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The p-capacity in R?

DEFINITION

Definition 1 (p-capacity in R%.). Let p € [1,+00) and d > 1. For every set A C R%, we define the p-capacity
of A in R? as follows:

cap,(A) = inf { /d |VulPdz = we WYP(RY), w>1 almost-everywhere in a neighborhood of A}.
R

Remark 2. We notice that the quantity capp(A) above is defined for any set A C R%. In particular, A can be
taken unbounded or not Lebesque measurable.

Proposition 3. Letp € [1,4+00) and d > 1.
(i) The p-capacity of any set A C RY can be computed as follows

cap,(A) = inf {/ |VulPdz : uwe WHP(RY), 0<u<1 on RY uw=1 a.e. in aneighborhood of A};
Rd
(ii) For any open set A C R? we have
cap,(A) = inf{/ |VulPdr : we WHP(RY), 0<u<1 on RY u=1 on A}.
Rd

Proof. In order to prove claim (i), we recall that, for every u € W1P(R%), we have 0V u A1 € WLP(R?) and

/ IVOVuAPde = / |Vul? de < / [VulP de.
Rd {o<u<1} R4

Claim (ii) is a direct consequence of claim (i). O

Lemma 4 (Monotonicity with respect to inclusion). Let p € [1,4+00) and d > 1. Suppose that Ay and As are
two subsets of R%. If Ay C Ao, then cap, (A1) < cap,(Az).

Proof. This follows immediately from the definition of cap,(A;) and cap,(Az). O
Corollary 5. Letp € [1,+00) and d > 1. If A is a bounded subset of R?, then cap,(A) < +oc.

Proof. Let Bg be a ball containing A and let ¢ : R* — R be a smooth function with bounded support in R?
such that ¢z = 1 on RY. By definition,

cap,(Br) < /d |Vor|P dx.
R
On the other hand, by the monotoniciy of the capacity,

cap,(A) < cap,(Br),

which proves the claim. O

THE CASE p > d.

In this section we show that, when p > d, the p-capacity is trivial in R, that is, the p-capacity of every set
in R% is 0 or +00. We will also show that all the bounded sets in R? have zero p-capacity. We start with the
following lemma.

Lemma 6. Let d > 2 and p € (1,4+00). For every 0 <r < R < +o0, there is a function ¢ : R? — R such that
o ¢ € WP (Bg);
e 0<p<1 on RY;
e o=1on B,;

and such that

p=d p—d
/ Vel do = Rr=t =
R4 1

dwa (In R —Inr)d-1
1

p—d p=l
dwg <p_1d> if p#d;

if p=d.



Proof. Consider the continuous function ¢ : (0,4+00) — R defined by
o(t)=1 for te(0,r),
¢(t) =0 for te (R, +00),
ot (=¢'(t))P"1) =0 for te (rR).
One can easily integrate the last identity getting that ¢’ is of the form
—¢/(1) = et~ T,
for some constant c¢. We will next integrate again in t. We consider two cases.
Case 1. p # d. When p # d, ¢ is of the form
o(t) = at' "1 + b,

for some real constants a and b. Now, the boundary conditions

1—d=1 1_d=1
ar 71T +b=1 and aR 7?1 +b=0

imply
d—1 d—1
a(r = R ) =1
so that
! d b R
a = an = —
Pl=5=1 — RI-%=1 =
Now, we compute
/ L- g%i _d=t1
¢(t): 1—4d=1 1_ﬁt Pt
rTp—1 — p—1
and setting
o(x) = ¢(|z|)
we get
R
/ |Vp|P de = dwd/ t4= ¢ (1) [P dt
R4 r
1_ d=1 PR B
= dwg | —— P21 / 14=14=P5=T gt
plmr 1 — RV S
1 d=1 P R
— P
= dws | —=— / $d=D0=75) g
e — Rl=%=1| J»
1 _d=1 PR _d-1
—1 _d-1 —1
= dwqg 1_d—1 . 1_d—1 / t et dt = dwq 1_d—1 - 1_d—1
v p=1 — R p-l r r 1 — R
Case 2. p = d. Integrating in t, we get that ¢ is of the form
o(t) =alnt 40,
for some real constants a and b. Now, the boundary conditions
alnr+b=1 and alnR+b=0
imply
a(lnr — lnR) =1
so that ) W R
n
= d b=
mR—Inr mR—Inr
Now, we compute
1 1
/
t) = -
'(®) InR—1Inrt

and setting

p—1



we get

R
/|V<p|ddx:dwd/ 41! (¢)| dt
Rd'

T

1 Rdl d
:dwdi(lnR—lnr)d/rt t=dt

1 R dwd
=dwg e | tTrdt= O
wd (InR—1nr)d /T (InR —Inr)d-1

Proposition 7 (The bounded sets have zero capacity, when p > d). Let d > 2 and p > d.
Then, for every bounded set A C R%, we have that cap,(A) = 0.

