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Hausdorflf measures

DEFINITION OF Hj
Definition 1 (Diameter of a set). Let d > 1. For any set A C R? we define the diameter of A as
diam(A) = sup {|x —y| : zy € A}.
Remark 2. Notice that if A is the closure of A, then diam(A) = diam(A).

Definition 3 (The constants ws). For any d > 0 we define the constant ws as follows:
o wo=1;
e ifneN, n>1, then w, is the Lebesqgue measure of the unit ball in R™;

o ifseR, s>0, then we set:
+00 -1
we = /2 (/ /2 et dt) .
0

Definition 4 (Hausdorff measure H3). Let d > 1, § > 0 and A C R? be any subset of R%.
e For any s > 0, we define

Hi(A) -:inf{iow (dlam(U)) . U; CR? GUQA}
5 : s B) . i 5 i ;
=1

i=1
where the infimum is taken among all families {U;};>1 of subsets of R? that cover A.
o When s =0, we define

—+o0 (')
HO(A) = int { Sxy) : Ui cRY | JUio A},
i=1 i=1
where the infimum is taken among all families {U; };>1 of subsets of R? that cover A, and where for any

set U C RY,
1 i U#£0
x(U) = {o if U=0.

EQUIVALENT DEFINITIONS OF Hj

It is immediate to check that one can work with coverings with closed sets or with subsets of A. We give the
precise statements below; the proofs are an immediate consequence of the definition of H3.

Proposition 5 (Definition of Hj by covering with closed sets). Let d > 1 and 6 > 0.
Let A C R? be any subset of R?.

o For any s > 0, we have

+oo . s 00
H3(A) = inf{Zws <dm;(c)) . C; CRY, G closed, | JCi > A},
=1 =1

where the infimum is taken among all families {C;}i>1 of closed subsets of R? that cover A.
o When s =0, we have

+00 oo
HI(A) := inf { ZX(Ci) : C; C RO closed, U C;D A},
i=1 =1

where the infimum is taken among all families {C;}i>1 of closed subsets of R? that cover A.
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Proposition 6 (Definition of H} by covering with subsets). Let d > 1 and 6 > 0.
Let A C R? be any subset of R?.

e For any s > 0, we have

Hi(A) -:inf{iow (‘hm(U)) L UicA DU—DA}
S5 . S 2 . K3 ) K2 )
i=1 i=1

where the infimum is taken among all families {U;};>1 of subsets of A C R? that cover A.
e When s =0, we have

+o0 [e'e]
HO(A) = inf{zx(Ui) . U, c A, U DA}7
=1

=1

where the infimum is taken among all families {U;};>1 of subsets of A that cover A.

BASIC PROPERTIES OF Hj
Proposition 7 (Monotonicity with respect to §). Let d > 1 and A C R? be any subset of R%.
Then, for any s > 0 we have that
0<d <d = Hgl (A) > H§2 (A)

Proof. Follows immediately from the definition as the infimum in Hj, (A) is taken over a larger class of coverings
with respect to the infimum in Hj3 (A). O

Proposition 8 (Monotonicity with respect to the set inclusion). Let d > 1, s > 0 and 6 > 0.
Then, for any couple of sets Ay C R?, Ay C R? we have that

Al C Ay = HE(Al) < HE(AQ)

Proof. This follows since any covering {U; };>1 of A is also a covering of A, so the infimum in Hj(A;) is taken
over a larger class of coverings than the infimum in Hj (As). O

Proposition 9 (o-subadditivity of H3). Let d > 1 and let {Ay}r>1, be a countable family of subset of RY.
Then, for any s > 0 and any 6 > 0 we have that

+oo o0
H3(A) <Y Hi(Ar)  where A= | A
k=1 =1

Proof. Suppose that H3(Ay) < +oo for all k. Fix e > 0. For any k > 1 we can find a covering {UF};>1 of Ay
with sets of diameter diam(UF) < § such that

“+o00 . k S

d U:

i) < Y (T < a0+ 5
=1

Then, the family
{U}is 1021

is a countable covering of A with sets of diameter at most 6. By the defintion of H3(A) we have

i) < 3 3w, (MmUY

k=1 1=1
“+oo “+o0

<y (H;(Ak) + 2%) = et Y Hi(A).
k=1 k=1

Since € > 0 is arbitrary, we get the claim. O
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Proposition 10 (Additivity of Hj on distant sets). Let d > 1, s > 1. Suppose that Ay and Ay are disjoint sets
in R? lying on a positive distance p > 0 from each other, where

pi= inf{|x1 —Za] ¢ w1 € A1, X9 €A2}.

