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Abstract theorems from measure theory

CARATHEODORY’S CRITERION

Theorem 1. Let X be a given set and let P(X) be the family of all subsets of X. Let u: P(X) — [0,400] be
a function with the following properties:

(a) u(0)=0;

(b) ’Lf FEi C EQ, then M(El) < /L(Eg),

(c) if {E;}i>1 is a countable family of subsets of X, then

+o00 +oo
w(E) < ZM(El) where E = U E;.
i=1 i=1

Let A be the family of all subsets E of X with the following property:
WE)=pu(FNE)+u(F\E) foral FCX.

Then, we have the following:
(i) A is a o-algebra, that is:
(i.l) D e A and X € A;
(i.2) if E€ A, then also X \ E € A;
(13) ’Lf E17E2 S ./4, then also E2 n E27 E1 U Eg, E1 \E27 E2 \ E1 S ./4,'
(i.4) if {E:i}i>1 is a family of sets such that E; € A, then

“+o0 +oo
(YEi€eA  and UEeA.
=1 i=1

(ii) A contains all sets of zero measure: if u(E) =0, then E € A;
(ili) p is a o-additive measure on A, that is:
(ii.1) if By, E2 € A are disjoint sets, then
p(E1U Eo) = p(Er) + p(Es);
(ii.2) {E;}i>1 is a countable family of disjoint sets E; € A, then

+00 Foo
wE) = Z“(El) where E= U E;.
i=1 i=1

Proof. We proceed in several steps.
Step 1. Proof of (i.1), (i.2) and (i.3). First of all, we notice that since

p(FN0)=p) =0 and u(F\0)=u(F),
we have that

w(F)=uw(FNQ)+ u(F\0) foral F CX,
so () € A. Furthermore, since

FNE=F\(X\E) and F\E=Fn(X\E),
we have that for all F, E C X it holds
W(F A E) + u(F\ E) = u(F\ (X \ B)) + u(F 1 (X \ B)),
which implies
EFEcA & X\EcA

This concludes the proof of the first two bullets in (i). We next consider two sets Ey, Fs € A. We will show
that E1 U Es € A. By the definition of A we have

(1) wF)=uw(FNE)+uF\E) forall FcCX,

(2) w(F)=u(FNE)+p(F\Ey) foral FcCX,
1
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We start from

w(F)=pu(FNEY)+ p(F\ Ey) (testing (1) with F')
- u((F NE)N EQ) n u((F NE\ EQ) (testing (2) with F N E;)
+ u((F \ BN Eg) + u((F \E1)\ EQ) (testing (2) with F \ Ey).

Now since
FN(EUE) = (FﬂElﬁEg)U(FﬂEl\Eg)U(FﬂEQ\El),

the subadditivity of u gives
u(Fm (Ey UEQ)) < u(FﬂEl mEQ) +u<FOE1 \Eg) +u(FﬂE2 \El),
so we get
w(F) = [0((FOE) N )+ u((F 0B\ E) 4+ u((F\E) N E) |+ u((F\ B\ B
> p(FN(B1UE)) +u(F\ (B UE)).

Moreover, using again the subadditivy of u we get the converse inequality,

u(F) < u(F(BLUE) ) +u(F\ (B UE)),
which implies that

W(F) = u(F N (B U Ez)) + u(F \ (E1 U EQ)).
Since F' C X is arbitrary we get that Fy U Fs € A. Next, since

Eyn By =X\ ((X\ B U(X\ B)),

and
Ei\ E;=E N(X\ Ey),
we conclude the proof of (i.3).

Step 2. Proof of (ii). Let u(F) = 0. Let F C X be an arbitrary subset of X. Since ENF C F and F\E C F
the monotonicity of p implies

W(FOE) + pu(F\ E) < u(B) + u(F) = u(F).
On the other hand, the subadditivity of u gives
W(FNE)+ p(F\ E) > p(F).
Combining the two inequalities, we obtain that
uw(FNE) + p(F\ E) = p(F),
and since F' is arbitrary, we get that F € A.
Step 3. Proof of (iii.1) and (iii.2). We first notice that if F4 and E, are disjoint sets in A, then

W(Es UE;) = ,L((E2 UE)N El) + u((E2 UED)\ El)
= u(Er) + p(E2).

This proves (iii.1). We next consider a countable family of disjoint sets {E;};>1, with E; € A, and its union

E::UEZ-.

i>1

For every n > 1 we set

i=1

By (iii.1) we have that

U(En) = Z n(Es).



The monotonicity of x then implies

so we get
—+oo
E)>) wE
i=1
On the other hand, the subadditivity of y implies that
—+oo
E) <> u(E;)
i=1

so we finally get
+oo
B) =Y u(E)
i=1

Step 4. We claim that if E; € A is a sequence of disjoint sets, then for every subset F' C X we have
w(FNE) ZN FNE;) where E::DOEZ».
i=1
Indeed, if Fy € A and Ey € A are disjoint sets, then
u((Fﬂ E)UFN Ez)) - u(((FOEl) U(FNEy))N E1> +u<((FﬂE1) U(FNEy)) \El)
= w(FNE)+ p(FNE,).