Proof. Since A is bounded, we get that
AC B,

for some ball B, ¢ R?. The monotonicity of cap,, implies that
cap, (A) < cap, (B,),

so it is sufficient to prove that cap,(B,) = 0. In order to do so, for every R > r consider the function ¢r given
by Lemma 6. Then,
p=d Pt
Pld) if p>d

dwd < =d —

Capp(Br) S/ |V(p|p dx = Rr—1 — pp—1
R4 1

(InR —1Inr)d-1

In both cases, by sending R — +o00, we get that cap,(B,) = 0. O

dwq if p=d.

Proposition 8 (The unbounded sets have infinite capacity, when p > d). Let d > 2 and p > d.
Let A C R? be an unbounded set in R?. Then, there are no functions u € WP (R?) such that u =1 on A.
In particular, cap,(A) = +o00.
Proof. Let A be an unbounded set. Then, there is a sequence of points a,, € A such that

lan, —am| >2 forall n>m>1.
Thanks to the Morrey’s Lemma, we have that if u € W1P(R%), then u is continuous and

u(z) —u(y)| < Clo —y|*,

where C' is a constant depending only on d, p, and the norm ||Vu||pr(ray. In particular, since u(a,) = 1, we can
find a radius p € (0,1) such that

u > on B,(ay).

N =

Since the balls B,(a,) are mutually disjoint, this is a contradiction with the fact that u € LP(R?). O

Corollary 9 (The capacity of a set when p > d). Let p > d > 2. Then, for every set A C R? we have:

0 if A is bounded,
capp(A) = { !

+oo if A is unbounded.
Proposition 10 (The capacity of a set when p = d). Let p=d > 2. Then, for every set A C R? we have:
cap,(4) =0 or cap,(4) = +oo.
Proof. For every integer n > 1, consider the ball B,, of radius n and center the origin. Since cap,(B,) =0 we
can select a function ¢,, € W14 (R9) such that
0<¢,<1 on R%

¢on=1 on B,,
and

1
/ Ve, |?de < —.
R4 n

Let now A C R? be any set. If
capy(A) < 400,
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then there is a function v € W14(R%) such that
0<u<1l on Rd,
and
u =1 in a neighborhood of A.
Consider the sequence of functions
Uy = UV P
Then, u,, € W14(R%) and
Vu,|* = [V(uV¢,)|=0 on B,,
Vug|? = [V(uV én)|? < [Vul? +[V,|? on RY\ B,
Thus,

1
/ |Vun|ddx§/ \v¢n|dda:+/ |Vu|? de < f+/ |Vu|? da.
R4 R4 R\ B n RI\ B,

n

Now since u,, = 1 in a neighborhood of A we get
1 d
capy(A4) < = + |Vul® dz.
n R4\ B,,

Since n is arbitrary, passing to the limit as n — 400, we get that cap,(A4) = 0. O

THE CASE p < d. AN ALTERNATIVE DEFINITION OF THE p-CAPACITY

In this section we will focus on the case p < d. We will prove the following proposition.
Proposition 11 (An equivalent definition of the p-capacity). Let d > 2 and p € (1,d).
For any set A C R?, the p-capacity of A is given by
cap,(A) = inf {/ |VulPdz : uwe WHP(RY), 0<u<1 on RY uw=1 a.e in a neighborhood of A},
R4

where by WP (R%) we denote the closure of C°(R®) with respect to the norm
HUHWLP(Rd) = ”VUHLP(Rd) + [lull Le- (R4

where as usual
_ pd
Py = i

Remark 12. We notice that the Gagliardo-Nirenberg-Sobolev inequality guarantees that every function u €
WLP(RY) lies in LP+(RY). Thus, WHP(RY) is contained in WP(R?) and so, we immediately obtain the inequality

cap,(A) > inf {/ |VulPdz : uwe WHP(RY), 0<u<1 on RY uw=1 a.e. in a neighborhood of A}.
Rd
Thus, in order to prove Proposition 11, we only need to show that the following inequality does hold:

(1) cap,(A) < inf {/ |VulPdz : we WHP(RY), 0<u<1 on RY uw=1 a.e. in a neighborhood of A}.
R

In order to prove the inequality (1), we will take a function u € Wwte (R?) and we will approximate it with
functions in W1P(R%). There are two different ways to do this: via "horizontal” truncations and via ”vertical”
truncations. The horizontal truncations are simply obtained by multiplying v with standard cut-off functions;
they are easy to handle but they only work when the set A is bounded. The vertical truncations on the other
hand are obtained by cutting u along its level sets; this argument works also for unbounded sets A. For the
sake of completeness we present here both strategies.
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Proof of Proposition 11 for bounded sets. As observed above we only need to prove the inequality (?7).
Consider a function u € WHP(R%). For every R > 0 consider the function pr(z) = p(z/R), where p € C°(Bs)
is a fixed function such that ¢ = 1 on B;. Then, ¢g is supported in Boi and equals 1 on Bg. We next compute
[Vu — V(upr)|lLr ey = [(1 — pr)VU + uVeR| Ls(ra)
< (1= or)Vull Lo gy + [uVer| Lo ra
<A = er)VullLee) + VR Lo el Lo @)

Vol oo (ra
=10 = @ R) Vall oty + 2 |l 1y
Vel Los ra
< 1 Vull sy + 5l o ray.
For R — 400, we have that
IVu = V(upr)| s ey — 0,
SO
/ VP de = tim | |V(ugr)] de.
Rd R—+o00 Jpd

This implies that

inf{/ \VulPdr : we WHP(RY), 0<u <1 on RY u=1 ae. in a neighborhood of A}
Rd
= inf {/ |VulPdz : uwe WHP(RY), 0<u <1 on R uw=1 ae. in a neighborhood of A,
Rd

u = 0 outside some ball Br containing A}.

But now, since p, > p, any function u € Wl’p(Rd), which is constantly zero outside some ball Bg, lies in
WhP(R?). Thus, we get the opposite inequality

cap,(A) < inf {/ |VulPdz = uwe WHP(RY), 0<u <1 on RY uw=1 ae. in a neighborhood of A},
R

which concludes the proof. O

Proof of Proposition 11 for general sets. Thanks to Remark 12, we only need to prove the inequality (1).
Consider a function u € W1P(RY) such that

0<u<1on R? and u =1 a.e. in a neighborhood of A.

For every t € (0,1), we define
1

ui(@) = T (ulz) — )1

Then
0<u; <1 omn Rd,

and
uy =1 ontheset {u=1}.
Moreover, since
{us > 0} = {u > t},
and
[{u >t} < L/ uP* dr < 400,
P+ JRa
we get that
uy € LP(R?),
so that u; € WHP(R?). Finally, we have

1
/ |Vue|P do = 7/ |VulP de,
R4 (1 - t)p {u>t}

so taking the limit as ¢t — 17, we get

lim [V |P de = / [VulP do = / [Vul? dz.
R {u>0} R4

t——+oo



This gives the inequality
/ |[Vul? dz < inf {/ \VolPde : ve WHP(RY), 0<v <1 on R% v=1 ae. in a neighborhood of A},
Re R

which after taking the infimum over wu, concludes the proof of (1) and of Proposition 11 for general sets A C
R O

THE CASE p < d. MEASURE AND CAPACITY

Proposition 13. For every d > 2 and p € [1,d), there is a constant C = C(d,p) > 0 such that
|A|d;dy < C(d,p)cap,(A) for every set A C RY,

where
_ _bd
Dy 1= i

Proof. Thanks to the Gagliardo-Nirenberg-Sobolev inequality, there is a constant C = C(d, p) > 0 such that

d—p
d
</ | )P dx) < C/ |Vul|P de,
Rd R4

for every u € W1?(R9). In particular, if u > 1 almost-everywhere on A, then
A% < c/ VP da.
Rd

Taking the infimum over all u € WP(R%) such that v > 1 on a neighborhood of A, we get the claim. O

