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Besicovitch’s covering theorem

This note is dedicated to the following covering theorem.

Teorema 1 (Besicovitch). There are integers P(d) and Q(d) depending only on the dimension d with the
following properties. Let A be a bounded subset of R and let F be a collection of closed balls with centers in A
such that each point in A is a center of some ball:

F={B(x;) : x €A, r;>0}.
e There is a finite or countable collection of balls B; € F such that:
— the collection of balls B; covers A;
— every point in R belongs to at most P(d) balls B;.
e There are families of balls Fj, j =1,...,Q(d), such that:
— the balls in each collection F; are disjoint;

— A is covered by the balls in the collection Fi U---U Fgq)-

A COUNTING LEMMA

Osservazione 2. Consider a triangle with vertices O, A and B such that
|AB| > |OA] and |AB| > |OB|.
Then the angle ZAOB is at least w/3. We can re-write this statement as follows:
Suppose that a,b € R¢ are two non-zero vectors such that
la| <la—b| and |b] < |a — bl

Then,

a b
— — —| > 1.
lal |b|‘

Lemma 3. Suppose that
F= {Ef‘(xl)}lzlk
is a finite collection of closed balls in R® such that:
e the balls have a non-empty intersection:
0€ B,,(x;) forevery i=1,...k;
e 10 ball contains a center of another ball:
x; & By, (x;) when i# j.
Then
k < Cq,
where Cy is a dimensional constant.
Dimostrazione. Notice that when i # j we have that
x; ¢ Erj (x;) and x; ¢ En (x4).
This means that:
ri <z — aj] and rj < la; — xj].
Now, the first point implies that

|| <7 < |xy — x4 and |z <r; <z, — ;|
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By the previous remark, we get that

€Z; €

I
Set v; = x;/|x;|. Then, the balls
{PI/Q(W)}

are mutually disjoint. This concludes the proof. O

PROOF OF THE BESICOVITCH’S THEOREM FOR FINITE SETS

In this section we will suppose that the set of centers A is a finite set.

In particular, the family of balls F can be written as
B; ::§Tj(gcj), ji=1,..., M,

for some finite M € N. Without loss of generality, we can suppose that the radii r; are ordered:
ri>re>r3 > >y > 0.

Part 1. We construct the subcollection F’ of balls

Brjk (‘Tjk,)v k=1,...,m,
as follows:
First element. As first element of F/ we pick the ball B, (z1). That is j; := 1.

Iterative construction. Suppose that we have selected balls Erh (), ,Erjn (xj,) € F, for some n €

[1,M]. We choose By, . (xj,,,) as follows: jni1 is the smallest index k > jy, for which the center x; of the

ball B,, (r) € F does not belong to any of the previously selected balls Em (), Br, (xj,). If there is

T Tn
not such an index, we have that B, (zj,),...,Br; (z;,) cover A, so we set M := N and

F o= {By, (@), By, (wi0) )
Sparse centers property. We claim that the collection F' has the following property:

j, & By, (v;,) and ;¢ By, (25,),
foralll<m<n<M.

e Since m < n, then in the construction of 7’ the ball B,., (z;,) has been selected after the ball B, (z;, ),
but this means that the center x;, does not belong to any of B, (z1),..., By, ,(zn—1), in particular,

e Thanks to the previous point we have that If k& <n, then z;, does not belong to B, (xj,)- This means
that

|50 = gl > T
Since m < n, we have that
Tjn S ij,
so we get
|l‘jn — :Ejm‘ > Tjns
which means that
L ¢ ETM ('Tjn)'
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Bounded overlap property. Consider now a point € R%. Suppose that x belongs to a finite number N of
balls in F’. Since, these balls have the sparse centers property, the counting lemma implies that N is less that
a dimensional constant Cj.

Part 2. We next divide the collection F’ into subcollections F7i, ..., Fp of disjoint balls. The algorithm for

constructing F7i, ..., Fp is the following.

Initialization. We create the family 7] and we set B,, (z;,) to be the first element of F7.

Iteration. Suppose that we have divided the balls
E"'jl (mjl )7 §7'j2 (sz)v EER) Emk,l (xjk—1)5

into families F7,.. ., F,, of disjoint balls. Consider the ball B,, (x;,). We add B,, (z;,) to the first collection
Fl,i=1,...,n, for which B, (xj,) is disjoint from all balls in F. If there is not such a collection we create a
new collection F,,. We proceed this way until all the balls in F’

ET]'I (Ij1)7 Bsz (xh)a SR ETjM (IjM)v

are divided into families F7,. .., Fj of disjoint balls.
Bound on the number of collections 77, ..., Fp. We will prove that
N < Q(d).

