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Weak convergence and weak-* convergence:
definitions, basic properties and examples

WEAK CONVERGENCE

Definition 1 (Weak convergence and strong convergence in B). Given a Banach space B with dual B', we say
that a sequence u, € B converges weakly to u € B, and we write

Uy — U,
if
T (un) = T(u)  for every bounded linear functional T € B'.

We will say that the sequence u,, € B converges strongly to u € B, and we will write u,, — u, if it converges in
norm, that is:

i — ulls = 0.

Remark 2 (Uniqueness of the weak limit). The weak limit is unique. Indeed, suppose that u,, is a sequence in
B converging to both uw € B and v € B. Then, we have

T(u) = hIJIrl T(up)=T(v) forall Te€B.

n—-+oo
This can be written as

T(u—v)=0 foral TeB.
By the first Hahn-Banach theorem, there is a functional S € B’ such that

S(u—v) =|lu—v|g.
Thus, ||lu—v||g =0 and so, u = v.
Remark 3 (Strong convergence implies weak convergence). Suppose that u,, is a sequence in B that converges
strongly to some u € B. Then, for every bounded linear functional T € B’ we have
T (un) = T(w)| = [T (un —w)| < [T Jtn —uls.

Passing to the limit as n — 400, we obtain that

T(u)= lim T(u,) foral TeRB.

n—-+o00

Thus, by definition, u,, converges to u weakly in B.

WEAK-* CONVERGENCE

Definition 4 (Weak-* convergence and strong convergence in B’). Let B be a Banach space with dual B'. We
say that a sequence of bounded linear functionals T,, € B’ converges weakly-x to the bounded linear functional
T € B, and we write
T, =T,
if
T, (u) = T(u) for every wu€B.
We will say that the sequence T,, converges strongly to T in B', if it converges in norm, that is:

lim ||T,, — Tz = 0.
n—-+oo

Remark 5 (Uniqueness of the weak- limit). Suppose that T,, is a sequence in B’ that converges weakly-* in
B'. The, the weak-+ limit of T, is unique. Indeed, suppose that there are two functionals T € B and S € B’
such that T,, =* T and T,, —=* S. Then, by definition

T(u) = nggr»loo To(u) = S(u) forall uweB.
Thus
T(u)=S(u) forall uebB,

which implies that T and S coincide as bounded linear functions on B.
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Remark 6 (Strong convergence implies weak-* convergence). Suppose that T, is a sequence in B’ that converges
strongly to some T € B'. Then, for every u € B, we have

T (u) = T(u)| = [(Tn = T)(w)| < |Tn = Tlls||ull5-
Passing to the limit as n — 400, we obtain that
T(u) = nkrfoo To(u) forall weB.
Thus, by definition, T, converges to T weakly-+ in B'.
Remark 7 (Weak convergence implies weak-+ convergence). Let B be a Banach space with dual B' and bidual

B". Suppose that T, is a sequence in B’ that converges weakly in the Banach space B’ to some T € B, that is:
&T)= lim &(T,) for every bounded linear functional ¢ € B”.
n—-+00

Consider now an element uw € B. Then, the functional
6y : B =R, 6,(T)=T(u) foral TePB,
is a bounded linear functional on B'. In particular, we have

0,(T) = hrn 0u(Th),

n~> o0
which can also be written as
T(u) = ngr}rloo T (u).
Since u 1s an arbitrary element of B, we get that T, converges to T weakly-+ in B'.

Proposition 8. Let B be a Banach space with dual B’ and bidual B”. If B is reflexive, then for every sequence
T, € B, the following are equivalent:

(1) Ty, converges weakly in B’;

(2) T, converges weakly-+ in B'.