THE CASE p < d. THE p-CAPACITY ALONG MONOTONE SEQUENCES
In this section we will prove the following proposition

Proposition 14. Let d > 2 and p € (1,d). Let (A,)n>1 be an increasing sequence of sets in R? and let
+00
A= A,
n=1
Then,

capp(4) = lm cap,(An) = s cap,(An).
Proof. Since A, is an increasing sequence the equality
lim cap,,(4,) = sup {cap,(4,)},

holds true. Moreover, since A contains A,, for every n, we have
cap,(A) > cap,(A4,) forall n>1,
so we get
> i .
capy(4) 2 lim cap,(An)
In particular, we only need to prove the opposite inequality
< 1
capp(4) < lm cap,(An).
in the case
sup {capp(An)} < +00.
n>1
In what follows we fix some arbitrary € > 0. We aim to show that

cap,(4) < ngrfoo cap,(A,) +¢.

Since, for each n, the set A,, has finite capacity, we can find a function w,, such that:



o u, € WHP(R?),
° Ogungloan;
e u, =1 on an open set (2, containing A,;

and

(2) cap,(Ay) < /

, |Vun|P de < cap,(An) + £
R

on
We next define the sequence of functions
hp i=ui Vus V-V uy,.

Since the functions h,, can be obtained inductively as

hi=w; and h, =h,_1Vu, foral n>2,
we get that, for all n > 2,
hn, € WEP(RY);
0<h,<1lon Rd;

hnfl S hn;
h,, = 1 on the union of open sets Q; UQo U---UQ,.

Moreover, since we have the formula

/ |V(un\/hn,1)|pd:t—|—/ |V(un/\hn,1)|pd:ﬁ:/ |Vun|pdx+/ |Vhn_1|P dz,
Rd Rd Rd Rd

and since
n—1
Uy Ahp_1>1 on the open set £, N (U Qk> ,

k=1
which contains A,,_1, we get that

/ IV (ttn V o) [P i+ cap, (A1) :/ |Vun|pd:c+/ V[P da,
Rd Rd Rd

which combined with the inequality (2) gives

/ |Vhn|P dx + cap,(An—1) < cap,(4n) + % +/ |Vhn_1|P dz,
R4 2 R4

for every n > 2. Now, summing up these inequalities, together with
€
/ |Vhi|P dx < cap, (A1) + 5,
Rd 2
we get that

n
—k
/]Rd |Vhn|P de < cap,(An) + sz 27" < cap,(An) +¢.
k=1
In particular, the sequence h,, is monotone increasing and bounded in LP+(R¢). By the monotone convergence
theorem, h,, converges to the function
h(x) := sup hy (2),

n>1
strongly in LP-(R). By construction, we have that
e 0<h<l1lon ]Rd;
e h =1 on the union of the open set ) := U Q,,, which clearly contains A.
n>1
Moreover, since we have a uniform bound on the LP norm of the gradients

/ |Vhn|P dz < e + sup {cap,(An)},
Rd n>1

we have that h € Wl*p(Rd) and that Vh, converges weakly in LP to Vh. By the semicontinuity of the norm of
the gradient with respect to the weak convergence, we get

/ |[Vh|Pdx < liminf/ [Vhn|P dz < e 4 sup {cap,(An)} .
R4 n—-+oo R4 n>1



Now, since the p-capacity is given by the formula
cap,(A) = inf {/ |VolPde : ve W' (R?Y), 0<v<1onR? v=1 ae. in a neighborhood of A},
Rd

we get that

capy(A) < e+ sup {cap,(4n)},

which concludes the proof. 0

Remark 15. We notice that Proposition 1/ is false when p > d. Indeed, if we pick any set A C R? such that
cap,(A) = +oo (for instance, one can simply choose A =R?), then

lim cap,(AN B,) =0 +00 = cap,(A).

n—-+oo

THE CASE p < d. OUTER MEASURE PROPERTY
From this proposition, we immediately obtain

Proposition 16 (o-subadditivity of cap,). Let p € [1,4+00) and d > 1. Suppose that (An)n>1 is a sequence of
sets in R® and let A =U,A,. Then,

+oo
cap,(A) < Z cap,,(Ay).
n=1

Proof of Proposition 16. Consider the sequence of sets
n
A= A
k=1
Thanks to the subadditivity of the capacity we have
n
cap,(A,) < 3 cap, (Ax).