Let the ball Fﬁ'k (j,, ) be the first element of the collection Fy. Then, by construction, there are balls
N

Erjkl (.Ifjkl) S .7:{, R ’ErjkN,1 (xjkN—l) S ]:J/V—l’
such that:

(a) the balls Eﬁ'ki (zj,), i=1,...,N — 1, have been selected before ETjkN (ji,, )» SO in particular we have

Tje, = Tjx, forevery i=1,... N—1;

(b) Erjki (ji,) ﬂFTikN (2, ) #0 forevery i=1,...,N—1.

Consider the ball Ezrjk (ji, ). Thanks to the points (a) and (b) above, for each i =1,..., N — 1, we can find
N
a closed ball B; of radius rj, = such that;
B; C E,«jki (x]’w) N EQTJ'ICN (xjkN )

‘We notice that

N—1
(N — Dwa2™(rj, )" = > |Bil
=1

N—-1
< / Z XBy;, (i)
B2"'jk ( K )

v @ing ) i=1
< P(d)|Bar,, (@), )| = P(d)wa2? (), )"
Thus, simplifying the term wq(r;, . )4, we get
N —1<4%P(a),
which concludes the proof of Theorem 1 for finite sets A. O



PROOF OF THE BESICOVITCH’S THEOREM

In this section we will prove the Besicovitch’s theorem for a general bounded set A.
We can suppose that to every x € A there is exactly one ball Er(m)(x) € F. Indeed, we can simply start by
selecting a subcollection of F by choosing one ball for every center x € A.

Suppose that the collection F contains a ball B,(,)(z) such that r(z) > diam(A). Then, since = € A, the
ball B, (,)(x) contains A, so the existence of the family F' trivially follows.
In what follows we will suppose that
r(z) < diam(A) forall z € A.
Proof of Part 1 of Theorem 1. We start by constructing the family F’. We first set

My :=sup{r(z) : B, (z) € F},
and we consider the family F; of all balls B,.(,)(x) € F such that

M
71 <r(x) < M.

We denote by A; the family of centers z € A such that B,(,)(z) € F.
Construction of F{. We now create a subcollection Fj of F7 as follows:
e Initialization. We pick any ball B,(,, ,)(z1,1) € F1 and we add it to FJ.
e Selection algorithm. Suppose that we have picked balls
Er(le)(gjl’l)’Er(mLz)(l‘LQ)’ cee 7§T(w11k,1)(xl,k—l) S f{
If there is a point y € A; not belonging to any of these balls,
y € AL\ (Er(zl,l)(m;) U By (ay,)(#1,2) U+ - UEr(zl,k_l)(xl,kq)),

then we set
Tk =Y,
and we add the ball B, (,, ,)(z1,) to FJ.

Remark: The sequence of radii r(x1,1), m(x12), .., 7(x1%) obtained this way might not be decreasing.

e The algorithm terminates. We will show that the algorithm terminates after a finite number of
steps. Indeed, suppose that we have selected balls

Bz ) (€11)s Broys)(1,2), -5 By (@1k) € F.
Since -
T1k ¢ Br(xl,i)(xl,i) for i=1,....,k—1,

we have that
M,

|l‘1,k — 1‘171‘ > T‘(JJLZ‘) > 7

By the same argument, we have that
M
|l‘17i —3317j| > 71 forall 1<7 <j < k‘,
which means that the balls in the family
{EMl/Q(xl,j) : j = 1, ey k‘},

are mutually disjoint. Since all these points are contained in some fixed ball of radius 2diam(A), we get
that the algorithm will terminate after a finite number of steps.

e Definition of 7. When the process terminates we have the subcollection F| C F of balls

]:{ = {Er(mlyl)(xl,l)a Er(azl,z)(xl,Q)a sy Er(zLNl)(xl,Nl)}-

Moreover, by construction Fj has the following properties:



(1) the balls Er(mw)(xl,j), j=1,...,Ny, cover Ay;
(2) M1/2 < ’I’({I?lyj) < M, for allj =1,.. .,Nl;
(3) the balls FMI/Q(ij), j=1,..., Ny are mutually disjoint.

Construction of F;. We define the family of centers A, as follows. We first set
Ay = A\ <§r(zlvl)($1,1) UEr(m1,2)(w1,2) J---U Er(m17N1)(£U1’N1)).
We notice that, since Fj is a cover of A;, we have by construction
Ay N Ay =0,

that is

M ~
r(z) < 71 for all z € As.

