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Besicovitch’s covering theorem

This note is dedicated to the following covering theorem.

Teorema 1 (Besicovitch). There are integers P (d) and Q(d) depending only on the dimension d with the
following properties. Let A be a bounded subset of Rd and let F be a collection of closed balls with centers in A
such that each point in A is a center of some ball:

F =
{
Bri(xi) : xi ∈ A, ri > 0

}
.

• There is a finite or countable collection of balls Bi ∈ F such that:

– the collection of balls Bi covers A;

– every point in Rd belongs to at most P (d) balls Bi.

• There are families of balls Fj, j = 1, . . . , Q(d), such that:

– the balls in each collection Fj are disjoint;

– A is covered by the balls in the collection F1 ∪ · · · ∪ FQ(d).

A counting lemma

Osservazione 2. Consider a triangle with vertices O, A and B such that

|AB| ≥ |OA| and |AB| ≥ |OB|.

Then the angle ∠AOB is at least π/3. We can re-write this statement as follows:

Suppose that a, b ∈ Rd are two non-zero vectors such that

|a| ≤ |a− b| and |b| ≤ |a− b|.

Then, ∣∣∣∣ a|a| − b

|b|

∣∣∣∣ ≥ 1.

Lemma 3. Suppose that

F =
{
Bri(xi)

}
i=1,...,k

is a finite collection of closed balls in Rd such that:

• the balls have a non-empty intersection:

0 ∈ Bri(xi) for every i = 1, . . . k;

• no ball contains a center of another ball:

xi /∈ Brj (xj) when i 6= j.

Then

k ≤ Cd,

where Cd is a dimensional constant.

Dimostrazione. Notice that when i 6= j we have that

xi /∈ Brj (xj) and xj /∈ Bri(xi).

This means that:

ri ≤ |xi − xj | and rj ≤ |xi − xj |.
Now, the first point implies that

|xi| ≤ ri ≤ |xi − xj | and |xj | ≤ rj ≤ |xi − xj |.
1
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By the previous remark, we get that ∣∣∣∣ xi|xi| − xj
|xj |

∣∣∣∣ ≥ 1.

Set vi = xi/|xi|. Then, the balls {
B1/2(vi)

}
i=1,...,k

are mutually disjoint. This concludes the proof. �

Proof of the Besicovitch’s theorem for finite sets

In this section we will suppose that the set of centers A is a finite set.

In particular, the family of balls F can be written as

Bj := Brj (xj), j = 1, . . . ,M,

for some finite M ∈ N. Without loss of generality, we can suppose that the radii rj are ordered:

r1 ≥ r2 ≥ r3 ≥ · · · ≥ rM > 0.

Part 1. We construct the subcollection F ′ of balls

Brjk
(xjk), k = 1, . . . ,m,

as follows:

First element. As first element of F ′ we pick the ball Br1(x1). That is j1 := 1.

Iterative construction. Suppose that we have selected balls Brj1
(xj1), . . . , Brjn

(xjn) ∈ F , for some n ∈
[1,M ]. We choose Brjn+1

(xjn+1) as follows: jn+1 is the smallest index k > jn for which the center xk of the

ball Brk(xk) ∈ F does not belong to any of the previously selected balls Brj1
(xj1), . . . , Brjn

(xjn). If there is

not such an index, we have that Brj1
(xj1), . . . , Brjn (xjn) cover A, so we set M := N and

F ′ :=
{
Brj1

(xj1), . . . , BrjM
(xjM )

}
.

Sparse centers property. We claim that the collection F ′ has the following property:

xjm /∈ Brjn
(xjn) and xjn /∈ Brjm

(xjm),

for all 1 ≤ m < n ≤M .

• Sincem < n, then in the construction of F ′ the ball Brjn
(xjn) has been selected after the ball Brjm

(xjm),
but this means that the center xjn does not belong to any of Br1(x1), . . . , Brn−1

(xn−1), in particular,

xjn /∈ Brjm
(xjm).

• Thanks to the previous point we have that If k < n, then xjn does not belong to Brjk
(xjk). This means

that

|xjn − xjm | > rjm .

Since m < n, we have that

rjn ≤ rjm ,

so we get

|xjn − xjm | > rjn ,

which means that

xjm /∈ Brjn
(xjn).
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Bounded overlap property. Consider now a point x ∈ Rd. Suppose that x belongs to a finite number N of
balls in F ′. Since, these balls have the sparse centers property, the counting lemma implies that N is less that
a dimensional constant Cd.