k=1

Now, since En is an increasing sequence and since
0 ~
A= U Ana
n=1
so thanks to Proposition 14, we can take the limit on the left-hand side obtaining

+oo
cap,(4) = lm_cap,(4,) < Y cap, (4,):
n=1

O

Remark 17. We notice that also Proposition 16 is false when p > d. As in Remark 15, we take any set A for
which there are no functions u € WYP(R?) such that u =1 on A (for instance, one may take A to be a set of
infinite Lebesgue measure). Then, by the definition of the p-capacity,

cap,(4) = +oc.
On the other hand, for every ball By, of radius n, we have
cap,(AN B,) < cap,(B,) = 0.
Thus, taking A, = AN B,, we get

+o0o
Z cap,(A,) = 0 # +oo = cap,(A).
n=1



SCALING7 TRANSLATIONS AND ROTATIONS

In this section we show how the capacity of a set A behaves with respect to isometries (translations and
rotations) and with respect to homotheties. Both properties are an immediate consequence of the definition of
the p-capacity. We give the detailed proofs for the sake of completeness.

Lemma 18. Let d > 2 and p € (1,+00). Then, for any set A C R¢ and any real number t > 0, we have
cap,(tA) = td=p cap,(A).
Proof. We will show that
(3) cap,(tA) < td=p cap,(A).
Indeed, suppose that cap,(A4) < +o0o. Then, for any ¢ > 0, there is a function u € WP(R?) such that
0<u<1l on Rd,

u = 1 on an open set () containing A, and

cap,(4) < /

, |Vu|P dx < cap,(A) +¢.
R

Consider the function
ug(x) = u(z/t).
Then, 0 < u; < 1 on R? u; =1 on the open set tQ (which clearly contains tA4), and

p
/ Vg ()P dae = / dz = 47 / IVul” (y) dygtd*p(capp(A)Jrs).
R4 Rd Rd

Since ¢ is arbitrary, we get precisely (3).
Finally, applying (3) to tA and 1/t, we get

ca,(A) = cap, (1<tA>) < <1) cap, (1),

which gives the opposite inequality

%Vu(x/t)

td-p cap,(4) < cap,(t4),
and concludes the proof. O

Lemma 19. Letd > 2 and p € (1,+00). Let ® : R? — R? be an isometric one-to-one map from R? into itself.
Then, for any set A C R? we have

cap, (D(A)) = cap, (A).

Proof. Since the inverse of ® is also an isometry, it is sufficient to show that

(4) cap,(®(A)) < cap,(4).

Indeed, suppose that cap,(A4) < +o0o. Then, for any ¢ > 0, there is a function u € WP (R?) such that
0<u<1l on RY

u =1 on an open set {) containing A, and

cap,, (4) < /

, |Vu|P de < cap,(A) + €.
R

Consider the function

w(z) = u(® ().
Then, 0 < w < 1 on R and w = 1 on the open set ®(Q) (which clearly contains ®(A)). Moreover, since for
each x € R?, the linear map J®(z) : R — R? is also an isometry, we get that

/Rd V(@) de = /R |78 (2)[Vu(@ ()] dx:/Rd Vu(@ " (2))|” | det JB~ (J:)|d1::/Rd V(@) de.

Since w is an admissible competitor in the definition of the p-capacity of ®(A), we get that

cap,(®(4)) < /Rd |[Vw|P dz = /]Rd |Vu(z)[” dz < cap,(A) +¢.

Finally, since € is arbitrary, we get precisely (4). O



10

THE CASE p < d. THE CAPACITY OF A POINT IN R%, d > 2.

Proposition 20. Let d > 2 and p € (1,d). Then,
cap,({zo}) =0 for every point xq € R4,

Proof. Thanks to the translation invariance of the capacity, it is sufficient to prove the claim in the case o = 0.
Using the monotonicity and the scaling of the capacity we have

cap,({0}) < cap,(B,) = rd=p cap,(B1) forall r>0.
Taking the limit as r — 0, we get the claim. d

Corollary 21. Letd > 2 and p € (1,d). Then,
cap,(4) = 0,
for every set A composed of at most countably many points.

Proof. Suppose that A = {x,,}n>1. Then, thanks to Proposition 16 and Proposition 20, we get

+oo
cap,(A) <Y cap,({zn}) =0.