We next define Ms as
My := sup {r(x) T € /L},

and we notice that

We say that B, (x) € F2 if x € As.

We construct the subcollection F5 of Fy as follows.

e Initialization. We pick any ball B,(,,,)(22,1) € F2 and we add it to Fj.
e Selection algorithm. Suppose that we have picked balls
Er(wgyl)(l‘ll)a s 7ET(ZD21]€71)(1’12,]€—1) S -/—"é
If there is a point y € A that does not belong to any of these balls,

AS AZ \ (PT(QTQJ)(:I:2,1) U--- UEr(aczyk,l)(mZ,kfl))a

then we set
T2,k =Y,

and we add the ball Er(xl,k)(wl,k) to F7. The algorithm terminates by the argument we have used in
the construction of F7.

e Definition of F}. When the process terminates we have the subcollection F3 C Fy of balls

Fy= {Er(m,l)(w,l)a s Er(mz,NQ)(xz,Nz)}7
with the following properties:
(1) the balls By, )(22;), j =1,..., Na, cover Ay;
(2) Ma/2 <r(xe;) < My < M;/2forallj=1,...,No;
(3) the balls §M2/2(x17j), j=1,..., Ny are mutually disjoint.
Construction of Fj. Suppose that we have constructed the families
Fp for j=1,...,k—1,

where:



each F consists of N; balls

]:j/ = {Br(mj,l)(xj,l)a ceey Br(:cj,Nj)(xijj)}a
e with centers
Tj1y, Tj2, -« mj,Nj )

all lying in the set

j—1
A4;=a\J U B,

=1 BeF]
e and radii
M; M;
7J<’I"(l’j71)§Mj, e, 7J< T(xj,Nj)SMj

where M; is given by
M; :=sup {r(x) NS ,2[]}

Furthermore,

e the balls in ]—'J{ cover the set

J

A= {xeflj : %<r(x}§Mj}.

Then, we construct Fj, as follows:

e We first define the set
k—1
A=A\ J U B,
i=1 BeF!
in which we have eliminated all the points in A lying in one of the previously selected balls.
o If A; # 0, then we compute
My, := sup {r(m) S gk},

e and we consider the set of centers (which is non-empty thanks to the definition of M)

Av={oe A B <) < ),

and we define the corresponding collection of balls Fj, as
Fi = {ET(I)(J)) eF 1 xe Ak}
e Finally we construct the subcollection Fj, of F, as follows:
— Initialization. We pick any ball Er(zkvl)(mk,l) € Fi, and we add it to Fj.
— Selection algorithm. Suppose that we have picked balls
Br(ay ) (@k1)s s Briag o) (The-1) € Fp.
If there is a point y € Ay that does not belong to any of these balls,
y € Ag \ <§r(zk,1)($k,1) U--- Ugr(zk,g_l)(l’k,eq))
then we set
Tee =Y,
and we add the ball By, ,)(%k.e) := By (y) to Fj.

— The algorithm terminates. We notice that the algorithm terminates after a finite number of
steps thanks to the same argument we have used in the construction of Fj.



— Definition of F;. When the process terminates we have a finite subcollection F;, of F of balls

]:]; = {Er(xk,l)('xk,l)a ceey Er(zkyNk)(a:k,Nk)},

with the following properties:

— Main properties of Fj:
(1) the balls Er(mk‘j)(mgij j=1,..., Ng, cover Ay;
(2) My/2 <r(zp;) < My forall j=1,..., Ng;
(3) the balls By, /2(%k,5), j = 1,..., Ny are mutually disjoint.

In the next three lemmas we do not require that the procedure has terminated,
but only that we have already constructed n families following the procedure described above.

Lemma 4 (Any collection of balls, each belonging to a different family, is sparse). Suppose that we have
constructed the families

/ !
ToeeosFn
following the procedure described above. Consider two indices
1<j<k<n,

and two balls

Br(xj)(xj) S ]:j/ and Er(xk)(xk) S ./_'.]/C
Then:

(1) rzr) <r(z;);

(2) ok & Bray)(25);

(3) .’Ej ¢ BT(Ik)(CL'k).
Dimostrazione. The first two claims follow directly from the construction of F7,, while the last claim follows
from (1) and (2). O
Lemma 5 (Counting balls in different families). Suppose that we have constructed the families

Fiyooos Fo
following the procedure described above. If there are k < n distinct indices
I<ji<je<---<jp<nm,

corresponding to k balls

Br(mjl)(le) S ]:jll Sy Er(wjk)(xjk) € F;
all containing the same point x € R,

x € ET(Ijl)(le) n---N ET(ij)(xjk)’
then k < Cy, where Cy is the dimensional constant from Lemma ?77.