Iterating this identity and using the monotonicity of u, we get

,u(EﬂF)zu(U (FNE;) ) Z” (FNE)

Passing to the limit as n — oo, we get the claim.

Step 5. Proof of (i.4). Consider a sequence of sets E; € A and let

+oo
E:= U E;.
i=1

We define
E\:=FE; and E,:=FE;\(F1U---UE;_1) forevery i>2.
By construction:
e the sets E. are disjoint;
o El ¢ Aforalli>1;
e for every n > 1 we have

n n n
En = U E; = U Ez/ and N(En) = ZM(E;)
=1 =1 1=1

Let now F' C X. Thanks to the subadditivity of y, in order to show that E is measurable, we only need to
prove that

w(F) =2 W(ENF) + p(F\ E).
We can assume that p(F) < 400 otherwise the conclusion is trivial. Using the identities

400 n +00
E=\JE . E.=E. E\E=J
=1 i=1

i=n+1

we can estimate

w(FNE)+u(F\E) < w(FNE)+ uF\ E,) (by the monotonicity of )
= wW(FNE)+ u(F) — u(FNE,) (since E,, is measurable)
< u(F) + p(F 1 (B By)
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where the last inequality is due to the subadditivity of pu:
p(F N E) < p(F N Ey) + p(F 0 (E\ Ey)).
Now, using the identity
+oo
FN(E\E,)= |J FnE,

i=n—+1
and the subadditivity of u, we get

W(F OV E) + p(F\ E) < u(F) + p(F 0 (B Ey)

+oo
<u(F)+ Y wFNE).
i=n+1
Finally, thanks to Step 4 and the assumption u(F N E) < 400, we get that
+oo
> wFNE]) < 400,
i=1
and so
“+oo
. "o
ngr}rloo w(FNE])=0.
1=n+1
Thus
p(F N E) + p(F\ E) < p(F),
which concludes the proof. 0

Theorem 2 (Carathéodory’s criterion). Let d > 1 and let P(RY) be the family of all subsets of RY. Let
p: P(RY) — [0, +00] be such that:

(a) u(0)=0;
(b) if Ex C Ea, then p(Er) < p(Es);
(¢) if {E;}i>1 is a countable family of subsets of RY, then

+oo +o0
WE) <Y p(E)  whee  E=] B
=1 =1

(d) p is additive on the couples of distant sets, precisely
u(Er U Ep) = p(Er) + p(E2),
for any O # By C R? and ) # E; C R? such that

dist(E1, Es) := inf{\;z:l — x| 1 w1 € Fy, xo € EQ} > 0.

Let A be the family of all subsets E of R with the following property:
w(F)=uw(FNE)+u(F\E) foral FcR%
Then, we have the following:
(i) A is a o-algebra, that is:
(i.1) 0 € A and R? € A;
(i.2) if E € A, then also R?\ E € A;
(13) ’Lf FEi,Ey € A, then also FEo N FEs, E1UE;y, F; \E27 Es \ FEy € .A,'
(i.4) if {Ei}i>1 is a family of sets such that E; € A, then

+oo +o00
mEiE-A and UEzEA
=1 1=1

(ii) A contains all sets of zero measure and all open and closed sets, precisely:
(ii.1) if u(E) =0, then E € A;
(ii.2) If E is open, then E € A;
(ii.3) If E is closed, then E € A.



(iii) p is a o-additive measure on A, that is:
(ii.1) if E1, B9 € A are disjoint sets, then
p(ErU Ep) = p(Er) + p(Es);
(ii.2) {E;}i>1 is a countable family of disjoint sets E; € A, then

—+oo +oo
w(E) = Zu(El) where E = U E;.
i=1 i=1

Since p satisfies the properties (a), (b), and (c), thanks to Theorem 1, we already know that (i.1)-(i.2)-(i.3)-
(i.4), (ii.1), and (iii.1)-(iii.2) do hold. We also notice that thanks to (i.2), we know that (ii.3) implies (ii.2).
Thus, we only need to prove (ii.3).

Lemma 3 (o-additivity over sequences of distant sets). Let d > 1 and let i : P(R?) — [0, 4+00] be such that:

(a) u(0)=0;
(b) if E1 C Ea, then u(Eq) < p(Es);
(c) if {E;}i>1 is a countable family of subsets of RY, then

+oo +oo
WE)< Y p(E)  where  E=|]E;
i=1 i=1

(d) for all couples of non-empty sets By C R and Ey C R? satisfying dist(E1, E2) > 0, we have
n(Ey U Es) = p(Er) + p(Es).
Suppose that {E;};>1 is a sequence of subsets of R? such that
dist(E;, Ej) >0 for all i # j.
Then,

—+o0 +oo
w(E) = Z,u(EZ) where E= U E;.
i=1 i=1
Proof of Lemma 3. By the property (c¢) we only need to prove that
—+o0
u(E) = Z,L"(Ez)
i=1

When p(E) = 400 this trivially holds, so we assume that
wE) < 4o0.

