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Second Clarkson inequality

CLARKSON’S INEQUALITY WITH EXPONENT p € (1, 2]

Proposition 1. Let p € (1,2) be a real number and let q := p’%l. Then, the following inequality holds:
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Proof. We proceed in two steps following the proof of Friedrichs.
Step 1. For every t € [0, 1] it holds
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for every a,b € R.

(14 6)7°T 4+ (1— )77 < 2(1+tP)71.
For a fixed t € (0,1), consider the auxiliary function
F:ftP 1] 5 R,  F(s)=(1+s 71t)(1+st)7T + (1 — s 77¢)(1 - st) 7.
Since )
F(tP~1) =2(1 +tP)o1,
and 1 1 p P
Fy=01+t)(1+t)r T +(1—-t)QA—-t)r T =1+t)r 1 +(1—t)r 1.
Thus, we only need to prove that F' is non-decreasing on [tP~! 1]. Computing the derivative in s, we get
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which implies that

F'(s) <0 forall sec [P 1].
Step 2. Let now a,b € R be such that a # 0 and b # 0. Suppose that |a| < |b| and take ¢ = |a|/|b|. Since t <1,
Step 1 implies
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we get the claim. O
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