WEAK CONVERGENCE IN LP()) IN THE CASE p € (1, +00)

Let p € (1,4+0c0) and Q C R? be a Lebesgue measurable set. We recall that LP(£2) can be identified with the

dual space (L%(f2))’, where as usual
p

p-1
Indeed, we have already shown that every bounded linear functional T € (L(2))’ is of the form T' = T for
some f € LP(Q), where T} is the functional

Ty : LY(Q) - R, /f

Thanks to the above identification of the functionals in (L4(Q)) with the elements of L?(Q), we have the
following proposition.

q =

Proposition 9. Let p € (1,400) and Q C R? be a Lebesgue measurable set and let q := p’%l.
Given a sequence f, € LP(Q) and a function f € LP(Q), the following are equivalent:
(1) fn converges weakly in LP(Q) to f;
(2) Ty, converges weakly-+ in (L9(Q))" to T};
(3) for every g € LI(Q2), we have
| e~ [
Definition 10. Let p € (1,+00), ¢ := 2=, and Q C R? be a Lebesgue measurable set. We say that a sequence

p—l ’
fn € LP(Q) converges weakly a f € LP(Q) (and we write f, — f in LP(Q) ), if

lim /fn(:c)g(z)dac:/Qf(x)g(x)dz forall ge LI(Q).

n—-+o0o Q



GENERAL CRITERIA FOR THE WEAK CONVERGENCE OF A SEQUENCE

The next one is a general criteria for the weak convergence of a sequence in a Banach space, which is often
used in LP(Q).
Proposition 11. Let B be a Banach space with dual B' and let Y be a dense subset of B'.
Suppose that u, is a sequence in B and that u € B are such that:
(a) the sequence of norms (||u,||B),~, s bounded;
(b) T (up) = T(u) for every T €Y.
Then, u,, converges to u weakly in B.

Proof. Let S € B’. We will show that
S(u) = lim S(up,).

n—+oo
Let
M = sup ||un||5-
n

For every T' € Y we have
1S(un) = S(u)| < [S(un) = T(un)| + [T (un) = T(w)| + |T(u) = S(u)|
< IS = Tls llunlls + [T(un) = T(u)| + IS = Tl5 ||ull5

<118 = Tl (M + Julls) + IT(un) = T(w)|.

Since T' € Y we have
T(u)= lim T(up).

n—-+oo
Thus, passing to the limit as n — +o00, we get
tim sup (un)  5(u)] < 1S ~ Tl (M + Juls ).
n——+0o0

Since T' € Y is arbitrary and since Y is dense in B’, we can choose ||S — T'||g: arbitrarily small. Thus, we get
limsup |S(un,) — S(u)| =0,

n—-4o0o
which concludes the proof. O

Similarly, we can write a criteria for the weak-* convergence of a sequence of functionals. The proof is
identical.

Proposition 12. Let B be a Banach space with dual B' and let X be a dense subset of B.
Suppose that T, is a sequence in B’ and that T € B are such that:

(a) the sequence of norms (||Tn|5'),>, is bounded;
(b) Ty, () = T(x) for every x € X.
Then, T,, converges to T weakly-+ in B'.
Proof. Let y € B. We need to show that
T(y) = lim Tu(y)-

We set M :=sup ||T,,||p, and for every x € X we compute
n

Tu(y) = T(W)] < [Tn(y) = Tu(@)| + |Tn(z) = T(2)] + [T(x) — S(y)|
< Tallslly — lls + | To(z) — T(2)| + Tl ly — 2ls

< (M+Tl)ly = s + T2 (@) = T(@)]

Since x € X, by hypothesis we have
T(x)= lim T,(z).

n—-+oo
Thus, passing to the limit as n — 400, we get

limsup T, (y) = T(y)| < (M + |Tlli ) ly - lls.

n—-4o0o
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Now, since x € X is arbitrary and since X is dense in B, we get
lim sup [T, (y) — T'(y)| = 0,
n—-+oo

which concludes the proof. O

EXAMPLES

Example 13 (A sequence escaping at infinity). Let p € (1,4+00) and let f € LP (Rd) be fixed. Let x, be a
sequence in R such that |x,| — +o0o. For every n > 1, we define:

fu(x) = fx—2,).
Then, f, converges to 0 weakly in LP (Rd).

Proof. We notice that for every n > 1 we have
||an1[7,p(Rd) = / |f(33 - mn)‘p dr = / |f(y)|p dy = ||f||1£p(Rd)'
R4 Rd

We will apply Proposition 11 with Y being the space C.(R?%) of continuous functions with compact support in
R, which is dense in both LP(R%) and its dual L4(R%). Take ¢ € C.(RY) and ¢ € C.(R%) and consider

R R4
=| [ sty + )
<| [ 0w - v)ot+ e ar| +| [ oty + o)
<17 = s ol + | [ 960+ 0 ).

