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Relative p-capacity

This section is dedicated to the p-capacity of a bounded set in A C R? with respect to an open set
containing A; we notice that this notion of relative capacity (usually indicated by cap,(4,9)) can be defined
for every p > 1. We are mainly interested in the case p € (1,d] in which the relative capacity allows to define a
non-trivial family of sets of zero capacity in R%. Precisely, we will say that a set A C R? has null capacity if

(1) cap, (AN By.(2); Bar(2)) =0 for all balls  B,.(z) C RY.

We notice that the relative capacity will turn out to be a more suitable tool for defining sets of null capacity.
Indeed, we will show that in the subcritical case p < d, we have

“A has null capacity” <« cap,(4) =0,

so this definition is consistent with the classical definition of sets of null capacity in R?, which is discussed in
detail in the book by Evans and Gariepy. On the other hand, in the critical case p = d > 2, all bounded sets
A C R? are such that cap,(A) = 0, while definition (1) produces a non-trivial class of sets of null capacity and
a theory that allows to treat all cases p € (1,d] at once.

DEFINITION
We recall that the following notation:

given a set A C R? and an open set ) C R4,
we say that A € Q if the closure A is a compact set contained in €.

The definition of relative p-capacity is the following.

Definition 1 (Relative p-capacity). Let d > 2, p € [1,+00), and let Q be a bounded open set in R?.
For every set A € ), we define the p-capacity of A relative to Q as

cap,,(A; () = inf { / \VulPdz : uweWyP(Q), u>1 almost-everywhere in a neighborhood of A}.
Q

Proposition 2 (Equivalent definitions of the relative p-capacity). Let p € [1,400) and d > 2.
(i) The p-capacity of any set A € Q can be computed as follows

cap,(4; Q) = inf {/ |[VulPde : ue Wol’p(Q), 0<u<1on Q u=1 a.e. in a neighborhood ofA};
Q
(ii) For any open set A such that A €  we have

capp(A;Q):inf{/ \VulPdz : we WyP(Q), 0<u<1 on RY u=1 onA}.
Q

Proof. For every u € Wy (), we have that 0V u A1 € W, () and that its weak gradient is given by
VOVuAnl) = X{0<u<1}vuv

/ |V(0Vu/\1)|pdx:/ |Vu\pdx§/ |Vul? dz.
Q {0<u<1} Q

This gives immediately (i); (ii) follows from (i) since any open set A is an open neighborhood of itself. O

so that

MONOTONICITY WITH RESPECT TO THE INCLUSION

Proposition 3 (Monotonicity with respect to the inclusion). Let p € [1,400) and d > 2. Let Q be a bounded
open set in R, Suppose that Ay € Q and Ay € Q. If Ay C Ay, then cap,(A1;2) < cap,(A2;Q).

Proof. This follows immediately from the definition of cap,(A;;) and cap,(Az2; ). O



SUBADDITIVITY OF THE RELATIVE CAPACITY

Proposition 4 (Subadditivity of the relative capacity). Let p € [1,4+00) and d > 2. Let Q be a bounded open
set in R, Then, for all sets Ay € Q and Ay € Q, we have

cap, (A1 U A3; Q) < cap,(A1; Q) + cap,(A42; Q).
Proof. Consider two functions uy, us € Wol’p(Q) such that, for j = 1,2,
u; > 1 in a neighborhood of A;.
Then, u; V uy € WyP(Q) and

u1 Vug > 1 in a neighborhood of A; U As.

Moreover, we have the estimate
capp(AluAg;Q)S/ \V(ul\/uQ)V”de/|V(u1\/u2)|pdx+/ |V(u1/\U2)|pdx=/ |Vu1|pda:+/ Vs da.
Q Q Q Q Q

Taking the infimum over all functions u;, uy € Wy (Q) satisfying (??), we get the claim. O

CAPACITARY FUNCTIONS ON OPEN SETS

When A € Q are bounded open subsets of R and p € (1, 4+00), the relative p-capacity of A with respect to
1 is realized by a (unique) capacitary function ua o € WO1 (Q) which depends on A, Q and p, and is constantly
equal to 1 on the set A. We discuss the existence and the properties of u4 o in the