Part 2. We next divide the collection F ′ into subcollections F ′1, . . . ,F ′N of disjoint balls. The algorithm for
constructing F ′1, . . . ,F ′N is the following.

Initialization. We create the family F ′1 and we set Brj1
(xj1) to be the first element of F ′1.

Iteration. Suppose that we have divided the balls

Brj1
(xj1), Brj2

(xj2), . . . , Brjk−1
(xjk−1

),

into families F ′1, . . . ,F ′n of disjoint balls. Consider the ball Brjk
(xjk). We add Brjk

(xjk) to the first collection

F ′i , i = 1, . . . , n, for which Brjk
(xjk) is disjoint from all balls in F ′i . If there is not such a collection we create a

new collection F ′n. We proceed this way until all the balls in F ′

Brj1
(xj1), Brj2

(xj2), . . . , BrjM
(xjM ),

are divided into families F ′1, . . . ,F ′N of disjoint balls.

Bound on the number of collections F ′1, . . . ,F ′N . We will prove that

N ≤ Q(d).

Let the ball BrjkN
(xjkN

) be the first element of the collection F ′N . Then, by construction, there are balls

Brjk1
(xjk1

) ∈ F ′1, . . . , BrjkN−1
(xjkN−1

) ∈ F ′N−1,

such that:

(a) the balls Brjki
(xjki

), i = 1, . . . , N − 1, have been selected before BrjkN
(xjkN

), so in particular we have

rjki
≥ rjkN

for every i = 1, . . . , N − 1;

(b) Brjki
(xjki

) ∩BrjkN
(xjkN

) 6= ∅ for every i = 1, . . . , N − 1.

Consider the ball B2rjkN
(xjkN

). Thanks to the points (a) and (b) above, for each i = 1, . . . , N − 1, we can find

a closed ball Bi of radius rjkN
such that;

Bi ⊂ Brjki
(xjki

) ∩B2rjkN
(xjkN

).

We notice that

(N − 1)ωd2−d(rjkN
)d =

N−1∑
i=1

|Bi|

=

∫
B2rjkN

(xjkN
)

N−1∑
i=1

χBi

≤
∫
B2rjkN

(xjkN
)

N−1∑
i=1

χBrjki
(xjki

)

≤ P (d)|B2rjkN
(xjkN

)| = P (d)ωd2d(rjkN
)d.

Thus, simplifying the term ωd(rjkN
)d, we get

N − 1 ≤ 4dP (d),

which concludes the proof of Theorem 1 for finite sets A. �
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Proof of the Besicovitch’s theorem

In this section we will prove the Besicovitch’s theorem for a general bounded set A.

We can suppose that to every x ∈ A there is exactly one ball Br(x)(x) ∈ F . Indeed, we can simply start by
selecting a subcollection of F by choosing one ball for every center x ∈ A.

Suppose that the collection F contains a ball Br(x)(x) such that r(x) ≥ diam(A). Then, since x ∈ A, the

ball Br(x)(x) contains A, so the existence of the family F ′ trivially follows.

In what follows we will suppose that

r(x) ≤ diam(A) for all x ∈ A.
Proof of Part 1 of Theorem 1. We start by constructing the family F ′. We first set

M1 := sup{r(x) : Br(x)(x) ∈ F},

and we consider the family F1 of all balls Br(x)(x) ∈ F such that

M1

2
< r(x) ≤M1.

We denote by A1 the family of centers x ∈ A such that Br(x)(x) ∈ F1.

Construction of F ′1. We now create a subcollection F ′1 of F1 as follows:

• Initialization. We pick any ball Br(x1,1)(x1,1) ∈ F1 and we add it to F ′1.

• Selection algorithm. Suppose that we have picked balls

Br(x1,1)(x1,1), Br(x1,2)(x1,2), . . . , Br(x1,k−1)(x1,k−1) ∈ F ′1.
If there is a point y ∈ A1 not belonging to any of these balls,

y ∈ A1 \
(
Br(x1,1)(x1,1) ∪Br(x1,2)(x1,2) ∪ · · · ∪Br(x1,k−1)(x1,k−1)

)
,

then we set
x1,k := y,

and we add the ball Br(x1,k)(x1,k) to F ′1.