Now, when z,, is large, the functions ¢ (-) and ¢(- + x,) have disjoint supports so that
V(yY)p(y + xn)dy =0 for all n large enough.
Rd
Thus, passing to the limit as n — 400, we get

lim sup
n—-+oo

<N f = Ylle @)Dl La(ray-

fu(z)o(x) da
Rd

Since C¢(R?) is dense in LP(R?), we can choose || f — 9| s (ra) arbitrarily small. Thus, we get

fu(x)o(x) dx

Rd

lim sup
n—-+oo

)

which proves that
lim fu(@)p(z)de =0 forall ¢ € C.(RY).
Rd

n—-+oo

Since C4(R?) is dense in L9(R), the conclusion follows from Proposition 11. O

Example 14 (A highly oscillating sequence). In L%(]0,1]), consider the sequence ¢, n > 1, defined as
2k 2k +1
<z < +

. m ~
on(w) = 2%k + 1 2%k + 2
<z<

2n

for 0<k<n-1,

for 0<k<n-—1.

1
Then, ¢, converges weakly in L?([0,1]) to the constant 3



Proof. We first notice that

1
1
||¢n||%2([0’1]) = / 2 (2) do = 3 for all n > 1.
0

We next consider a continuous function g € C([0,1]) and using the absolute continuity of g, we compute

n—1 2k+1

2n

ngffoo/ ¢n(z)g(x) do = ngr+1rlooz:/§)c g(x) dx

k=0

n—1
1 2k + 1
pu— 1' -
n—1>r—&r-lookz 2ng< 2n >

)

- inﬂfw

— lim
2 n~>+oo

o=} [ ooy

Thus, we can apply Proposition 11 with Y = C([0, 1]), which is a dense subspace of L?([0,1]). This concludes
the proof. O

Remark 15. We notice that the sequence from the previous example does not converge strongly in L?. Indeed,
suppose that ¢,, converges strongly in L*([0,1]) to some ¢. Then, it also converges weakly to ¢. By the uniqueness
of the weak limit, we have that ¢ is the constant 1/2. But the L? norm of the constant 1/2 on [0, 1] is 1/2, while
the L? norm of ¢, is 1//2.

Example 16 (Oscillating sequences and Hilbert basis). In L?([0,7]), consider the sequence u,(x) := sin(nz).
Then, u,, converges weakly in L*([0,7]) to 0. More in general, if H is a Hilbert space (net necessarily separable)
and if (én)n>1 15 a sequence of orthonormal vectors (not necessarily complete), then ¢, — 0 in H.

Proof. Let x € H. For every n > 1, we have

0<|lz— Z(z,ez)(si = ||z||* - x,z T, €i)e;) Z(z,ez')ei
i=1 i=1 i=1
n n
=[lz* =2 (@ e)® + Y (x,e:)
i=1 i=1
n
= [lz]* =D {w,e)*.
i=1
Since n is arbitrary, we get that
+oo
Hx”2 > Z<$7e’i>2a
i=1
which implies
lim (z,e;) = 0.
1— 400

Example 17. Letp € (1,+00), f € LP (Rd) and let R, — +o00. For everyn > 1, let

1

fu(@) == Rd/p

f(x/Ry)
Then, f, — 0 in LP (Rd).
Proof. Thanks to the change of coordinates y = x/R,,, we have

p 1 P — p
il = [ P @/ Ry dz = [y
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Let now ¢ € C.(R%). Suppose that ¢ is supported in B, and that |¢| < M. Then,

¢(x) fn(x) dx

Rd

_ ] /. ¢(w)R%/pf (2/Ry) da

-| ¢<Rny>%/,,f<y> R

<M/ d(l/p —aap=n ! W) dy

1/p
1
<M B V([ 1Py
RI(/p=1) e/ B, m.
1/p
1 \B |1/q /
=M £ f(y)Pdy
Rz(l/Pfl) Rg/q Bp/Rn| ( )l

1/p
= M|B,|V/1 (/B If(y)”dy> .
p/Rn

Passing to the limit as n — 400, we get that

lim ¢(z) fn(z)dz = 0.

n—-+oo R4

Thus, by Proposition 11, we get that f,, converges to zero weakly in LP(R?).
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