Proposition 5 (Existence and uniqueness). Let d > 2 and p € (1,400). Suppose that Q is a bounded open
set of R? and that A € Q is an open set. Then, there is a function ua.q € Wol’p(Q) that solves the variational
problem

min VulPdr : ue WHP(Q), u>1 ae su Ab.
{ |l ;
Q

Moreover,
o the minimizer ua o 1S unique;
e 0<us0<1onQ;

e cap(4;Q) :/ [Vuaolf de.
Q

Proposition 6 (Monotonicity with respect to A). Let d > 2 and p € (1,400). Suppose that  is a bounded
open set of R? and that A, € Q and Ay € Q are open sets such that Ay C Ay. Then,

Ua; 0 S UA,Q and / |VU/A27Q‘p dx Z/ ‘VUA17Q|:D dzx.
Q Q

Proposition 7 (Monotonicity with respect to ). Let d > 2 and p € (1,4+00). Suppose that Q1 C Qo are two
bounded open set of R and that A € Q is an open set. Then,

uUa0, S UAQ, and / |VUA’Q1‘p dx Z/ |V’U/A’Qz|p dz.
R4 R4

SMOOTH DEFORMATIONS AND CAPACITY

Let Q be an open set in R?. We recall that a map
d=(Dy,...,P4): Q = RY
is differentiable at a point x € Q if
O(xz+h) =P(x) + JO(x)[h] + o(|h]),

where J® is the Jacobian
81@1(%‘) [ 81@,1(.23)

Jo(z) = : - :
6dq)1($) e 6d(bd(l‘)



Moreover, we will say that ® is of class C'! if ® is differentiable at every point = € Q and if the functions

3i<I>j Q=R
are continuous for alli=1,...,dand j=1,...,d.
Finally, we recall that for any d x d matrix A = (a;;)i;, we denote by || A]|2 the norm
d d 6
. 2
| All2 == Zzaij
i=1 j=1

Proposition 8. Let d > 2 and p € [1,400). Let Q and Q be bounded open sets in R% and let
P:0—0Q

be a C' regular map with inverse W : Q- Q, which is also of class C* on Q. Suppose, moreover, that there is
a constant L < o0 such that

sup || J®(z)]|2 + sup || JU (y)]|2 < L.
xeQ) yeﬁ

Then, for every set A € ), we have that A= D(A) € Q and
capp(g; ﬁ) < L4+? cap,,(A; ).

Proof. Let u € Wol’p(Q) be such that 0 < u <1 on Q and v =1 on an open set U such that

AcCUcCq.
Consider the function
T:Q-R,  aly) =u((y)).
It is clear that 0 <uw <1 on Q and that
i=1 on U,

where U := ®(U) is an open set containing A. Moreover, we know that & € Wol’p(ﬁ) and that
L1y = [ vy

= [ 17w v

= -/Q |[JU(D(x))Vu(z)|P |det JO(z)| dx < Ld+2/Q |Vu(z)? de,
where we have used the change of variables y = ®(z), x = ¥(y). Since, by definition

cany (A:8) < [ Vi)l dy.
we get that
capp(g;ﬁ) < L4+2 /Q [Vu(z)? de.

Finally, taking the infimum with respect to u, we get the claim. O

SOME EXAMPLES IN R2

Proposition 9 (The capacity of a ball B, in Bg). Letp=d=2 and 0 <r < R < +00.
Let Q be the ball of radius R in R? and let A be the ball of radius r in R2.
Then, the relative 2-capacity of B, with respect to Bg is given by

27
CaPQ(BT; BR) = W
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Proof. Consider the function

1 when |z| < r;
(z) = 0 when |z| > R;
' 1
In(jzl/R) when r <|z| > R.
In(r/R)
Then, h is a Sobolev function, h € WO1 -2 (Br), with weak gradient given by
1 x

hz)=———5—~1—70 5 (2).
\% (SL’) hl(R/’I“) |x‘2XBR\BT(m)
Moreover, Ah = 0 in Bg \ B, which can be written as

/ Vh-Védr =0 forall ¢e C*®(Bg\ B,),
Br\B,

and by density, we get
/ Vh-Vedr =0 forall ¢eW,?(Bg\B,).
BR\ET

Consider now a function u € Wol’Q(BR) such that u = 1 on B,. Since B\ B, is a C! domain and since u—h = 0
on R?\ (BR \ET.), we get that uw — h € Wol’Q(BR \ B,), so we can use it in place of the test function ¢ above:

/ Vh-V(u—h)dz=0.
Br\B.,

Thus, writing « in the form h + (u — h), we get the estimate
/ |Vu|2dw:/ \Vh\Qda:—&—/ |V(u—h)|2dw2/ \Vh|? da,
Br Br Br Br

capy(B,; Br) :/ |Vh|? d.
Br

which proves that

Finally, computing explicitly this last integral we get

R 1 1 o2
Vtha::%/  pdp= —
/BR' | L @02 2% = g

which concludes the proof. O

Proposition 10 (The capacity of a circumference in Bg). Let p=d=2 and 0 < r < R < 4o0.
Let Q be the ball of radius R in R? and let A be the circumference of radius r in R2.
Then, the relative 2-capacity of OB, with respect to Br is given by
27
In(R/r)

capy(0B;; Br) =

Proof. Suppose that u € Wol’Z(BR) is a function such that « = 1 in an open neighborhood U of dB,.. Then, we
can decompose u as

u=1v+o,
where ¢ € VVOL2 (By) and v =1 on B, UU. In particular,

/ \Vu|2da::/ |V<p|2dx+/ |VU\2dm2/ |Vv|? dz > cap,(B,; Br).
Br Br Br Br

Since u is arbitrary we get
capy(0B,.; Br) > cap,(B,; Br).

On the other hand, by the monotonicity of the relative capacity we have
capy(0By; Br) < capy(By; Br),

so we get the equality
capy(0B,.; Br) = cap,(B,; Br).

Finally, using again the monotonicity of the capacity we have that for all € > 0

2w

R capy(By; Br) < capy(Br; Br) < capy(Byic; Br) =

2
In(R/(r +¢))’



so passing to the limit as € — 0, we get the claim. g

Proposition 11 (The capacity of a segment in Bg). Letp=d=2, 1 < R< 400 and 0 < £ < 1/8.
Let Q be the ball of radius R in R? and let ¥, be the segment

Y= {(:E,O) D <z << }

Then, the relative 2-capacity of 3y with respect to Br satisfies the estimates

27c 27
< ; < ——
ln(R/é) 7C3p2(2[,BR) —

In(R/C)’
where the constant ¢ > 0 in the lower bound is dimensional.

Proof. Consider the following arc of the circumference 0Bay

Ay = {(ay) DA<z <d, y= —\/M}
and take functions 7y : R — R and ¢y : R — R such that:
ne(z) = VAar — g2 forall ze [—¢,7],
ne € CH((—40,40)) and |Vne(x)| <1 for x € (—44,40);
de(x) =1 forall xe[-3¢,3¢,
¢e € CH((—=1,1)) and |Vée(y)| <2 for ye (-1,1).

Consider the map

Py(2,y) = (2,9 — Pe(y)me(x)).
Then, ®, is a O diffeomorphism from By into itself such that ®,(3,) = A,. Since

_ / 1 Selm(@)
JfI)g(x,y) _ ((1) ) _¢é§y)775(93) > and J@z(x,y)_l _ 1—¢g(11/)7]l($) ,
using the smooth deformations estimate from Proposition 8, we get that
capy(Xe; Br) < Ccapy(Ar; Br),

where C' is a dimensional constant. Now, we notice that the arc A, is exactly 1/6 of the circle dBg,. Thus, by
rotating Ay, we get 6 arcs Agj)7 7 =1,...,6, such that

capy(Ay; Br) = capz(AEj);BR) forall j=1,...,6,
and
6 .
0By = | AY.
j=1

Now, the subadditivity of the capacity gives

6
capy(90Bag; Br) < anpQ(Aé]); Bpr) = 6 capy(Ag; Br) < 6C capy(X¢; Br).
j=1
Finally, thanks to Proposition 10, we get the claim. O

THE RELATIVE p-CAPACITY ALONG MONOTONE SEQUENCES
In this section we will prove the following proposition

Proposition 12 (Relative capacity along increasing sequences of sets). Let d > 2 and p € (1, 400).
Let Q be a bounded open set in RY and A € Q. Let (A,)n>1 be an increasing sequence of sets in RY such that

+oo
A= An
n=1
Then,

cap,(A; ) = lim cap,(A,;€2) = sup cap,(An; Q).

n—+00 n—-+oo
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Proof. Since A, is an increasing sequence, we have the equality

ngrfoo cap,(A,; Q) = il;pl {cap,(4n; )} .
Moreover, since A contains A,,, we have

cap,(A; Q) > cap,(4,;Q) forall n>1.
Combining these two observations, we get that

cap,(4;Q) = lim cap,(An; Q).