Remark: The sequence of radii r(x1,1), r(x1,2), . . . , r(x1,k) obtained this way might not be decreasing.

• The algorithm terminates. We will show that the algorithm terminates after a finite number of
steps. Indeed, suppose that we have selected balls

Br(x1,1)(x1,1), Br(x1,2)(x1,2), . . . , Br(x1,k)(x1,k) ∈ F ′1.
Since

x1,k /∈ Br(x1,i)(x1,i) for i = 1, . . . , k − 1 ,

we have that

|x1,k − x1,i| > r(x1,i) >
M1

2
.

By the same argument, we have that

|x1,i − x1,j | >
M1

2
for all 1 ≤ i < j ≤ k,

which means that the balls in the family{
BM1/2(x1,j) : j = 1, . . . , k

}
,

are mutually disjoint. Since all these points are contained in some fixed ball of radius 2diam(A), we get
that the algorithm will terminate after a finite number of steps.

• Definition of F ′1. When the process terminates we have the subcollection F ′1 ⊂ F of balls

F ′1 =
{
Br(x1,1)(x1,1), Br(x1,2)(x1,2), . . . , Br(x1,N1

)(x1,N1
)
}
.

Moreover, by construction F ′1 has the following properties:
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(1) the balls Br(x1,j)(x1,j), j = 1, . . . , N1, cover A1;
(2) M1/2 < r(x1,j) ≤M1 for all j = 1, . . . , N1;

(3) the balls BM1/2(x1,j), j = 1, . . . , N1 are mutually disjoint.

Construction of F ′2. We define the family of centers A2 as follows. We first set

Ã2 := A \
(
Br(x1,1)(x1,1) ∪Br(x1,2)(x1,2) ∪ · · · ∪ Br(x1,N1

)(x1,N1
)
)
.

We notice that, since F ′1 is a cover of A1, we have by construction

Ã2 ∩A1 = ∅,

that is

r(x) ≤ M1

2
for all x ∈ Ã2.

We next define M2 as

M2 := sup
{
r(x) : x ∈ Ã2

}
,

and we notice that

M2 ≤
M1

2
.

We define A2 as the family of all centers x ∈ Ã2 such that

M2

2
≤ r(x) ≤M2.

We say that Br(x)(x) ∈ F2 if x ∈ A2.

We construct the subcollection F ′2 of F2 as follows.

• Initialization. We pick any ball Br(x2,1)(x2,1) ∈ F2 and we add it to F ′2.

• Selection algorithm. Suppose that we have picked balls

Br(x2,1)(x2,1), . . . , Br(x2,k−1)(x2,k−1) ∈ F ′2.

If there is a point y ∈ A2 that does not belong to any of these balls,

y ∈ A2 \
(
Br(x2,1)(x2,1) ∪ · · · ∪Br(x2,k−1)(x2,k−1)

)
,

then we set

x2,k := y,

and we add the ball Br(x1,k)(x1,k) to F ′1. The algorithm terminates by the argument we have used in
the construction of F ′1.

• Definition of F ′2. When the process terminates we have the subcollection F ′2 ⊂ F2 of balls

F ′2 =
{
Br(x2,1)(x2,1), . . . , Br(x2,N2

)(x2,N2
)
}
,

with the following properties:

(1) the balls Br(x2,j)(x2,j), j = 1, . . . , N2, cover A2;

(2) M2/2 < r(x2,j) ≤M2 ≤M1/2 for all j = 1, . . . , N2;

(3) the balls BM2/2(x1,j), j = 1, . . . , N2 are mutually disjoint.

Construction of F ′k. Suppose that we have constructed the families

F ′j for j = 1, . . . , k − 1,

where:
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each F ′j consists of Nj balls

F ′j =
{
Br(xj,1)(xj,1), . . . , Br(xj,Nj

)(xj,Nj )
}
,

• with centers

xj,1, xj,2, . . . , xj,Nj
,

all lying in the set

Ãj := A \

j−1⋃
i=1

⋃
B∈F ′i

B

 ,

• and radii

Mj

2
< r(xj,1) ≤Mj , . . . ,

Mj

2
< r(xj,Nj ) ≤Mj ,

where Mj is given by

Mj := sup
{
r(x) : x ∈ Ãj

}
.

Furthermore,

• the balls in F ′j cover the set

Aj :=
{
x ∈ Ãj :

Mj

2
< r(x) ≤Mj

}
.