Then
H5(A1 U Ag) = Hi(Ar) + H5(Az)  forall 6 € (0,p).

Proof. Thanks to Proposition 9 we have that
Hi (AL U Ag) < H5(Ar) + Hs(A2) for all 60> 0.

In what follows to prove the opposite inequality for 6 € (0, p). Notice that it is sufficient to consider the case
H3(A; U Ay) < 4o00. For every € > 0 we can find a covering {U;}i>1 of A; U Ay of sets of diameter at most
6 > 0 such that
+oo .
diam(U;

H3(A, U Ay) < Z;w (2()

Notice that, up to eliminating some sets from {U;};>1, we can suppose that
UN(AiUAy) #£0 forall ¢>1.

Since the diameter of each U; is smaller than the distance between A; and As, we have that either

Uiﬂ/h?é@ and U,;OAQZQ,

> < Hg(Al UA2)+6

or
U;NA; =@ and U;N Ay #@
We can divide the family {U;};> in two distinct families {U} };>1 and {U{}x>1 with the property that

UjlﬂA17é(Z) and UjlﬂAQZQJ forall j>1,

UPNA; =0 and UZNAy#0 forall k>1.
By construction {U jl }j>1 is a covering for A; and {U?},>1 is a covering for As. Thus

= diam (U} i diam(U2)\ °
H (Al +H5 A2 Zws <)> +Zws (mn;(k))
k=1
—+oo

- Zws <dlam) = e+ H3(A; U Ay).

Since € > 0 is arbitrary, we get the claim. O

Proposition 11 (Monotonicity in s). Let § >0, d > 1 and A be any set in RZ.
Then, for any 0 < s < t we have the estimate

HJ( ) 2t S

Proof. Suppose that s > 0, the case s = 0 being analogous.

51‘, SHGl( )

For any U C R? of diameter at most § we have

(2 < (3 (=2

Suppose now that {U;};>1 is any covering of A with sets of diameter at most 6. Then

—+o0 . t +o0 . s
diam(U) Wi s diam(U)
S (TF0) < g e (T

=1 =1

Taking the infimum on both sides, we get the claim. O



DEFINITION OF H?*
Let d > 1, s > 0 and A be a subset of R?. Then, thanks to Proposition 7, we have that the function
(0+00) 36— H;(A).
is monotone decreasing in . Then, the limit as 6 — 0 exists and
lim #5(A) = Sup H5(A).
This allows to give the following definition.
Definition 12 (The Hausdorff measure #*). Let d > 1 and s > 0. Then, for any set A C R? we define
H(A) = gig% Hi(A) = ?Slilg Hi(A).

BASIC PROPERTIES OF H*

Proposition 13 (Monotonicity with respect to the set inclusion). Let d > 1 and s > 0.
Then, for any couple of sets Ay C R?, Ay C R? we have that

A1 CAy = H(A) < H(A).
Proof. Let Ay C As. By Proposition 8, we have that
H3 (A1) < H5(Ag) forall §>0.
Taking the limit as 6 — 0, we get the claim. 0

Proposition 14 (o-subadditivity of H*). Let d > 1 and let {Ag}x>1, be a countable family of subset of R
Then, for any s > 0 and any 6 > 0 we have that

—+o0 “+oo
H(A) < ZHS(Ak) where A= U Ag.
k=1 k=1
Proof. Thanks to Proposition 9 we have that for any § > 0 it holds
+oo
H3(A) < Y H3(Ar).
k=1

Now, since for each £ > 1 it holds,
H3(Ax) < H(Ag),
we get that

+oo
Hy(A) <Y H(Ap).
k=1

Taking the limit as 6 — 0, we get the claim. d

Proposition 15 (Additivity of H*® on distant sets). Let d > 1, s > 1. Suppose that Ay and Ay are disjoint sets
in R? lying on a positive distance from each other, that s,

inf{\xl — o] : x € Ay, 20 € AQ} > 0.

Then
H¥ (A1 U Ay) = H? (A1) + HP(Ag).

Proof. Set

pi= inf{|x1 —Zo| 1 1 € Ay, 29 € Ag}.
By hypothesis p > 0. Thanks to Proposition 10 we have that

H5(A1 U Ag) = Hs(Ar) + Hs(Asz) forall € (0,p).

