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Sobolev functions and smooth change of coordinates

Teorema 1. Let Q and Q be two open sets in R%. Let

= (Py,...,Dy): Q2> Q
be a map of class C' on Q with inverse

U= (Ty,...,0,): Q> Q

of class Ct on Q. Assume moreover that

d
sup { Z|8 O(z } + sup { Z |8J\I/(y)|} < +-o00.
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Let p € (1,400). Then, the following holds:
(i) if Q,Q are open sets and if u € WP (Q), then uo ® € WP (Q);
(ii) if Q and Q are bounded open sets, and if Q is of class C*,
then for every u € WP (Q) we have uo ® € WLP(Q).
Moreover, in both cases we have the formula
V(uo®):= J®[Vu(®)] Lebesgue almost-everywhere on €,

where we recall the notation
O1u 01®1 ... 01Dy
(1) Vu:=| : and JP =
dqu 0g®1 ... 044

Osservazione 2. We recall that for a generic matriz
aip ... aiq
A=
ady .- QAdd

we use the notation
d d
1A]3 := ZZa?y
i=1 j=1
and we have that

|Av| < || All2|v|  for all v € RY,

where |v| is the usual euclidean norm of the vector v € R%.

Proof of Theorem 1. We first notice that if u € C2°(Q), then uo ® € C}(Q) and we have the usual chain
rule for smooth functions

V(uo®)(z) = J®(z)[Vu(P(z))] forall =z €.
We first prove (i). Let u € Wy **(Q). By the definition of Wy ?(Q2), there is a sequence u,, of functions in C2°(€2)
that converges to u strongly in VVO1 P (Q) and pointwise almost-everywhere in Q. Using again the change of
variables y = ®(z), we have

[ 1 (8() = (@@) P o = [ o) = ()P | det(DE )]
for all m,n € N. As a consequence, (uy o ®),>1 is a Cauchy sequence in L”(2), so it converges to some function
v € LP(Q). Now since u,, o ® converges pointwise almost-everywhere in Q to u o ®, we have that v o ® = v, so
Upo® > wuod strongly in LP(Q).

In order to prove the convergence of the gradients of u,, o @, we proceed analogously.
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Indeed, applying the estimate from Remark 2 to the d x d matrices A = J®(z) for x € 2 we have

Q|J@(arx)Vun(<I>(373))—J<I>(913)Vum( (z ))\pdx<bup [|J®(x ||p/ |V, (P — YVt (®(x))|P dx
= sup [78(@) [ | V100 (3) = T ()] det(T9(0)

< sup [[J®(z)||5 sup |det(JP(y |/ |V, — Vug|?,
zEN y€Q

where we recall that ¥ : Q — Q is the inverse of ®. Now, by the choice of the sequence u,, we have that

Ojun, — Oju  strongly in LP(9),
for all j = 1,...,d. Thus, (J<I>Vun(<1>))n>1 is a Cauchy sequence in LP(2;R%). Since we have the pointwise
convergence J®(z)[Vu, (®(x))] = J®(x)[Vu(P®(z))] for almost-every = € 2, we get that J®[Vu, (P)] converges
strongly to J®[Vu(®)] in LP(€;R?). Thus, uo® is in W, *(€2) and the weak gradient V(uo®) can be computed

via the chain rule formula
V(uo ®) = JO[Vu(P)].

We next prove claim (ii). Let u € W'P(£2). Since, by hypothesis,  is a bounded open set with C-regular
boundary, we have that there is a sequence u,, of functions in C*'(Q) that converges to u strongly in WP(£).
By extracting a subsequence, we can suppose that

un(y) — U’(y) and 8jun (y) — 8ju(y)a

for Lebesgue almost-every y € Q and every j = 1,...,d. The rest of the proof is identical to the proof of (i).
First, using the change of variables y = ®(z), we have

/ i (B(2)) — 1 (D)) P i = / i (y) — () | det(DT ()] dy,
Q Q

for all m,n € N. This implies that (u,, 0®),>1 is a Cauchy sequence in L”(Q2), which together with the pointwise
almost-everywhere convergence of u, o ® to u o ® gives that

upo® = uod strongly in LP(Q).
For the strong convergence of the gradients we use again the estimate

/ T2 Vitn (B(2)) — JB(2) Vi (B(2)) ] dir < sup | JB()][3 sup| det(JU(y) / Vit — Vg 7.
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Now, the strong L?(€; R%) convergence of Vu,, to Vu implies that J®[Vu, (®)] is a Cauchy sequence in LP(€2; R?,
while from the pointwise convergence J®(x)[Vu,(®(z))] — JP(z)[Vu(®(x))] for almost-every x € 2, we get
that J®[Vu, (®)] converges strongly in LP(Q;R?) to J®[Vu(®)] in LP(Q;R?). Thus, we get that u o ® is in
WLP(Q) and the weak gradient V(u o ®) can be computed via the chain rule formula (1). O



