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Weak convergence, weak-*x convergence and norm

In this section we explore the relation between the weak convergence and the norms of a sequence in a Banach
space, as well as the relation between the weak-* convergence of a sequences of bounded linear functionals in
the dual B’ and the sequence of their norms as operators on B. In particular, we will prove:

e a weak-x compactness theorem for the bounded sequences (Theorems 1, 2, 3);

e the semincontinuity with respect to the weakly (and weakly-*) convergence (Theorems 4, 5, 6);

e the boundedness of the weak and the weak-* converging sequences (Theorems 7, 8, 9);

e the Radon-Riesz theorem, which relates the strong convergence, the weak convergence and the conver-
gence of the norms of a sequence in LP(Q2) (Theorem 10);

e the coupling of a weakly converging sequence with a strongly converging sequence gives a converging
sequence (Theorems 11, 13, and 14).

WEAK-* COMPACTNESS OF THE BOUNDED SEQUENCES

Theorem 1. Let B be a separable Banach space. Let T, be a bounded sequence in B'. Then, there exists a
subsequence Ty, and a bounded linear functional T € B’ such that

To(x) = T(x) foral x€bB.
Proof. Let L > 0 be a constant such that
|Thllg <L forall n>1.
Let
C:={z;:jeN},
be a countable dense subset of B. Since C is countable, we can suppose that the sequence (T n (z5) >n>1 converges
(as n — +o00) for every j € N. We can then define
T(zj) = lim T, (z)
We will next show that, for any = € B, the sequence (T, (x)),>1 is a Cauchy sequence. Indeed, fixed z; € C, we

have
T () = Ton(2)] < [T (2) = T ()| + [T (2) = Ton (25)| + | Ton () = Ton ()]
< 2Ljw — aj] + | Ty (x) — Tin (25)]
Then, since C is dense, we get that the sequence T, (z) is a Cauchy sequence in R. Then, we can define T'(z) as
the limit
T(z) := ngr_{loo T ().

We notice that the map T : B — R, is linear: this is due to the fact that T is the pointwise limit of the linear
maps T,,. Moreover, since
T(z)] = lim [T (z)| < Llx|,

n——+oo
we have that T is also bounded. O

Two immediate consequences of Theorem 1 we obtain the following corollaries.

Theorem 2. In a separable Hilbert space H, every bounded sequence admits a subsequence that converges weakly
mn H.

Theorem 3. Let p € (1,+00) and let Q be a Lebesgue measurable set in R?. Then, every bounded sequence
fn € LP(Q) admits a subsequence that converges weakly in LP ().



SEMICONTINUITY OF THE NORM WITH RESPECT TO THE WEAK CONVERGENCE
Theorem 4. Let p € (1,4+00) and let Q C RY be a Lebesgue measurable set. Let f, € LP(Q) be a sequence that
converges weakly to a function f € LP(QY). Then
IfllLr) < légl}r{.l(f) anHLP(Q)

Proof. We know that there is a function g € L%(f2), where as usual ¢ := p"%l, such that

1l = / f@)g@)dzr and  |g|lpeg = 1.

We recall that g can be written explicitly as
9= = fIfIP%
||f||L,,(Rd)
By the choice of g and the Holder inequality, we have

I fllzr) = / f@)g(x)dx = hm / fu(@)g(z)dz < hmmf an”L,,(Rd)
O

The above theorem can be easily generalized to weakly converging sequences in a Banach space B and to
weakly-+ converging sequences in B'.

Theorem 5. Let B be a Banach space. For any sequence x,, € B converging weakly in B to some x € B, we
have
s < tim inf .
Proof. By the first theorem of Hahn-Banach, we have that there is a functional T' € B’ such that
T(z)=llzs  and  |T]s =1.
Since z,, — z in B, we have that T'(z,,) — T(x). Thus,
lells = T@) = Jim_T(as) < liinf [T s e = im i [z, s

which concludes the proof. O

Theorem 6. Let B be a Banach space with dual B'. For any sequence T,, € B' converging weakly-+ in B’ to
some T € B', we have
n——+oo

Proof. Fix ¢ > 0. Since
ITlsr = sup {T(v) : yeB, ylls =1},
we can find some x. € B such that
zells =1 and  [[T|g —e <T(xe) <|T|p-
Since T,, =* T in B’, we have that T,,(z.) — T'(¢). Thus,
Tl <+ T(we) =€+ lm_Tu(a2) < climinf [Tl s = < + lim i | T, s
Since € > 0 is arbitrary, we get
||THB’ S lim inf HTn”B/v
n—-+oo

which concludes the proof. O



THE SEQUENCES CONVERGING WEAKLY IN 3 ARE BOUNDED

Theorem 7. Let B be a Banach space and let B' be its dual. Let x,, € B be a weakly converging sequence in B.
Then, the sequence of norms |z, gz is bounded.

