family X' of couples (W, S) such that:

e VCWCB;
e S : W — Ris a bounded linear functional on W satisfying

|S(w)| < Cllw|jg forall weW;

e S=TsulV.
On the set X we consider the following order relation: we say that (W7,S1) < (Wa, Sa), if

WicWeCcB and S,=S5; on Wj.
Given a chain (a totally ordered subset) C in X, consider the couple (W, Ss) € X defined as
Wo = |J Wi Sw(w):=8w) forall weW andall (W,S)€eC.
(wW,S)ec
By construction, (Wy,, Se) € X is an upper bound for the chain C. By the Zorn’s Lemma, there is a maximum
(Wnaxs Smax) € X.
Finally, thanks to Lemma 3, we have that necessarily Wy,.x = B. g

PROOF OF THEOREM 2
Let z be any element in B\V. Since the linear subspace V' is closed, there exists a radius € > 0 such that
B.(z) Cc B\V.
Let W be the linear subspace generated by V and z :
W = {v—i—az:veV,aeR}.
We will define a bounded linear function S : W — R such that
S(z)#0 and Sw)=0 forall veV
As in the proof of Lemma 3, we notice that every element w of W can be written in a unique way in the form
w=v+azeW with veV and aeR.
Thus, it is sufficient to choose the vale of S and z and then to define S as
S(w) = aS(z).
In order to choose S(z) we notice that since B.(z) NV = @, we have that
inf o~ 2] > <.

In particular, choosing
S(z):=¢>0,
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we obtain that for all & > 0 we have the inequalities

0<SwH+oaz)=aS(z)=a<a =||lv+ az||s,

1
—v+ 2z
@ B

0>8w—az)=—-aS(z)=—ac > —«a = —|lv—az|s.

1
—UV —Z
@ B

As a consequence, for every a € R, we have:
[S(v+az)| <|lv+az||p forall «a€R,

which can be also written as
|S(w)| < |lw||g  forall weW.

By the first Hahn-Banach’s theorem (Theorem 1), we can extend S to a bounded linear functional T: B — R. O
A COROLLARY OF THE FIRST HAHN-BANACH THEOREM

Corollary 5. Let B be a Banach space. Then, for every b € B, there is a bounded linear functional

T:B—R
such that

T®)=|blls  and |T|z =1,
where
1Tl :=sup {T(v) : veB, [olls < 1}.
Proof. Consider the linear subspace V' generated by b:
V= {ab D€ R},

and the linear functional

S:V-oR
defined as

S(ab) = alb||5-
By construction we have that
Sb) = bz and |S(v)| < |v||g forall veV.

By the first theorem of Hahn-Banach we can find a functional

T:B—R
such that

T=S on V,
and
|T(u)| < |lullg forall wueB.

This concludes the proof. O

In some cases the map T can be written explicitly.

Example 6. Let Q C RY be a Lebesgue measurable set and let p € (1,4+00). Let B be the Banach space LP(§2)

and let u € LP(Q2) be a given non-zero function. Then, the function

1 pt o2
(@) = u(@)|u(@)P7,
”uHLP(Q)

is in L1(Q)) and satisfies

lollzoey =1 and / u(@)o(z) dz = Jul oy,
Thus, the functional !

T,: LP(Q) =R,  T,(¢)= [ ¢(x)v(z)dr,
is a bounded linear functional on LP(QY) that satisfies

||Tv||(Lp(Q))/ =1 and Tv(u) = ||UHLp(Q)
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Example 7 (Example of a Banach space in which 7' is NOT unique). Let Q C R? be a Lebesgue measurable
set. Let B be the Banach space L*(Q) and let u € L*(2) be a given non-zero function. Let AL C Q and A_ C Q
be disjoint measurable sets such that
(1) {g>0} C Ay and {g<0}CA_,
and let
v(r) =14, () —La_(x).

Then, v € L*>(Q),

lollzeioy =1 and [ u(@)o(e) do = ull1 o).

Q
Thus, the functional

T,:L'(Q) - R, T, () = / ¢(x)v(x) de,
Q
is a bounded linear functional on L' () that satisfies

(2) 1Toll(zr@)y =1 and Ty(u) = ||ullLi ().
In particular, this example shows that the map T might not be unique. Indeed, it is sufficient to consider a
function g € L*(Q) such that

€2\ {g # 0} > 0.
Then, there are multiple different choices of Ay and A_ satisfying (1). Thus, there are multiple choices of
functions v(x) = W4, (x) — La_(x) with associated operators T, for which (2) holds.

Example 8 (Example of a Banach space in which 7" is unique). Let H be a Hilbert space with scalar product (-, -)

and norm || - ||. Then, for every non-zero vector v € H, there is a unique bounded linear functional T : H — R
such that
(3) [Tl =1 and T(v) = [jv].

Let T be a functional satisfying (3). Since H is a Hilbert space, there is a vector uw € H such that
T(p) = (u,p) forall ¢€H.

Moreover, we have that
1Tl = fJull = 1.

Then,
[vll = T(v) = (u,v) < [Jull[lo]| = [lv].
Thus, we get that
(u,v) = [[ull[lo]l = [lv]l,
which implies
2
[o = lvllull® = [v]|* + [[ol*[lull® = 2jvll(u, v) = [[ol|* + [[o]* = 2[jo||* = 0.

Thus, we obtain

v

U= —-,
[[ll

which proves that T is unique.
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