Dimostrazione. This follows immediately from to the previous Lemma 4 and Lemma 77. 0

Lemma 6 (Counting balls in the same family). Suppose that we have constructed the families
/ ._F/
ToeeosFn

following the procedure described above. Let N, be the number of balls in the collection F) . If there are k < N,
distinct indices

1§]1 <j2 <"'<jk SN’rw
corresponding to n balls
Br(wh)(xh) U] B"'(Ijk)(xjk) € ]:r/L
all containing the same point x € R,
x € Er(wh)(le) n---N ET(Ijk)(xjk)’

then n < Cy, where Cy is a dimensional constant.
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Dimostrazione. We recall that all the radii r(z;,),...,r(z;,) satisfy the inequalities
M M
7n<r(a:j1)§Mn,... , 2n<7’(zjk)§Mn.

In particular, since we have a point € R? contained in all balls, we get that
EMH/Q(%), ceey EM”/Q(xjk)
are all contained in the ball Bays, (2). On the other hand, we know that these balls are disjoint, so we get
kwa(Mn/2)" = | By, j2(x,)| + -+ |Bus, j2(2,)| < [Bons,, (2)] = wa(2M;,)?,
which implies that k < 4%, O

‘We now continue with the proof of Part 1 of the Besicovitch’s theorem.

If for some N > 1 we have that

N
w(UUs) -0
i=1Ber!
then the procedure stops and we consider the collection of balls
Fli=FUFU---UFn.

In this case, we have that F’ covers A. Suppose that the procedure described above does not terminate. Then,
we have a sequence of collections

Fl, meN,
and we set

! . e /
F=J 7.
n=1

Suppose that
r¢ FlU---UFn.

Then,
N
M
¢ U (%),
J=1
which implies that
M
r(z) < TN

Since My is arbitrary, we get that

< i My =
T(x)_N—lE—Ii’-loo N 0,

which is a contradiction. This implies that F’ covers A.
It remains to observe that there is a dimensional constant P(d) such that each point # € R? lies in at most

P(d) balls of F'. Indeed, this is an immediate consequence of Lemma 5 and Lemma 6. This concludes the proof
of Part 1.

Proof of Part 2 of Theorem 1. Given the collection of balls F’ constructed in Part 1, we notice that:

e F’ contains a finite or a countable number of balls;
e we can order the balls in 7’ in a sequence

F = {Erj (z;) : j€ N},
in such a way that

r; <71,  whenever j > k.
We next divide F’ into subcollections F7, ..., Fp of disjoint balls through the following algorithm.
Initialization. We create the family F;" and we set B,, (1) to be the first element of F7'.
Iteration. Suppose that we have divided the balls

E’rl (5!?1)7 ET'Q (.232), SERE) Erk,l(xk—l)7

into families 7', ..., F/ of disjoint balls. Consider the ball B,, (z). We add B, (x1) to



the first collection F!, i = 1,...,n, for which B, (z)) is disjoint from all balls in F’.

If there is not such a collection we create a new collection F,'. We proceed this way until all the balls in F’

BTl (xl)a BTQ(xQ)? cey BTk(xk)v v

are divided into (a priori countably many) families of disjoint balls.

Bound on the number of subcollections. Suppose that we have created N distinct collections F7', ..., Fp
by following the above procedure. We will show that
N <Q(d).

Let the ball EmN (zky ) be the first element of the collection Fj;. Then, by construction, there are balls

Eﬁel (xkl) € filv cee ’ETkN71 (ka—l) € ]:J/\/f—la

such that:

(a) the balls Eml (zg;), i=1,..., N — 1, have been selected before the ball EmN (Zky ), SO in particular we

have
T, > Ty forevery i=1,...,N—1,;

(b) By, (xx,) N By, (wky) #0 forevery i=1,...,N -1
Consider the ball EQT,W (2ky ). Thanks to the points (a) and (b) above, for each ¢ = 1,..., N — 1, we can find
a closed ball B; of radius g, such that;

B; C Erki (wkl) N EQT}\:N ('TkN)

We notice that

N-1
(N = Dwa2 ™ (riy)* = ) |Bil
i=1
N—-1
[ . T
Bary (Trn) =1

N

Z XBTk-i (@k;)

BZ"‘kN(sz i=1

< P(d)|Bary,, (w1)] = P(d)wa2(rey )™

IN

)
)
Thus, simplifying the term wq(ry, )%, we get

N —1<4%P(d),

which concludes the proof of part 2 of Theorem 1 in the general case. O