As an immediate consequence, we obtain the following

Theorem 8. Let p € (1,+00) and let @ C R? be a Lebesgue measurable set. Then, every sequence f, € LP(§2)
that converges weakly in LP(S2) is bounded in LP(Q).

Proof of Theorem 7. Suppose that there is a sequence y,, which converges weakly in B to some y € B, but is
not bounded. Then, the sequence z, =y, — y € B converges weakly to 0 in B, but for the sequence of norms
||zn|| we have

lznlls = llyn = ylls = llynlls = llylls,
50 ||z, || remains unbounded, so we have:

r, =0 and lim [jz,]z = +oo.
n—oo

Thanks to first theorem of Hahn-Banach, for every n € N, we can find a bounded linear functional T}, : B — R
such that

T (2) = [lznlls  and  [|Tnllz = 1.
We extract a subsequence (,, )r>1 with the following properties:

o |lzn,llg = 4; ,
° ||xnk+1||3 > ||@p, || for all k> 1;
o |T,, (zp,)|<1forallk>1andalll>Fk+1.

For simplicity, we relabel the subsequence, as follows:

T i=Tn,, 1k :=Tn,,
and we set

AR = ullg = Th () -
We notice that by construction we have that

A1 >2 and Apyr > Ai for all k>1,

and
Apyj > 294, forall k>1 andall j>1.

In particular, the sequence of bounded linear functionals
|
2l on=l,
j=1""

is a Cauchy sequence in B’ and so we can define the bounded linear functional T' € B’ as the limit

+oo 1
T:=>" il
j=1""
Since by assumption z; — 0, we have that

lim T (zx) = 0.

k—+oo
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On the other hand, by the choice of the subsequence, we have:

S

-1 +o00

1 1 1
T(xp) =) 25 (@) + T (2n) + > 2 L (@)
j=1"" k j=k+1 "7
k-1 1 +oo 1
> T @)+ A= D Ty ()]
A, . A,
j=1 J j=k+1 J
k—1 1 400 1
> _ZI +A— > 1 Til |kl
i J i J
j=1 Jj=k+1
k—1 +oo
1 1
>3 A=l Y
— A; A
j=1 "1 j=k+1"7
400 1
=1+ A, — A} :
Bk ; Agi

In order to estimate the right-hand side from below we need to estimate the series

Jf :
A2 ,
i=1 Ak+i

for which we use the fast growth of the sequence Aj. Precisely, we notice that, for all £ > 1 and all i > 1, we
have

Apri 2 Afyy 1 2000 2 Ai(ill > Ajl

Thus,

Aiiol fl 2”1: 7§1:2.
oAk T A A —0 Ay — A T -3
which gives that

T (xg) > A — 3 — o0,

which is a contradiction. O

THE SEQUENCES CONVERGING WEAKLY-* IN B’ ARE BOUNDED

The proof of the next theorem is identical to the one of Theorem 7. We give it here for the sake of completeness.

Theorem 9. Let B be a Banach space and let B be its dual. Let T,, € B’ be a weakly converging sequence in
B'. Then, the sequence of norms ||T,||gz is bounded.

Proof. Suppose that there is a sequence S, € B’ which converges weakly-x in B’ to some S € B’, but is not
bounded. Then, the sequence T, := S,, — S € B’ converges weakly to 0 in B”, but we still have that

hm ||T HB/ = lim HSn — S”B’ > hm ||S ||B’ — ||S||B’ = +4o00.
n—-+o0o

n—+
Since
Ty =suwp {Tu(@) : 2 €B, ol =1},

we can find x,, € B such that
1
STl < T (zn) < [ Tuls and lzafs = 1.

We next extract a subsequence (T}, )x>1 with the following properties:
i HTm”B/ Z 4;
* ||Tnk+1 B’ > ||T"k||28’ for all k > 17
o [T, (xn,)| <1forall £>2andall 1 <k</l—1.