In order to show that an equality holds, we only need to prove the opposite inequality

cap,(A4;Q) < ngrfw cap,(An; Q).

We will show that, for any fixed £ > 0, it holds
cap,(4;Q) < liIJIrl cap,(An; ) +e.
n—-+oo
Since,
cap,(nA; ) < +oo forall n>1,

we can find a function u,, € Wy?(Q) satistying the conditions

e 0<wu, <1onf,
e u, =1 on an open set 2, containing A,,

and such that

2) cap,(An : Q) < /Q [Vl dar < cap, (An; Q) + -

We next define the sequence of functions
hy :=ui Vus V- Vuy,.
Since the functions h,, can be obtained inductively via the relations
hi=w; and h, =h,_1Vu, forall n>2,
we get that, for all n > 2,
hn € Wy P (92);
0<h, <1on

hp—1 < hy, on £
hy, = 1 on the open set 2y U Qo U---UQ,, which contains A,,.

We recall that u, V hy,—1 € T/Vol’p(ﬂ)7 Up AN hp_1 € Wol’p(Q) and that we have the formula

(3) /|V(un\/hn_1)|pdx+/|V(un/\hn_1)|pdac:/|Vun|pdx+/|th_1|pdx.
Q Q Q Q

Since

n—1
Up A hy_1 > 1 on the open set €, N (U Qk> ,
k=1
which still contains A, _1, by the definition of the relative capacity, we have

cap,(An—1;Q) < /Q [V (un A hp—1)|P dz.
Plugging this into the formula (3), we obtain the inequality
/Q |V (up V hy—1)|P dz + cap,(An-1;9Q) < /Q |Vu,|P dx + /Q |Vhp—1|P dz,
which combined with the fact that u,, was chosen in such a way that the inequality (2) is satisfied, gives
/Q |Vhn|P dz + cap,(An—1;Q) < cap,(An; Q) + 2% + /Q |Vhy_1|P de,
for every n > 2. Now, summing up these inequalities for n > 2, together with

/ |Vhi|P do < cap,(A1; Q) + % ,
Q



we get that
“ 1
/Q |Vhn|P de < cap,(An; Q) + 52 " <cap,(An; Q) +¢
k=1
which implies the uniform bound
(4) /Q |Vhn|Pde < cap,(A4;Q) +¢& forall n>1.

Now, by construction, the sequence h,, is monotone increasing and bounded:
0<h,<1 on Q.
By the monotone convergence theorem, h,, converges strongly in LP(€2) to the function
h(x) := sup hy,(z).
n>1

Moreover, thanks to the uniform bound (4), we have that h € VVO1 "P(Q) and that the sequence of weak gradients
Vh,, converges weakly in LP to Vh (here we use that p > 1). By the semicontinuity of the norm of the gradient
with respect to the weak convergence, we get

/ |Vh|Pdx < liminf/ |Vhp|Pde < e+ lim cap,(An; Q).
Q n—-+o0o Q n—-+oo

We next notice that, by construction, we have:
e 0<h<1on;
e h =1 on the union of the open set J,,~; 2, which contains A.

Thus, by the definition of the relative p-capacity, we have
cap,(4;Q) < / |Vh|Pde,
Q

so we get that
cap,(4; Q) <e+ lim {cap,(4n;0)},

which concludes the proof. O

OUTER MEASURE PROPERTY OF THE RELATIVE p-CAPACITY

From Proposition 12, we immediately obtain

Proposition 13 (o-subadditivity of the relative p-capacity). Let p € (1,+00) and d > 2. Let Q be a bounded
open set in R%. Suppose that (Ay,)n>1 s a sequence of sets in R such that A,, € Q and suppose that A = U, A,
also satisfies the inclusion A € Q). Then,

—+oo

cap,(A4; Q) < anpp(An; Q).
n=1
Proof. Consider the sequence of sets
;{n = U Ak.
k=1

Thanks to the subadditivity of the capacity we have
n
cap,(An; Q) <) cap, (Ax; ©
k=1

Now, since A, is an increasing sequence and since

0 ~
A= U A,
n=1
thanks to Proposition 12, we can take the limit on the left-hand side obtaining
+oo
cap,(A; Q) = lir}rl cap,(A,; Q) < Z cap,(An; ). O
n—-+0oo

n=1