Taking the limit as 6 — 0, we get the claim. g



THE COUNTING MEASURE #H°

In the next proposition we show that H° is the measure that counts the number of points in a set, that is,
HO(A) is precisely the cardinality of the set A.

Proposition 16. In any dimension d > 1 and for any subset A C R%, we have that
HO(A) = { n 'ifA consi'sts ?f emgctly n disti@ct' points,'
400 if A contains infinitely many distinct points.
Proof. The proof follows from the following two claims.
Claim 1. If A consists of at most n points x1,...,x,, then H°(A4) < n.
The family U; := {z;}, i = 1,...,n is a covering of A. Since diam(U;) = 0, we have that
HI(A) <n for every 0§ > 0.
Passing to the limit as § — 0, we get the claim.
Claim 2. If A contains m distinct points y1, . .., Ym, then H°(A) > m.

Since all the points y1, ...,y are distinct, we have that
p::inf{\yi—yﬂ D4, € {L...,m}} > 0.

Suppose now that ¢ € (0, p) and that {Ug}r>1 is a covering of A of sets of diameter at most 6. Then, each of
the sets Uy, can contain at most one of the points y;. Thus, the covering {Uj }x>1 consists of at least m distinct
non-empty sets. By the definition of HY, we have that

H3(A) >m forany J < p.
Passing to the limit as § > 0 we get the claim. 0

THE MEASURE H® WHEN s > d
In the next proposition we show that when s > d the measure H* in R? is trivial.
Proposition 17. Letd > 1 and A C R®. Then,
HP(A) =0 forany s>d.

Proof. Notice that, thanks to the monotonicity with respect to the inclusion (Proposition 13) and the o-
subadditivity (Proposition 14), it is sufficient to prove the claim for cubes Qr = [~ R, R]¢, R > 0. Indeed,

+oo “+o0
HO(A) <Y H(ANQK) <Y H(Qu).
k=1 k=1

Fix R > 0. For any n > 0, we consider coverings {U]"},_1 . ona of the cube Qg with 274 cubes of side 27" (2R).
We notice that by construction
diam(UP) = diam([—2*"(2R), 2*”(23)]d) — Vd27"(2R).
Then, fixed §, we get that for any n such that
_0
2RVd’

27" <

we have that
2nd

i) < 3w (TBED) - S (ViRe ) <@ R
=1

2
i=1
Taking the limit as n — 400, we get that
Hi(Qr) =0 foreach §>0.
As a consequence H*(Qgr) = 0. O

2nd



HAUSDORFF DIMENSION

Proposition 18. Let d > 1 and A be any set in R?.
Then,the following holds:

o ifs>0 and H*(A) < +oo, then
HY(A) =0 forany t>s;
e ift >0 and H'(A) > 0, then
H(A) =400  for any s<t.

Proof. We only need to prove the first claim, the second one being an immediate corollary.
Let s > 0 and t > s. By Proposition 7, for any § > 0, we have

w
HE(A) < 2t_;w SETIHE(A).

On the other hand, by the definition of H* we have
H5(A) < H(A),

$0
L(A) < 159 (A),
Hy(A) < 525w ()

Now, taking the limit as § — 0 and using that H*(A) < +o00, we get that H!(A) = 0. O

Definition 19 (Hausdorff dimension). Let d > 1 and let A be a subset of R?.
We define the Hausdorff dimension of A as

dimy (A) := inf {5 >0 : H¥(A) = O}.

H* ARE BOREL MEASURES ON R¢

Theorem 20. Let d > 1 and s € (0,d]. Define the family A, of subset of R? as follows: we say that E € As, if
H(F) =H(FNE)+H(F\E) foral FcCR%
Then, we have the following:
(i) As is a o-algebra:
e e A, and R* € A,;
o if E€ A, then also RY\ E € Ay;
o if {E;}i>1 is a family of sets such that E; € As, then

+o0 +oo
mEiEAs and UEZ'E.AS.
i=1 i=1

(ii) As contains all sets of zero measure and all Borel sets, precisely:
o if H*(E) =0, then E € A;
o If E is open, then E € Ay;
o If E is closed, then E € As.

(ili) H® is a o-additive measure on As, that is:
e H5(E) >0 for all E € Ag;
o if £y, Ey € Ay are disjoint sets, then

HS(El U Eg) = HS(El) + HS(EQ);
o {E;}i>1 is a countable family of disjoint sets E; € As, then

+o0 too
H(E) = Z’HS(Ei) where E= U E;.
i=1 i=1

Proof. The proof follows from Proposition 14, Proposition 14 and a general result for measures. O