We relabel the subsequence, as follows:
Tk = an T = :vnk,

Ag =/ Tkl -

A1 >2 and Apyq > Ai forall k>1,

and we set

By construction we have

and 4
Apy; > 274, forall k>1 andall j>1.

In particular, the sequence
n

1
j=1""
is a Cauchy sequence in B and so it converges to some

Since by assumption 7, — 0, we have that
lim Ty (x) =0.

k— o0
On the other hand, by the choice of the subsequence, we have:
k—1 +oo

1 1 1
T (2) = D T () + T () + > o T ()
j=1"" k j=kt1
k—1 “+o0
1 1| Tkls 1
> =3 — T (z))| + 5 = > Tk ()]
- j 2 Ak: . A]
7j=1 j=k+1
k—1 1 1 +oo 1
2= tgh— D Il
2oq; Tt T 2. A
j=1 j=k+1
k—1 +o00
1 1 1
>SN oA —|IT -
Dy L P DI
j=1"" j=k+1 "7

1+1A A2+§ 1
= — —_ k — .
2 kizl Apti

Next, we notice that by the choice of the subsequence, for all £ > 1 and all ¢ > 1, we have

2 2(i—1) 2
Ak+i 2 Ak+i_1 Z Z Ak+1 2 Akz~

Thus,

= 1 R B | 1 1
A3 S <A 20 2 = = T =2
;A’““ ;Akz JZ:;JAk] 1= Ay L—3
which gives that
1
T (SC) > §Ak -3 = +00,

which is a contradiction.



TEOREMA DI RADON-RIESZ IN LP(9)

Theorem 10 (Radon-Riesz). Let p € (1,+00) and Q C R? be a Lebesgue measurable set. Let f, € LP(Q) be a
given sequence and let f € LP(Q) a given function. Then, the following are equivalent:

(1) fn = [ weakly in LP(Q) and || foll o) = [[fllzr@);
(2) fn — f strongly in LP(Q).

Proof. We notice that we always have that (2) implies (1). Thus, it is sufficient to prove that (1) implies (2).
We consider several different cases.

Proof in the case p = 2. A direct computation gives
o= FlToy = [ f2dz— [ frde+2 [ (f = fu) f — 0.
Q Q Q

Proof in the case p > 2. By the Clarkson’s inequality

fn - f b 1 P fn + f b
— <5 falze@) + 5 ||f||p — :
‘ 2 lpogy ~ 27" @ PO 2 e
Since % (fn + f) — f in LP(R?), we have that
P
IFI o < Timing || 2] ,
) = oo Lr(Q)
and so
: fn — f b : fn + f P
lim sup B) < limsup ||fn||Lp Q) + 3 ||fHLp(Q B
n—+o0 Lr(Q) n—+00 Lr(Q)
P
<1 o — limint [| 27
L) oo LP(Q)

< Hf”I[),P(Q) - Hf”zzp(g) =0,
which concludes the proof in the case p > 2.
Proof in the case 1 < p < 2. In this case we will use the second Clarkson inequality
a+b|rT
2

which in terms of the LP norms reads as

Ll N
2 - 2 2 ’
_p_ _p_\ p—1
fo— fl73 = 1 / 1
| + <5 | falPde+ 5 [ |fIPde.
/Q < 2 2 Ja 2 Ja
Thanks to the reverse Minkowski inequality

()™ ()= (o)™

a—>blr-1

fn
2

applied to
_ fn2_ P and h = fn;'f P 7
we get
_p_ _p_\ p—1 1 1\ p-1
/ fn_ p_1+ fn"’fp_l > (/ fn_fp)pl+(/ fn p>p1
Q 2 2 - ol 2 ol 2 7

which together with the Clarkson’s inequality gives

(L)

2 2

1 p—1
PP 1 1
) ) S*/ |fn|pdx+f/|f|pd$-
2 Ja 2 Ja




This can also be written as

J%—f”)"ll ( fn+fp>‘°11 (. ! )
(L1 (L < (3 ppraees [ o an) "

Thanks to the seminconyinuity of the LP norm, we have

/ [fIP < lim inf

n—-+o0o

p

Thus, we get
_1 1 _1_

Jn — Pl p—T1 fn P\ p—1
lims < 1 Pd Pd — lim inf —_
ﬁﬁf(/g 2 ) —nffoo( Jiprazsg [ 1 ) J%(/g 2 )

1
e P\ =T
_(/ |f|pda:> liminf(/ St > <0,
Q n—-+oo Q 2
which concludes the proof. 0

WEAK CONVERGENCE TIMES STRONG CONVERGENCE

Theorem 11. Let Q be a Lebesgue measurable set in R:. Let p € (1,+00) and q := %.
Let f,, be a sequence in LP(§) that converges strongly in LP(Q2) to some f € LP(Q)).
Let gy, be a successione in L1(S2) that converges weakly in LI(§2) to some g € L1(Q2).