For every fixed n > 1 we set

Then, by construction, we have
dist(Ep, Ep_1) >0 forall n>2,
so the property (d) gives

Thus, we get

which concludes the proof of Lemma 3. g
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Proof of Theorem 2 (ii.3). Let E C R? be a closed set. Consider the distance function
dp : R = [0, +00) , dE(m):inf{|x—y| : yEE}.

We recall the following properties of dg:
e dp(z) =0if and only if x € E;
e for every x € R? there is v € E such that |z — x| = dg(z);
e dp is 1-Lipschitz, that is, for every z,y € R? we have:
(@) —dp(y)| < |z —y| forall wyeR"

For every k > 1 we consider the sets

1
Ek::{l’ERd : 7<dE(x)§

k+1 }’ E’f::{xeRd tdp(z) <

I =
| =

and we also set
By = {x eR? : dp(z) > 1}.
Thanks to the properties of dg listed above we have that:

e the sets E} are mutually disjoint;
e the sets Foj are distant from each other; precisely, for every j # k, we have

inf{|:1c—y\ : x € By, and y € Ezj} > 0;
e the sets Fop 1 are distant from each other; precisely, for every j # k, we have
inf{|x —y| : € Egpyq and y € E2j+1} > 0;
e the sets Fj are distant from F, precisely:

1
inf{|x—y| : x € B and yEE}>7‘

E+1’
e we have
+00 ~ Foo
Rd\E:UEj and E,.=FU UEj for every k> 1.
j=0 j=k

Let F be any subset of R?. We need to show that

p(F) = p(F N E) + p(F\ E).
Thanks to the subadditivity of u (property (c)), we only need to prove

p(F) =2 p(FNE) + u(F\ E).
Since this trivially holds when u(F') = +o00, we will proceed under the hypothesis

u(F) < +oo.
Since
dist(FNE,F\ E,) >0,

we have that

(3) u(F 0 E) + u(F\ Ba) = pu((FOE)U(F\ Ey)) < u(F).

On the other hand, we have the identity
~ +CX)
FNE=(F\E.)u|{JFnE |,
j=n

so thanks to the monotonicity and the subadditivity of u we get

+oo
(4) WP\ E) < p(F\ By) + " u(F 0 E).

j=n



Combining (3) and (4) we get that

+o0
(F O E)+p(F\ E) < p(F 0 E) + u(F \ Ea) + 3 p(F 0 E)
+oo a
< u(F) +Zu(FﬂEj),
so we only need to show that -
(5) lim Zu (FNE;j)

n~>+oo

In order to prove that the above limit is zero, it is sufficient to show that
+00
Z p(FNE;) <400
j=1
But this follows by splitting the sum into even and odd terms and applying Lemma 3. Precisely,

“+o0
Z“ FNE)) Zﬂ (FNEs)+ Y u(FNEy)

j=1 j=1

+oo +oo

= U UFﬂEgj + u UFDEQj—l SQ/,L(F)<+OO,
j=1 j=1
which concludes the proof of (5) and of Theorem 2. O
TERMINOLOGY

Remark 4 (Outer measures). If X is a set and if the function p: P(X) — [0,+00] defined on all subsets of
X satisfies

(a) p(0) =0;
(b) if E C F, then w(E) < u(F);
(c) if {E;i}i>1 is a countable family of subsets of X, then

“+o0 “+o0
E) < Zu(EZ) where E= U E;,
i=1 i=1

then we will say that v is an outer measure on X.

Remark 5 (o-algebra). Let X be a given set. If A is a family of subsets of X with the following properties
e e Aand X € A;

o if E€ A, then also X \ E € A;

L] ifEl,Ez S A, then also E2 N EQ, E1 @] EQ, E1 \EQ, E2 \E1 S .A,'

o if {E;}i>1 is a family of sets such that E; € A, then
+o0 +oo
(YEi€eA  and JE €A,
i=1 j

then we will say that A is a o-algebra.
Remark 6 (Borel sets). Let X be a topological space. The family of Borel sets of on X is the smallest family
A of subsets of X with the following properties:
o A contains all open subsets of X ;
e A is a o-algebra.
Remark 7 (c-additive measures). Let X be a given set and let A be a o-algebra of subsets of X.
If n: A —[0,400] is a function such that
o (D) =0;



o if E1,FEy € A are disjoint sets, then
u(Ey U Ey) = p(Er) + p(Ez);
o {E;}i>1 is a countable family of disjoint sets E; € A, then

—+oo +oo
w(E) = ZM(El) where E= U E;,
i=1 i=1

then we will say that u is a (c-additive) measure on A.

Remark 8 (Measurable sets). Let X be a given set and let p: P(X) — [0,400] be an outer measure on X.
We will say that a set E C X is y-measurable if

wF)=p(FNE)+u(F\E) foral FCX.

Remark 9 (Borel measures). Let X be a given set and let p: P(X) — [0, 400] be an outer measure on X.
We will say that p is a Borel measure, if the o-algebra of p-measurable sets contains all Borel sets.

In view of the above terminology, Theorem 1 can be restated as follows:

Theorem 10. Let X be a given set. Let p: P(X) — [0,400] be an outer measure and let A be the family of
all p-measurable subsets of X. Then, A is a o-algebra and p is a o-additive measure on A.