Then, we construct F ′k as follows:

• We first define the set

Ãk := A \

k−1⋃
i=1

⋃
B∈F ′i

B

 ,

in which we have eliminated all the points in A lying in one of the previously selected balls.

• If Ãk 6= ∅, then we compute

Mk := sup
{
r(x) : x ∈ Ãk

}
,

• and we consider the set of centers (which is non-empty thanks to the definition of Mk)

Ak :=
{
x ∈ Ãk :

Mk

2
< r(x) ≤Mk

}
,

and we define the corresponding collection of balls Fk as

Fk :=
{
Br(x)(x) ∈ F : x ∈ Ak

}
.

• Finally we construct the subcollection F ′k of Fk as follows:

– Initialization. We pick any ball Br(xk,1)(xk,1) ∈ Fk and we add it to F ′k.

– Selection algorithm. Suppose that we have picked balls

Br(xk,1)(xk,1), . . . , Br(xk,`−1)(xk,`−1) ∈ F ′k.
If there is a point y ∈ Ak that does not belong to any of these balls,

y ∈ Ak \
(
Br(xk,1)(xk,1) ∪ · · · ∪Br(xk,`−1)(xk,`−1)

)
,

then we set
xk,` := y,

and we add the ball Br(xk,`)(xk,`) := Br(y)(y) to F ′k.

– The algorithm terminates. We notice that the algorithm terminates after a finite number of
steps thanks to the same argument we have used in the construction of F ′1.
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– Definition of F ′k. When the process terminates we have a finite subcollection F ′k of F2 of balls

F ′k =
{
Br(xk,1)(xk,1), . . . , Br(xk,Nk

)(xk,Nk
)
}
,

with the following properties:

– Main properties of F ′k:

(1) the balls Br(xk,j)(x2,j), j = 1, . . . , Nk, cover Ak;

(2) Mk/2 < r(xk,j) ≤Mk for all j = 1, . . . , Nk;

(3) the balls BMk/2(xk,j), j = 1, . . . , Nk are mutually disjoint.

In the next three lemmas we do not require that the procedure has terminated,
but only that we have already constructed n families following the procedure described above.

Lemma 4 (Any collection of balls, each belonging to a different family, is sparse). Suppose that we have
constructed the families

F ′1, . . . ,F ′n
following the procedure described above. Consider two indices

1 ≤ j < k ≤ n,

and two balls

Br(xj)(xj) ∈ F
′
j and Br(xk)(xk) ∈ F ′k.

Then:

(1) r(xk) < r(xj);

(2) xk /∈ Br(xj)(xj);

(3) xj /∈ Br(xk)(xk).

Dimostrazione. The first two claims follow directly from the construction of F ′k, while the last claim follows
from (1) and (2). �

Lemma 5 (Counting balls in different families). Suppose that we have constructed the families

F ′1, . . . ,F ′n
following the procedure described above. If there are k ≤ n distinct indices

1 ≤ j1 < j2 < · · · < jk ≤ n,

corresponding to k balls

Br(xj1
)(xj1) ∈ F ′j1 , . . . , Br(xjk

)(xjk) ∈ F ′jk
all containing the same point x ∈ Rd,

x ∈ Br(xj1 )
(xj1) ∩ · · · ∩Br(xjk

)(xjk),

then k ≤ Cd, where Cd is the dimensional constant from Lemma ??.

Dimostrazione. This follows immediately from to the previous Lemma 4 and Lemma ??. �

Lemma 6 (Counting balls in the same family). Suppose that we have constructed the families

F ′1, . . . ,F ′n
following the procedure described above. Let Nn be the number of balls in the collection F ′n. If there are k ≤ Nn

distinct indices

1 ≤ j1 < j2 < · · · < jk ≤ Nn,

corresponding to n balls

Br(xj1
)(xj1) , . . . , Br(xjk

)(xjk) ∈ F ′n
all containing the same point x ∈ Rd,

x ∈ Br(xj1
)(xj1) ∩ · · · ∩Br(xjk

)(xjk),

then n ≤ Cd, where Cd is a dimensional constant.
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Dimostrazione. We recall that all the radii r(xj1), . . . , r(xjk) satisfy the inequalities

Mn

2
< r(xj1) ≤Mn , . . . ,

Mn

2
< r(xjk) ≤Mn .