Then
= 1
/f x)dx = n_l}r}rloo/gfn(x)gn(x dx
Proof. We notice that

| m@an@rde— [ @ge)ds = [ (160) = f@)ga@de + [ (g2() = g(a) S (o)

Q
We first notice that since f is fixed and g, — g in L%(f2), we have

tim [ (90(2) ~ 9(x) f(2)dx = 0.

n—-+oo

On the other hand, by the Holder inequality we have

[ (@) = r@))an (o)
Now, since f, — f strongly in LP(Q2), we have
im0 = Sl =0

Moreover, since g, — g in L(£2), we know that the sequence of norms ||g,||za(o) is bounded. Thus,

< |fa = fller@llgnllLoc)-

limsup | [ (fa(z) = f(2))gn(2)dz| < limsup || fu = fllLr (@) 9nllLa@) =0,
n—-+4oo 9} n— o0
so we get
i [ fu(@)gale)do— [ Fa)gla)do =0
n—+ Jq Q
which concludes the proof. O

Remark 12. We notice that there are sequences in LP(2) and L9() such that: f, converges weakly in LP(2)
to some f € LP(Q), and g, converges weakly in LI(SY) to some f € L1(Q), but

[ f@(w)dz # lim / Fu(@)gn() da.

n—-+o0o

For instance, if Q = [0, 7] and p = 2, we can take the sequences fn(z) = gn(x) = sin(nx). We know that ¢, — 0
weakly in L*([0,7]) to 0, so f = g=0. On the other hand, for every n > 1, we have

/OTr () gn(z) dz = /OTr sin?(nz) dr = g
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Thus,

lim /0 fn(@)gn(z) de = ) while /0 f(z)g(x)dz =0.

n—-+oo

We can easily generalize Theorem 11 to sequences in a Banach space and its dual. Precisely, we have the
following. We notice that the proofs of Theorem 11, Theorem 13, and Theorem 14 are obtained from the same
estimate. We also notice that an essential ingredient in both proofs is the fact that the weakly converging
sequences in B and the weakly-* converging sequences in B’ are bounded.

Theorem 13. Let B be a Banach space with dual B'. Let x, € B be a sequence converging strongly in B to
some x € B. Let T,, € B’ be a sequence converging weakly-x in B’ to some T € B'. Then,

T(z) = lirm To(zn).

Proof. For every n > 1, we estimate
Tn(zn) — T(2)| < [Th(zn) — To(2)| + [Tn(z) — T'(2)]
STl llen — 2|5 + [To(x) = T(2)].

Since T,, —* T, we know that the sequence of norms ||T},|/s is bounded, while the strong convergence of z,
implies that ||z, — z||g — 0. The weak-* convergence of Tj,, on the other hand, gives that T,,(z) — T(z). Thus,

li To(xz,) =T <li T,|g i n— li T.(zx) =T =0,
im | To(zn) = T(@)| < limsup [Tl T lon = zlls + Tim |To(z) = T(2)]

n—-+oo

which concludes the proof. O

Theorem 14. Let B be a Banach space with dual B'. Let z,, € B be a sequence converging weakly in B to some
xz € B. Let T,, € B’ be a sequence converging strongly in B’ to some T € B'. Then,

T(z) = lirm To(zn).

Proof. For every n > 1, we estimate
Tn(zn) — T(2)| < [Th(zn) — T(x0)| + |T(2n) — T(2)|
< | Tw =Tl l|znlls + [T'(zn) — T(x)|.

Since x, — z, we know that the sequence of norms ||z,||s is bounded, while the strong convergence of T,
implies that ||T,, — T||g — 0. Finally, the weak convergence of z,, to x, implies that T'(z,) — T(x). Thus,

li Th(x,) =T < 1l T, —T|pli n li T(x,)—T =0,
Jim [Tu(r) = T@)] < lim [T, =T limsup o5+ lim_[T(a,) = T(x)

which concludes the proof. O
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