In particular, since we have a point x ∈ Rd contained in all balls, we get that

BMn/2(xj1), . . . , BMn/2(xjk)

are all contained in the ball B2Mn
(x). On the other hand, we know that these balls are disjoint, so we get

kωd(Mn/2)d = |BMn/2(xj1)|+ · · ·+ |BMn/2(xjk)| ≤ |B2Mn
(x)| = ωd(2Mn)d,

which implies that k ≤ 4d. �

We now continue with the proof of Part 1 of the Besicovitch’s theorem.

If for some N ≥ 1 we have that

A \

 N⋃
i=1

⋃
B∈F ′i

B

 = ∅,

then the procedure stops and we consider the collection of balls

F ′ := F ′1 ∪ F ′2 ∪ · · · ∪ F ′N .
In this case, we have that F ′ covers A. Suppose that the procedure described above does not terminate. Then,
we have a sequence of collections

F ′n, n ∈ N,
and we set

F ′ :=

+∞⋃
n=1

F ′n.

Suppose that
x /∈ F ′1 ∪ · · · ∪ F ′N .

Then,

r(x) /∈
N⋃
j=1

(
Mj

2
,Mj

]
,

which implies that

r(x) ≤ MN

2
.

Since MN is arbitrary, we get that
r(x) ≤ lim

N→+∞
MN = 0,

which is a contradiction. This implies that F ′ covers A.

It remains to observe that there is a dimensional constant P (d) such that each point x ∈ Rd lies in at most
P (d) balls of F ′. Indeed, this is an immediate consequence of Lemma 5 and Lemma 6. This concludes the proof
of Part 1.

Proof of Part 2 of Theorem 1. Given the collection of balls F ′ constructed in Part 1, we notice that:

• F ′ contains a finite or a countable number of balls;
• we can order the balls in F ′ in a sequence

F ′ :=
{
Brj (xj) : j ∈ N

}
,

in such a way that
rj ≤ rk whenever j ≥ k.

We next divide F ′ into subcollections F ′′1 , . . . ,F ′′N of disjoint balls through the following algorithm.

Initialization. We create the family F ′′1 and we set Br1(x1) to be the first element of F ′′1 .

Iteration. Suppose that we have divided the balls

Br1(x1), Br2(x2), . . . , Brk−1
(xk−1),

into families F ′′1 , . . . ,F ′′n of disjoint balls. Consider the ball Brk(xk). We add Brk(xk) to
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the first collection F ′′i , i = 1, . . . , n, for which Brk(xk) is disjoint from all balls in F ′′i .

If there is not such a collection we create a new collection F ′′n . We proceed this way until all the balls in F ′

Br1(x1), Br2(x2), . . . , Brk(xk), . . .

are divided into (a priori countably many) families of disjoint balls.

Bound on the number of subcollections. Suppose that we have created N distinct collections F ′′1 , . . . ,F ′′N
by following the above procedure. We will show that

N ≤ Q(d).

Let the ball BrkN
(xkN

) be the first element of the collection F ′′N . Then, by construction, there are balls

Brk1
(xk1

) ∈ F ′′1 , . . . , BrkN−1
(xkN−1

) ∈ F ′′N−1,

such that:

(a) the balls Brki
(xki), i = 1, . . . , N − 1, have been selected before the ball BrkN

(xkN
), so in particular we

have
rki
≥ rkN

for every i = 1, . . . , N − 1;

(b) Brki
(xki

) ∩BrkN
(xkN

) 6= ∅ for every i = 1, . . . , N − 1.

Consider the ball B2rkN
(xkN

). Thanks to the points (a) and (b) above, for each i = 1, . . . , N − 1, we can find
a closed ball Bi of radius rkN

such that;

Bi ⊂ Brki
(xki) ∩B2rkN

(xkN
).

We notice that

(N − 1)ωd2−d(rkN
)d =

N−1∑
i=1

|Bi|

=

∫
B2rkN

(xkN
)

N−1∑
i=1

χBi

≤
∫
B2rkN

(xkN
)

N−1∑
i=1

χBrki
(xki

)

≤ P (d)|B2rkN
(xkN

)| = P (d)ωd2d(rkN
)d.

Thus, simplifying the term ωd(rkN
)d, we get

N − 1 ≤ 4dP (d),

which concludes the proof of part 2 of Theorem 1 in the general case. �


